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Topology of a function

Persistent homologydescribes the homological features which
persist as a single parameter changes.
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Topology of a function

Persistent homologydescribes the homological features which
persist as a single parameter changes.
Let (M; g) be a compact, connected Riemannian manifold.
Let f : M ! R.
This function gives an increasing �ltration ofM by sublevel sets

M f � r = f x 2 M j f (x) � rg:
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Topology of a function

Persistent homologydescribes the homological features which
persist as a single parameter changes.
Let (M; g) be a compact, connected Riemannian manifold.
Let f : M ! R.
This function gives an increasing �ltration ofM by sublevel sets

M f � r = f x 2 M j f (x) � rg:

Remark
As r increases, the topology of the sublevel sets only changes when
we pass a critical value.
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Topology of a function

Persistent homologydescribes the homological features which
persist as a single parameter changes.
Let (M; g) be a compact, connected Riemannian manifold.
Let f : M ! R.
This function gives an increasing �ltration ofM by sublevel sets

M f � r = f x 2 M j f (x) � rg:

Remark
As r increases, the topology of the sublevel sets only changes when
we pass a critical value.

The �ltration on M induces an increasing �ltration onC� (M),

F r (C� (M)) = C� (M f � r );

from which we can calculate the persistent homology.
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Topology of a function onR

For example:
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Topology of a function onR
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Topology of a function onR

For example:
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Topology of a function onR

For example:
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Topology of a function onR
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Another function

For example
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Sublevel sets andH1
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Persistence Diagram of the function
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Bottleneck Distance
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Bottleneck Distance
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Stability

The following fundamental result bounds the bottleneck distance
for persistence diagrams with the better-known supremum norm.

Theorem (Cohen-Steiner, Edelsbrunner, Harer)

dB (Dp(f ); Dp(g)) � k f � gk1
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Stability

The following fundamental result bounds the bottleneck distance
for persistence diagrams with the better-known supremum norm.

Theorem (Cohen-Steiner, Edelsbrunner, Harer)

dB (Dp(f ); Dp(g)) � k f � gk1

For us, this result is crucial as it allows us to connect topology to
statistics.

Take f to be an unknown function and̂f to its statistical
estimator. Then,

dB (Dp(f ); Dp(f̂ )) � k f � f̂ k1
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Nonparametric regression

Let M be a manifold. We would like to be able to solve the
following Nonparametric Regression Problem.

Problem
We assume that there exists a function f: M ! R such that

y = f (x) + �; x 2 M

where� is a normal random variable with mean zero and variance
� 2 > 0. Given a sample(x1; y1); : : : ; (xn; yn), �nd an estimator f̂
of f .

We want to �nd an estimatorf̂n that minimizeskf � f̂nk1 and
calculate the asymptotics asn ! 1 .
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The estimator

From the data (xi ; yi ), let

�f =
P

yi KxiP
Kxi

;

whereKx is a bump function centered atx.
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The estimator

From the data (xi ; yi ), let

�f =
P

yi KxiP
Kxi

;

whereKx is a bump function centered atx.

TriangulateM.
For each vertexx in the triangulation, let

f̂ (x) = �f (x):

Use linear interpolation to de�nêf on M.
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The main result

Theorem (BCCKL)

The optimal minimax risk is given by

inf
~f

sup
f 2 �( �; L)

Ek~fn � f k1 = C n

as n! 1 , and it is attained by the above estimator̂f .

Corollary

In the regression model,

EdB (Dp(f̂n); Dp(f )) � C n

as n! 1 .
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MRI
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MRI
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Cortex thickness
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Persistence diagrams
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Cumulative Persistence diagrams
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Cumulative Persistence diagrams
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New inference and classi�cation under development
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