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Confined states in phase dynamics—the coexistence of states with different wavelengths—are fur-
ther studied. In particular, a stable and accurate numerical code is developed to study the dynamic
equation of motion for two sets of boundary conditions—a pinned phase and an unpinned phase.
With a pinned phase, stable confined states are found to exist for a wide range of parameter values.
With an unpinned phase, the localized states are at best neutrally stable. Also, analytic solutions

are found for the stationary confined states.

I. INTRODUCTION

In this paper we further study confined states in phase
dynamics,"? a concept recently introduced which was
motivated by experiments on Taylor-Couette flow be-
tween corotating cylinders®* and slot convection>®
(Rayleigh-Bénard convection in a long, narrow, rectangu-
lar or annular container). By confined state we mean that
in a stationary situation there is a dispersion in the wave
number of the unit cells (rolls or vortices); i.e., a portion
of the system has unit cells with wavelengths different
from the wavelengths of surrounding cells. The reason
for the existence of the confined state is the existence of
two basins of attraction or potential wells. The system in
different regions of space can therefore settle into
different wells, resulting in unit cells with wavelengths
different in the two regions.

The equation we study is a phase equation for a
nonpropagating pattern.””° A phase equation is useful
for studying the slow spatial and temporal evolution of
the pattern. The physical variables A; are of the form
A;= A,(kyx +9(x,1)), where the phase ¢ is a slowly
varying function of space and time. Therefore, the local
wave vector g =, will give the deviation from the back-
ground wave number k. The concept of phase dynamics
has not only found experimental verification slightly
above onset of the instability,'? but more recently its use-
fulness has been experimentally demonstrated far above

onset.'!
In Sec. II we discuss the relevant phase equation and

its Liapunov functional. Much of this is a review of Refs.
1 and 2. In Sec. III we develop a highly accurate and
stable code to solve the dynamic equations of motion and
then study the dynamics. In Sec. IV we find analytic
solutions for the stationary state. In Sec. V we conclude
with comparison to and suggestions for experiment.

II. EQUATION OF MOTION
AND THE LIAUPUNOYV FUNCTIONAL

The phase equation we study is'

¢:(D +E¢X+F¢§ )¢xx_Gd’xxxx . (1)

This equation has a Liapunov functional V({#}) and
therefore may be written as'

i _ oV
where
V(v = Ode U{e}) , 3)
where
5 F G
Uleh=ib+ T+ Syl D T @

In the above, 8§V /8¢ is the variational derivative of V
with respect to ¥, i.e.,, 8V /8¢=0U/d3y—9,(dU/3v¢,)
+9,,(0U /3¢, ). Although the first term in the potential
U is arbitrary as far as Eq. (1) is concerned, it is impor-
tant in interpreting the results in terms of the potential
for cases in which A0 (see Sec. III). Reference 1 con-
sidered only cases where A=0. Such a term was previ-
ously introduced in the context of spinodal decomposi-
tion. !> 13
Taking the time derivative of V, we find

. L, . E F
V== [ dx 7+ A+ DU+ U U G,

XPE+Gy, v |5 . (5)

Therefore, provided the boundary terms vanish, V will be
a strictly nonincreasing function of time. This guarantees
global stability of ¢, assuming F and G are positive. The
boundary terms will vanish for periodic boundary condi-
tions or if

A+Dwx+—§—w§+~§—w§—c¢xxxzo, (6)
or ¢ is fixed and

=0, )

or ¥, is fixed at the boundaries. Boundary conditions
which will be studied in Sec. III are ¢ fixed and ¢, =0,
and ¥, =1v,,,=0(A=0).
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Equation (1) may also be written in terms of the local
wave vector ¢ =, as

Gg=(D +Eq+Fq?)q, +(E+2Fq)q>—Gq,,.. . (8

This equation may be written in terms of the Liapunov
functional as

)
] = — 1, (9)
g =0, 5q
where
_rt D, E; F , G,
= + g+ T+ gt
Viig}) fodx A +=q c? T 159 54
(10)
Taking the time derivative of ¥, we find
. L 14
V=— | dx |0, |—
fo X | % 8q
SV SV
+--9, | |I§+Gq.ql§ . 11
aq X 8(] {0 qquO ( )

This equation is equivalent to Eq. (5), as it must be.
Equation (8) for the local wave vector may be written
in the form of a conservation law as’

g+9,ji=0, (12)
where
jqz_(qu+qux+Fq2qx_quxx) . (13)

We note that the equation for the local wave vector for
any phase equation ¥ =F({¢}) may be written as a con-
servation law in the form of Eq. (12), where j9=—F({q})
(since g =1,). It also generally follows that, if the phase
is fixed at the boundaries, the g-current j? is zero at the
boundaries, and the integral of g over the system will be a
constant of the motion. Fixed phase at the boundaries is
the second part of condition (6) for vanishing Liapunov
boundary terms. We note that for periodic boundary
conditions the integral of ¢ will also be conserved.

It also happens that Eq. (1) for the phase may be writ-
ten in the form of a conservation law as?

¥+d,jV=0, (14)
where
jl=— A+D¢X+§¢§+§wi—cwm ) (15)

We note that not all phase equations can be written as a
conservation law for the phase. If the boundary condi-
tions are such that the first part of condition (6) for van-
ishing Liapunov boundary terms is satisfied, the phase
current will be zero at the boundaries and the integral of
¥ over the system will be a constant of the motion.
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III. NUMERICAL SOLUTION
OF THE DYNAMIC EQUATION

Consider the nonlinear phase equation

V=D ¥~ Gy (16)

where D (¢,) is a nonlinear function of ¥,. Equation (16)
reduces to Eq. (1) for the appropriate choice of D (3,).
The main difficulty with the numerical solution of Eq.
(16) is in cases where the nonlinear diffusion coefficient
D(4,) can become negative. Assume that D(¢,) has a
negative minimum, and let this minimum equal —C. We
then rewrite Eq. (16) as

V=D (Y )+ Cle = Gdhyux —Clyy - (17)

We can then use the method of time splitting'* and solve
alternately

$=[D (¢, ) +Cl¥,, (18)

and

I&Z_waxxx_cwxx ’ (19)

with appropriate numerical methods. Since Eq. (18) is
very well behaved, we can use a second-order Crank-
Nicholson method.!* Equation (19) is not very well
behaved, but since it is a linear equation, we can solve it
exactly using Fourier transforms. The net result is a
highly accurate and stable code. We note that Egs. (1)
and (8) were not able to be successfully solved by directly
using a second-order Crank-Nicholson method (with no
time splitting) because of numerical instabilities.

We may also formulate the problem in terms of the lo-
cal wave vector g and write

§=03,{[D(q)*+Clgx} — GG —Cqy - (20)
Again, this equation may be split as

¢=0,{[D(g)+Clq,} 2D
and

i P O (22)

where a second-order Crank-Nicholson method is used to
solve Eq. (21) and Fourier transforms are used to solve
Eq. (22).

We first solve the problem for fixed phase and ¢,, =0
at the boundaries [see conditions (6) and (7)]. These
boundary conditions cause the integral of g to be con-
stant. Equation (1) is scaled so that all coefficients are 1
except for E. We found it easier to implement boundary
conditions for the g equation rather than the 1 equation.
Therefore, we solve Eq. (20) with D(q)=1+Eq +q?,
G =1, and boundary conditions g, =g¢,,, =0 at x =0 and
L. Referring to Eq. (1), we see that these boundary condi-
tions give =0 and are therefore equivalent to the origi-
nal boundary conditions on ¢. We alternately solve Eqgs.
(21) and (22) for time step At, except that we solve Eq.
(22) for At /2 for the first and after the last iteration to
give overall second-order accuracy. To solve Eq. (21) we
use the standard second-order Crank-Nicholson method.



42 CONFINED STATES IN PHASE DYNAMICS: THE . ..

To solve Eq. (22) we use fast cosine transforms, since

cosine satisfies the given boundary conditions. More
specifically, we assume
N N—1 X
q=Ay+ Aycos | > |+ 3 24, cos ,
n=1
where
2 4
At +A)=A,(exp | |C| 2T | —G |27 | |Ar
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FIG. 1. Plot of the local wave vector g =, as a function of x
at various times for E= —V'6 and boundary conditions ¥ fixed

and ¢, =0. (a) Initial Gaussian, (b) transient at z =10, and (c)
asymptotic state. The area under the curve Ay =vY(L)
—1(0)=50is a constant of the motion. The asymptotic state is
stable. The horizontal lines correspond to the minima of the
potential seen in Fig. 2. The flat portions of ¢ are seen to lie in
the potential minima.
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FIG. 2. Potential for the state shown in Fig. 1.

Figure 1 shows plots of g as a function of x for
= —V6 at three different times starting with an initial
Gaussian [Fig. 1(a)]. We note that Eq. (1) is invariant un-
der the transformation E — —E and ¢ — —gq. Therefore,
solutions for the opposite sign of E may be found by sim-
ply changing the sign of q. Since the integral of g is con-
served, the area under the three curves is the same. The
asymptotic state [Fig. 1(c)] is stable. In defining stability
we consider only perturbations which do not change the
integral of g, since the integral of ¢ is a constant of the
motion. Such perturbations will increase the Liapunov
functional, and the system will return to the state which
existed before the perturbation was applied. The solution
in Fig. 1(c) can be thought of as a kink-antikink pair.
For g, =0 the potential U from Eq. (4) is
- D, E  F ,

U(g)=Aq+ >4 + 61 + TR
Figure 2 shows a plot of the potential U(g) as a function
of g for E=—V'6 and A=0. The horizontal lines in Fig.
1 correspond to the minima of the potential. We see that
the flat portions of ¢ lie in the minima as expected. Fig-
ure 3 shows the Liapunov functional [Eq. (10)] plotted as
a function of time. We see that it is strictly nonincreas-
ing, as it must be [see Eq. (5)].
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FIG. 3. Liapunov functional plotted as a function of time for
the states seen in Fig. 1. It is seen to be strictly nonincreasing in
time.
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To see the importance of considering potentials in
which A0, we now plot in Fig. 4 the asymptotic state
for other values of E, starting with the same initial condi-
tion as that in Fig. 1(a). The solid horizontal lines corre-
spond to the minima of the potential with A=0. The cor-
responding potentials are shown in Fig. 5. We see that
the flat portions of g do not lie in these minima, and in
fact there is only one minimum for the third case [see
Figs. 4(c) and 5(c)], although a confined state clearly ex-
1sts.
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FIG. 4. Plots of the asymptotic state for various values of E
starting with the same initial state and same boundary condi-
tions as that in Fig. 1. (a) E=—2.6, (b) E=—2.35, and (¢)
E = —2.2. The solid horizontal lines correspond to the poten-
tial minima for A=0 (Fig. 5), and the dotted horizontal lines
correspond to the potential minima for A given by Eq. (24), (Fig.
6). The flat portions of g are seen to lie in the potential minima
for the correct choices of A.
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To get the correct potential, it is necessary to consider
values of A other than zero. It turns out that the correct
value of A is determined such that the depth of the two
potential wells is the same. We therefore find

2
k:% 3_E2. , (24)
and
— E 1 2 172
g.=—+13E*=12)"2 for [E[>2, 25

for the positions of the minima. Note that two wells exist
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FIG. 5. Plots of the potential for A=0 for the states shown in
Fig. 4. (a) E=—2.6,(b) E=—2.35,and (c) E=—2.2.
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only for |E|>2. Figure 6 shows plots of the potentials
for these values of A, and the horizontal dashed lines in
Fig. 4 show the positions of the minima. We see that the
flat portions of ¢ now lie in these minima, as expected.
There also exist stationary solutions for cases in which
the potential wells are not equal in depth. Two such solu-
tions are shown in Figs. 7(a) and 7(b) for E =—V'6. The
initial conditions were again Gaussians. These solutions
can be thought of as soliton and dark-soliton solutions,
respectively (see Sec. IV for a qualifier on this terminolo-
gy). These solutions are again stable. The horizontal

(a)

(b)

q

FIG. 6. Plots of the potential for A given by Eq. (24) for the
states shown in Fig. 4. (a) E=—2.6, (b) E=—2.35, and (c)
E=-2.2.
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lines correspond to the minima of the potential for A=0
(Fig. 2). We see that the flat portions of ¢ do not lie pre-
cisely in these minima, showing that A is slightly different
from zero. Therefore, the potential with the correct
value of A will have minima that are not equal in depth.
It may be shown that the solution emerges from the shal-
lower well (see Sec. IV).

Figure 8 shows the solution for a straight-line initial
condition at different times. The asymptotic state [Fig.
8(c)] is a kink solution. Figure 9(b) shows the asymptotic
solution for a two-Gaussian initial condition [Fig. 9(a)].
The stationary solutions shown in Figs. 1(c), 8(c), and 9(b)
all have the same integral of g, showing that there is more
than one basin of attraction for a given g integral.

To demonstrate the importance of phase pinning (for
which the integral of g is conserved) in the stability of the
above solutions, we now study a different set of boundary
conditions, for which the phase is not pinned, namely,
¥, =1, =0. These boundary conditions imply that
A =0 (since ¢ =0 at the boundaries). They give vanishing
Liapunov boundary terms [see Egs. (6) and (7)], corre-
spond to zero-phase current at the boundaries [Eq. (15)],
and conserve the integral of ¥ over the system. The in-
tegral of ¢ is no longer conserved. In this case we found

(a)

{DAN

o 4+ — —

FIG. 7. Soliton and dark-soliton solutions for E=—v'6 and
the same boundary conditions as those used in Fig. 1. The ini-
tial conditions were a Gaussian and V6 minus a Gaussian. The
area under the curve is given by Aiy. (a) Soliton solution,
Ay =15; (b) dark-soliton solution, AQIJ=50\/E~ 15. These states
are stable.
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it easier to solve Eq. (17) for ¢, since the boundary condi-
tions on ¢ are identical to those used previously on gq.
We again use the time-splitting method and solve Egs.
(18) and (19) alternately. We again use the Crank-
Nicholson method to solve Eq. (18) and fast cosine trans-
forms to solve Eq. (19).

Figure 10 shows the asymptotic state for both ¥ and ¢
for E=—V6, starting with an initial condition corre-
sponding to that shown in Fig. 1(a), ie.,
¢(x,0)=fgdx’q(x’,0), where ¢q(x,0) is the Gaussiasn
shown in Fig. 1(a). In contrast to the solution shown in
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FIG. 8. Plot of g as a function of x at various times for the
same value of E, same boundary conditions, and the same area
At as that in Fig. 1, but with a different initial condition. (a) In-
itial state; (b) transient at =200, and (c) asymptotic state.
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Fig. 1(c), this solution is only neutrally stable. Since the
integral of ¢ is a constant of the motion, we consider only
perturbations which do not change the integral of ¥. To
show that the state is neutrally stable, we plot the asymp-
totic state for ¢ for a slightly different initial condition
which has the same integral of . Comparing Figs. 10(a)
and 11, we see that the solution in Fig. 10(a) can be per-
turbed to give a new stationary solution which has the
same integral of ¢. Since the Liapunov functional is the
same for these two states, the states are neutrally stable.
With these boundary conditions, neutral stability
occurs only at E=—V'6. To demonstrate this we now
change the value of E. We first start with the state shown
in Fig. 10(a) and change the parameter value to
E = —2.6. The potential is shown in Fig. 5(a). Figure 12
shows the solution at a few different times. We see that
the solution goes over to the deeper well. We again start
with the state shown in Fig. 10(a), but now change the
parameter value to E = —2.35. The potential is shown in
Fig. 5(b). Figure 13 shows the solution at a few different
times. We see that the solution again goes over to the
deeper well. In addition, we note that soliton solutions
(again, see Sec. IV for a qualifier on this terminology) are
no longer stable for these boundary conditions for any
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FIG. 9. Plot of ¢ as a function of x for the initial and asymp-
totic states for the same value of E, same boundary conditions,
and the same area Av as that in Figs. 1 and 8, but with a
different initial condition. (a) Initial state (two Gaussians) and
(b) asymptotic state.
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0
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FIG. 10. Plot of the asymptotic state for both the phase ¢
and g=v¢, for E=— V6 starting with the same initial state as
that shown in Fig. 1(a), but instead with boundary conditions
¥, =v.,=0. (@ ¥ and (b) g. These boundary conditions do
not conserve the integral of g, and the asymptotic state is neu-
trally stable, in contrast to Fig. 1(c) where the state is stable.

FIG. 11. Plot of the asymptotic state for the phase ¢ starting
with a slightly different initial condition from that used in Fig.
10. This state has the same Liapunov functional as that of Fig.
10 (¥ =2), but is clearly a different state, demonstrating neutral
stability.
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value of E. To see this we simply need to note that for
these types of solutions the potential wells are unequal in
depth. Therefore, perturbations of this solution exist
which will cause the solution to go over to the deeper
well.

If instead we were to impose the boundary conditions
Y =¥, =0, the boundaries would no longer be con-
strained at ¢ =0, and neutrally stable solutions would ex-
ist for a range of E, in contrast to ¢, =1,,, =0, for which
neutral stability exists only at E =+V'6. To see this we
note that if we were to start with the solution shown in
Fig. 10(b) for E= —V'6 and then change E to, for exam-
ple, —2.6, —2.35, or —2.2, the system would go over
into a state such as that shown in Fig. 4(a), 4(b), or 4(c),
respectively, the only difference being that the integral of
g would be different from that in the figures since it is no
longer conserved. The associated potential would be that
shown in Fig. 6(a), 6(b), or 6(c), respectively, and the
states would be neutrally stable. So we conclude this sec-
tion by noting that the type of boundary conditions plays
a crucial role in the existence or nonexistence of stable
confined states.

FIG. 12. Plots of g for various times with E = —2.6 for the
boundary conditions of Fig. 10. The initial state is shown in
Fig. 10(b). (a) Transient and (b) asymptotic state. The solution
is seen to go over to the deeper well. See Fig. 5(a) for the corre-
sponding potential.
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FIG. 13. Plots of g for various times with E = —2.35 for the
boundary conditions of Fig. 10. The initial state is shown in
Fig. 10(b). (a) Transient and (b) later transient. The asymptotic
state is ¢ =0. The solution is seen to go over to the deeper well.
See Fig. 5(b) for the corresponding potential.

IV. ANALYTIC SOLUTIONS
FOR THE ASYMPTOTIC STATE

Since the Liapunov functional is strictly nonincreasing
in time, the system will tend to a state in which
8V ({q})=0. Taking 8V ({q})=0 in Eq. (10), we there-
fore find

k+Dq+§q2+§q3=an , 26)

for the ordinary differential equation satisfied by the
asymptotic state. Before integrating this equation, we
briefly digress by noting that Eq. (26) is useful in check-
ing the numerical accuracy of the code used to solve the
time-dependent problem. This may be done by solving
Eq. (26) for A and supplying the values for g and ¢,, from
the numerical solution. We then choose Ax and At small
enough so that A as given by Eq. (26) is in fact indepen-
dent of x (to the desired accuracy) for the asymptotic
state.

Multiplying both sides of Eq. (26) by ¢, and integrating
gives

K+U(g)=

o |Q

;i , 27)

where the potential U(q) is given by Eq. (23) and K is a
constant of integration. From this relation one easily
finds

172

q dq
—Y—_ = — s 28
f‘lo VK+U(g) x —Xx, (28)

G

2

where g, =g(x,). This is in the form of an elliptic in-
tegral. There are two special cases in which Eq. (28)
reduces to elementary functions for g. When the polyno-
mial under the square root has two double roots, a kink
(or antikink) solution for g is obtained. When the polyno-
mial under the square root has one double root, a soliton
(or dark-soliton) solution is obtained. Although these
solutions are not strictly solitons (or dark solitons) since
Eq. (1) is nonintegrable, we nevertheless use this termi-
nology for lack of better terms and also since solutions of
this form occur in the modified Korteweg—de Vries
(KdV) equation'> where they would be referred to as
such.

As in Sec. III, we scale Eq. (1) so that D =F=G =1
and assume that E <0, noting that solutions for the op-
posite sign of E may be found by simply changing the
sign of g. We first consider the case in which two double
roots exist. We then find the following analytic expres-
sion for kink (+) and antikink ( —) solutions:

+q_ —q_
q:q+2q iq+2q tanh %(x—xo)
for E<—2,
(29)
where
172
2
a= —E——Z , (30)
2

and g, and A are given by Egs. (25) and (24), respectively.
Therefore, we find that the asymptotes correctly lie in the
potential minima.

When there is a single double root, we find the follow-
ing analytic expression for soliton (+4) and dark-soliton
(—) solutions:

974" —br(b2—4a)”2ci(:h[\/a—/6(x —x)] GV
where
a=6+6Eq,+6q2,
b=2FE +4q, ,
and g, is determined from the cubic equation
%3+f§—"2+qa+)\=0. (32)

For the soliton solution, g, equals the minimum of the
three roots. For the dark-soliton solutions, ¢, equals the
maximum of the three roots. We note that in order to
specify the limits on E for the soliton and dark-soliton
solutions, it is necessary to solve the cubic equation. We
only do this in the special case A =0 below.
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When A =0 the solutions simplify to

_Vve X0 for E=—VE, (33)

q 1xtanh

for the kink (+) and antikink ( —) solutions; to

_ 6
q

= Jfor E<—V6,
—E +(E*—6)2cosh(x —x;)

(34)

for the soliton solution; and to

2a
9749+ —b —(b*—4a)'*cosh[Va/6(x —x;)]
for —V6<E<—4/V3, (35
where
e |og2 ]
N
, R 172
a=—12+9—fﬁ—3E %—3 ,
and
o’ 172
b=—E+4 Té-—3 ,

for the dark-soliton solution. Referring to the limits on E
in Egs. (33)-(35), we see that solutions exist for all values
of E for which the potential [Eq. (23) with A=0] has two
minima. The kink and antikink solutions occur when the
wells are equal in depth, the soliton occurs when the well
at zero is shallower, and the dark-soliton solution occurs
when the well at zero is deeper. Therefore, the solutions
emerge from the shallower well. We note that the solu-
tions for general A [Eqgs. (29) and (31)] can be obtained
from the solutions for A=0 [Egs. (33)-(35)] by linear
transformations in ¢ and x. Therefore, the general solu-
tions (29) or (31) will exist for all values of E for which
the potential [Eq. (23) for general A] has two minima: the
kink and antikink solutions occurring when the wells are
equal in depth, and the soliton and dark-soliton solutions
occurring when the wells are unequal in depth, the ap-
propriate solution emerging from the shallower well.
Figure 12 shows the solutions (33)-(35) for various values
of E. For Figs. 14(c) and 14(e), the corresponding poten-
tials are shown in Figs. 5(a) and 5(b). We note that, as
E — — V6, the soliton and dark-soliton solutions will be
well approximated by the kink-antikink and antikink-
kink pairs, respectively. The Liapunov functional for the
kink and antikink solutions (33) may be shown to be
V' =1. This explains why ¥ (#) in Fig. 3 approaches V' =2
for large times, since the asymptotic state is a kink-
antikink pair.

We now inquire into the stability of the analytic solu-
tions (33)-(35) for various boundary conditions. It is as-
sumed that the localized states are sufficiently far from
boundaries so that the analytic solutions are excellent ap-
proximations to the solutions with the applied boundary
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conditions. We first consider the boundary conditions
fixed and ¥,, =0. As pointed out in the last section, the
kink and antikink solutions (33) (or pairs of such solu-
tions) are stable. To check for stability of the soliton and
dark-soliton solutions (34) and (35), we first take the ana-
lytic states shown in Figs. 14(c) and 14(e) as initial condi-
tions and allow the system to evolve using the numerical
code discussed in the last section. We find that these
equilibrium states are unstable, and the system evolves to
the asymptotic states shown in Figs. 15(a) and 15(b). The
reason for this behavior is that there are two equilibrium
solutions (one of them unstable) for a given E and a given

integral of g¢q. Integrating Eq. (31) gives, for
AYy=yY(L)—4(0),

_ (Bl d 2 VA,
Ap=q,L +2V6In | 0l —4a) "+ V 4a (36)

—b+(b2—4a)"?—V4q

Since the localized state was assumed to be far from
boundaries, we extended the limits of the integral of the
second term from — o to «. The + corresponds to the
soliton solution and the — to the dark-soliton solution.
Figures 16(a) and 16(b) show plots of Ay as a function of
q, for E=—2.6 and —2.35, respectively, and for L =50.
We indeed see that there are two solutions for a given
Avy. The unstable solution corresponds to the intersec-
tion of the vertical and horizontal lines. Figure 17(a) and
17(b) show plots of Eq. (31) with the value of g, given by
the other intersection points of the curve with the hor-
izontal line (found using Newton’s method). We see that
these plots agree with the numerical asymptotic states
shown in Figs. 15(a) and 15(b). The associated potentials
are shown in Figs. 18(a) and 18(b), where A was calculat-
ed from Eq. (32). As E is increased from —2.6 (or de-
creased from —2.35), the two intersection points move
closer together until at some E there is only a single inter-
section. This occurs at E = —2.5045 for the soliton solu-
tion and E = —2.4035 for the dark-soliton solution.
When E is between these two values, the solution given
by (34) or (35) is stable. For example, the states shown in
Figs. 14(d) and 14(f) are stable. As L is increased, we find
that the range of E over which the solutions (34) or (35)
are stable decreases and approaches 0 as L — . In fact,
it may be shown that the critical values of E occur at
E=—V6(1+1/L) for the soliton solution and
E=—V6(1—1/L) for the dark-soliton solution in the
limit as L — oo, and therefore the range of E over which
the solutions are stable approaches 2V'6/L. Also, the
critical areas Ay for the soliton solution and ¢,L — A%y
for the dark-soliton solution approach V'6In(L). Since
the solutions for general A [Egs. (29) and (31)] can be ob-
tained from the solutions for A=0 [Egs. (33)-(35)] by
linear transformations in g and x, we conclude in general
(for these boundary conditions) that the kink and an-
tikink solutions (or pairs of them) are stable and that the
areas AY—gq,L for a soliton solution and g,L — A% for a
dark-soliton solution must be above certain values before
the solutions are stable, and the critical areas increase as
the length of the system increases. For very long systems
we would expect only stable soliton (or dark-soliton) solu-
tions that can be well approximated by kink-antikink (or
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antikink-kink) pairs, the critical area increasing logarith-  free to assume a solution given by the more general Eq.
mically as L — . (31). Likewise, with the boundary conditions ¥ fixed and

If instead we had taken the boundary conditions ¥ ¢, =gq,, we would expect the dark-soliton solution (35) to
fixed and ¥, =0, we would expect the soliton solution (34)  be stable for the full range of E indicated. As noted in
to be stable for the full range of E indicated, since g is  the last section, for boundary conditions ¢, =v¢,,, =0,
now fixed at the boundary and the system is no longer  the soliton solution (34) is unstable and a kink-antikink
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FIG. 14. Plots of analytic solutions (33)-(35). (a) Kink solution (33), E = — \/6; (b) antikink solution (33), E=— \/_6; (c) soliton
solution (34), E= —2.6; (d) soliton solution (34), E = —2.4496; (e) dark-soliton solution (35), E = —2.35; (f) dark-soliton solution
(35), E = —2.4494. The corresponding potentials for (a)—(c) and (e) are plotted in Figs. 2, 2, 5(a), and 5(b), respectively.
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pair (33) is neutrally stable for E =—V'6. Likewise, for
boundary conditions ¥,=g¢q, and ¥, =0, the dark-
soliton solution (35) is unstable and an antikink-kink pair
(33) is neutrally stable for E = —V 6. For boundary con-
ditions ¥, =¥, =0, soliton and dark-soliton solutions
(31) are unstable; and the kink and antikink solutions (29)
(or pairs of them) are neutrally stable for E < —2.2.
With these boundary conditions, the unstable soliton and
dark-soliton solutions will evolve into neutrally stable
kink-antikink and antikink-kink pairs, respectively.

V. EXPERIMENT AND CONCLUSIONS

Before concluding, we briefly describe the experiments
which motivated the concept of confined states in phase
dynamics. One experiment concerns Taylor-Couette
flow™* (fluid between two concentric corotating
cylinders). In this experiment a portion of the system
was observed to have vortices with a wavelength larger

FIG. 15. Plot of the asymptotic state with the same boundary
conditions as those in Fig. 1(a). The initial state is shown in Fig.
14(c); (b) the initial state is shown in Fig. 14(e). We see that the
soliton and dark-soliton states shown in Figs. 14(c) and 14(e), re-
spectively, are unstable for these boundary conditions and that
the system goes to new soliton and dark-soliton state.

than that of the surrounding vortices. Although the
confined state was irregular in this experiment (probably
due to higher-dimensional effects), the same basic
phenomenon studied in this paper and Refs. 1 and 2 is
undoubtedly occurring—namely, the coexistence of two
stable states along the length of the cylinders due to the
existence of two wells or basins of attraction.

The second experiment concerns slot convection™
(thermal convection in a long and narrow rectangular or
annular container). Since the container is narrow, the
convection rolls are short and instabilities along the
length of the rolls are suppressed. Therefore, this system
is basically one dimensional and the confined states
occurring are the same in character as those studied in
this paper and in Refs. 1 and 2. In fact, the fluid equa-
tions for this system should be able to be reduced to Eq.
(1). It would be interesting to try to fit the deviation from
the background wave number of the rolls in the experi-
ment to the analytic expressions given in Egs. (29) and
(31) (or their negatives).
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FIG. 16. Plots of A¥ as given by Eq. (36). (a) E =—2.6 and
(b) E = —2.35. We see that there are two solutions for a given
Av. One intersection (with vertical line) corresponds to the un-
stable solutions of Figs. 14(c) and 14(e), respectively. The other
intersection corresponds to the stable solutions of Figs. 15(a)
and 15(b), respectively.
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FIG. 17. Plots of the analytic solutions given by Eq. (31) with
g, given by the intersection points in Fig. 16 corresponding to
the stable solutions. (a) E = —2.6; and (b) E = —2.35. We see
that the analytic solutions agree with the numerical solutions
shown in Figs. 15(a) and 15(b), respectively.

As found from the studies in this paper, boundary con-
ditions play a crucial role in determining whether stable
confined states exist. In the experiments mentioned
above, the relevant boundary conditions are a pinned
phase at the boundaries (or periodic boundary conditions
for an annulus), which would explain why the states are
stable. For a pinned phase or for periodic boundary con-
ditions, the integral of ¢ is constant and the number of
rolls or vortices is conserved. As pointed out in Ref. 2, it
would be interesting to change the boundary conditions
by putting a ramp at the boundary, i.e., gradually change
the distance between the cylinders or plates near the
boundary so that the rolls gradually fade away, and are
therefore not pinned and are free to move in and out of
the boundary. In such a setup any localized state would
at best be neutrally stable. Whether the neutrally stable
states would exist only at a single value (or several dis-
tinct values) of E or over a range of E would need to be
determined from experiment. In contrast, for a pinned
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(a)

(b)

q

FIG. 18. Potentials corresponding to the solutions shown in
Figs. 17(a) and 17(b). (a) E=-—2.6, A=0.14709; (b)
E=-—2.35 A=—0.08502.

phase, stable confined states would exist for a substantial
range of parameter values.

In this paper confined states in phase dynamics were
further studied. In particular, an accurate and stable nu-
merical code was developed to solve the dynamic equa-
tion of motion for two different sets of boundary
conditions—pinned phase and unpinned phase. With the
pinned-phase boundary conditions, stable confined states
were found to exist for a wider range of parameter values.
With the unpinned phase, the localized states were at best
neutrally stable. Also, analytic solutions were found for
the stationary confined states.
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