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H-INFINITY CONTROL OF AN AUTONOMOUS MOBILE ROBOT  
 
 

 
NUHA NAWASH  

 
 

ABSTRACT 
 

               This thesis proposes a robust trajectory-tracking solution for a two-wheeled 

mobile robot using H-infinity (minmax) control techniques in the presence of 

uncertainties that arise from neglecting some of the system dynamics (e.g., motor 

dynamics, sensor noise, and unmodeled vehicle dynamics). To compensate for the 

uncertainties in the dynamic model, this thesis illustrates how the kinematics model of 

the system can be used to design a robust minmax controller and compare it with a P 

controller and a PI controller. The nonlinear and the linearized models are simulated in 

MATLAB® and the results are presented to demonstrate the performance of the 

proposed controllers. The difference between the advanced control and the traditional 

control are explained.  The second part of this thesis discusses the construction of the 

mobile robot system, which is an embedded system. It integrates hardware and software 

in its design and operation. Hardware includes the physical parts of the system and 

software includes the programs that determine the robot operation. A Microchip 

PIC16F877 microcontroller (programmed in assembly language) interfaces and controls 

the mobile robot devices. 
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CHAPTER I  
 

INTRODUCTION  
 
 
 

 Wheeled mobile robots are becoming increasingly important in industry as a means of 

transport, inspection, and operation because of their efficiency and flexibility.  In addition, 

mobile robots are useful for intervention in hostile environments for performing tasks such as 

handling solid radioactive waste, decontaminating nuclear reactors, handling filters, 

patrolling buildings, minesweeping, etc. Furthermore, mobile robots can serve as a test 

platform for a variety of experiments in sensing the environment and making intelligent 

choices in response to it. 

In general, robotics is about building systems. Locomotion actuators, manipulators, 

control systems, sensor suites, efficient power supplies, well-engineered software ï all of 

these subsystems have to be designed to fit together to create the whole system. For that 

reason, a roboticist must be a generalist. Building a robot requires expertise beyond simply 

programming. The robot designer must own a compendium of basic skills from fields such as 

mechanical engineering, electrical engineering, computer science, and artificial intelligence.  

In this chapter, the history of robotics research discussed in Section 1.1.  Section 1.2 reviews  

the literature on mobile robot control.  Section 1.3 explains the motivations behind this thesis 

and its organization. 

 

1.1 History of Robotics Research 

 

Before we discuss the history of robotics research, we need to know what a robot actually 

is and where robots come from. If we look at the Oxford American Dictionary, it defines a 

robot as: ñA  m achine capable of carrying out a com plex series of actions autom atically,
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 especially one program m ed by a com puter.ò  T he A m erican H eritage D ictionary has th is 

definition: ñA n externally m anlike m echanical device capable of perform ing hum an tasks or 

behaving in a hum an m anner.ò   T he question here is w hat does the robotics industry have to 

say on this subject?   The definition presented by the Robot Institute of America is given as 

follows [7]: ñA  reprogram m able, m ultifunctional m anipulator designed to m ove m aterials, 

parts or specialized devices through variable programmed motions for the performance of a 

variety of tasks.ò  A lthough this definition focuses on  industrial robots, it is still widely 

influenced by many dictionary definitions.  The Japanese Industrial Robot Association 

(JIRA) is also concerned with robots and robotics, but it creates a whole robot classification 

system. It includes manually operated manipulators, sequential manipulators, numerically 

controlled robots, sensate robots, adaptive robots, smart robots and intelligent mechatronic 

systems [21]. The Japanese are certainly on the right track for defining each robot according 

to its functionality and the tasks that it does.  

The term robot comes to us from the Czech word robota, which means forced labor or 

subservient labor [24]. In Czech, a robotnik is a peasant or serf. The term was first introduced 

in K arel C apekôs play R . U . R . (R ossum ôs U niversal Robots). Capek wrote R. U. R. in 1920, 

and it premiered in Prague in 1921.  The play was introduced to the West when it was 

performed in New York in 1922, and subsequently in England in 1923.  R. U. R. was 

controversial and widely debated in intellectual circles, and the term robot quickly replaced 

the earlier term automaton. 

Robotics is closely tied to the continuing development of technology on a broad front 

in such diverse fields as materials, mechanics, controls, and computers.  Although one can 

list some important events in a more or less historical line, the computer invention was the 
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real revolution in the robotics world. The key to diversification and extension in 

manufacturing has been the computer, with its capability to organize information and 

eventually perform automated processes.  The first general-purpose digital computer was 

introduced at the Massachusetts Institute of Technology (M.I.T.) [17]. 

Mobile robotics development started at Stanford University when Nils Nilsson [9] 

developed the mobile robot SHAKEY in 1969.  This robot possessed a visual range finder, 

camera and binary tactile sensors. It was the first mobile robot to use artificial intelligence to 

control its actions.  Its main objective was to navigate through highly structured 

environments such as office buildings.  The JPL lunar rover [11], developed in the 1970s at 

the Jet Propulsion Laboratory, was designed for planetary exploration.  Using a TV camera, 

laser range finder and tactile sensors, the robot categorized its environment as traversable, 

not traversable or unknown.  In the late of 1970s Hans Moravec [12] developed CART in the 

Artificial Intelligence Laboratory at Stanford.  The robot was capable of following a white 

line on a road.  A television camera mounted on a rail on the top of CART took pictures from 

several different angles and relayed them to a computer, which performed obstacle avoidance 

by gauging the distance between CART and obstacles in its path.  In 1994, the CMU 

R obotics Instituteôs D anteII [13], a six-legged walking robot, explored the Mt. Spurr Volcano 

in A laska to sam ple V olcano gases. In 1997 N A S A ôs M ars P athfinder delivered the 

Sojourner Rover [15] to Mars.  Sojourner sent back images of its travels on the distant planet. 

In the same year, Honda showcased the P3 [16], an extraordinary prototype in humanoid 

robotic design.  In 1999, Sony began selling its AIBO robotic pet [17].  The product is almost 

affordable and extremely sophisticated. Anti-cutesy Web site critics the world over shudder 

at the thought of personal AIBO pet pages (there are now hundreds).  In 2000, Battlebots 
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premiered on Comedy Central [18]. Gearheads all over America headed to the garage to 

cannibalize the family mower. 

Robots are now expected to become the next generation of rehabilitation assistance 

for elderly and disabled people, and one of the researched areas in assistive technology is the 

development of intelligent wheelchairs. By integrating an intelligent machine with a powered 

wheelchair, a robotic wheelchair has the ability to safely transport the user to a destination.  

Bipedal humanoid robots are currently being manufactured in Japan and the robots 

themselves are very complicated to build in Japan. Japanese engineers are trying to complete 

such a mechanical marvel by 2008. Can scientists make robots so advanced that imitate 

humans in their functionalities? Actually it is difficult but not impossible; because scientists 

and engineers are working together in order to achieve this monumental goal. 

In the last few decades, looking to biology and nature for design inspiration (called 

biomimicry) has had a huge impact on robotics R&D. This has given rise to behavior-based 

robotics (BBR), a scheme for creating robots that react directly to their environment (sense-

act) rather than building maps of it first (sense-plan-act). One of prominent scientist in this 

area is P rofessor V ladim ir J. L um elsky w ho tries to ñlearn robotò how  to sense and react to 

their surroundings [45].   Robot competitions from wrestling robots, to combat robots, to 

robot ñO lym picsò are becom ing a m ajor w ay in w hich robots ñevolve.ò   A s builder M ark 

T iden stated in C hapter 2 of his book R obot E volution [26], ñA  hum an is a w ay in w hich a 

robot builds a better robot.ò  Just as nearly every robot engineer and  pundit has a slightly 

different theory about which robot evolutionary path will be taken in the end, they also have 

different takes on where and how the first permanent settlement of robo-kind will be 

established.  On the battlefield, in the corporate office, in every nook and cranny where 
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humans fear to tread, in the gladiator arena, and in our living rooms, we will see some kind 

of robotic involvement. 

 

1.2 Literature Review on Mobile Robot Control 

Voluminous literature exists on the subject of mobile robotics motion control. It is a 

heavily researched area due to both the challenging theoretical nature of the problem and its 

practical importance.  Previous work in autonomous mobile robot control generally involves 

path planning and path tracking control. It can be classified into the following four 

categories: linear [5, 8], nonlinear [1, 2, 3, 4], geometrical [12, 13], and intelligent [13] 

approaches. Many methods, however, require too much computational effort to be 

implemented in real time, such as sliding control, nonlinear steering control, and path 

tracking based on a Lyapunov function. The path error in the robot navigation depends on the 

smoothness of the reference path given in the planning stage.  The various path planning 

methods using a smooth curve with curvature continuity have been addressed in several 

previous works [1, 3, 6, 8, 13, 14, 16].  These works include the clothoid pair method, 

polynomial curve method, and time-optimal trajectory planning. 

At the beginning of the new millennium the PID controller continues to be the key 

component of industrial control, including robotics control [25].  During this century many 

different structures of control have been proposed to overcome the limitations of PID 

controllers.   Because of their simplicity and usefulness, they are an important part of the 

industrial process.  The present- day structure of P, PI, and PID controllers is quite different 

from the original P, PI, PID controllers. Now the implementation of P, PI, and PID 

controllers are based on digital design. These digital controllers include many algorithms 
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such as anti-windup, auto-tuning, adaptive, and fuzzy fine tuning to improve their 

performances, but the basic actions remain the same [12].  During the last two decades, the 

general reluctance of researchers to use PID controllers has begun to disappear [13].  Many 

of the new capabilities of digital PID controllers have been introduced by the research 

community, the industrial control users apply these innovations easily (even enthusiastically), 

and PID control has become one of the most important ways for scientific specialists in 

control and users of industrial control to work together [16].    P, PI, and PID controllers are 

considered classical (conventional) control which is concerned with single input and single 

output (SISO). It is largely based on Laplace transform theory and its use in system 

representation in block diagram form.   

 

Figure 1: Classical Control Configuration 

From Figure 1, we see the reference input R(s), the input U(s), and the output Y(s), 

where s is the Laplace variable.   Notice that the control signal is determined by the error 

signal and the controller. All the variables are not readily available for feedback; in many 

cases only one output variable is available for feedback. 

  In the past two decades there have been great advances in the theory of modern 

control.  The design of robust uncertainty-tolerant multivariable feedback control systems has 
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been resolved, at least partially [11, 12].  Many of the questions that created the gap of the 

1970ôs betw een the theory and practice of control design  w as the concern of the control 

theorists, such as stability margins, sensitivity, disturbance attenuation and so forth. Out of 

this renewed concern has emerged the singular value as a key indicator of multivariable 

feedback system performance [11, 12].  The singular value thus joins such previously used 

measures of multivariable feedback system performance as dominant pole locations (related 

to disturbance rejection bandwidth and transient response).  The real problem in robust 

multivariable feedback control system is to synthesize a control law which maintains system 

response and error signals to within prespecified tolerances despite the effects of uncertainty 

on the system. Uncertainty may take many forms but among the most significant are noise, 

disturbance signals and transfer function modeling errors.  Another source of uncertainty is 

unmodeled nonlinear distortion. Consequently people have adopted a standard quantitative 

measure for the size of the uncertainty, called the H-infinity norm. More detail will be given 

in Chapter 3.  

 

            Figure 2: The Standard form for Robustness Analysis  

 
P(s) 

     ȹ (s) 

   K(s)   
 
 

W(s) 

U(s) 

Wd(s) Yd(s) 

Y(s) 

 M(s) 
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This common framework has the perturbation normalized and in the feedback loop, 

as shown in Figure 2. The plant P(s) has three inputs and three outputs (in general each of 

these inputs and outputs can be a vecotor).  The inputs consists of the perturbation Wd (s), 

input, the disturbance input W(s), and the control input U(s).  The outputs consist of the 

output perturbation Yd(s), the reference output Y(s), and the measured output M(s).   

 

1.3 Motivation and Thesis Organization 

The purpose of this thesis is two-fold. The first purpose is to provide a practical 

approach for robotic technology development and explore the basic principles of sensory 

systems, data acquisition systems, and actuation systems. The second purpose is to apply 

modern control technologies such H¤  control, and compare it to traditional controllers such 

as proportional and proportional integral controllers. 

This thesis focuses on path following algorithms for a mobile robot with velocity 

constraints on the wheels. The path that the mobile robot follows is a straight line in an 

indoor environment, such as maneuvering down a hallway. This thesis is divided into two 

parts. The first part is the theoretical part where the nonlinear and the linear systems were 

modeled and simulated with MATLAB®. An H-infinity, P, and PI controller are simulated 

and compared. The second part is the practical part where a mobile robot is built as an 

embedded system, which includes integration of hardware and software in its design and 

operation.  The hardware includes the physical parts of the system and the software includes 

the programs (set of instructions) that determine the robot operation. Then a closed loop 

controller is implemented to study the behavior of the mobile robot and compare it with the 
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theoretical results. The main purpose of this thesis is to gain practical experience with control 

schemes and embedded systems interfaces. 

The thesis is organized as follows. The history of mobile robotics and the motivation 

of this thesis are introduced in this chapter. In Chapter II, the mathematical model for the 

nonlinear and linearized system will be introduced.  Chapter III discusses the control 

schemes of the mobile robot, simulation results and the difference between the H-infinity, P, 

and PI controllers.  Chapter IV explains the hardware design and the electrical and 

mechanical parts of the mobile robot, and how it is controlled by the microcontroller 

PIC16F877.   Conclusions and future research are discussed in Chapter V. 
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CHAPTER II  
 

SYSTEM MODELING  
 

          

           The mobile robot was modeled as a rigid body that satisfies a nonholonomic constraint, 

which means the motion of the system is not completely free.  Nonholonomic systems are 

systems in which the instantaneous velocities of system components are restricted, thereby 

limiting the local movement of the system. This means, for example, that the mobile robot 

cannot move sideways. Common examples of vehicles with nonholonomic motion constraints 

are automobiles and vehicles with trailers.  Parallel parking is a familiar illustration of the type 

of difficulty associated with even this simple path planning problem.  Other contexts in which 

nonholonomic constraints occur include when there is a rolling contact, such as with a fingered 

hand on a surface, or when conservation of angular momentum is a significant factor, as in the 

case of free-flying robots.  Nonholonomic systems are not locally controllable, yet they are in 

many cases globally controllable.   In this chapter, the mathematical model for the nonlinear 

system of the mobile robot will be explained in Section 2.1.  The linearized robot system will  

be introduced in section 2.2. 

 This thesis is addressed the kinematics model of the mechanical system of a two-

wheeled mobile robot.  The kinematics model of the robot has been chosen because it deals 

with the geometry of robot motion with respect to a fixed reference coordinate frame as a 

function of time, without regard to the forces and moments that cause the motion. This leads us 

to achieve a state feedback control that yields a steady and stable wall following trajectory in 

straight-line segments to meet the kinematics constraints.   
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2.1 Mathematical Model Formulation 

            Our system is a two-wheeled mobile robot whose position is defined by three 

coordinates in a plane: positions x and y, and robot heading angle q in an absolute frame.  The 

robot can move along the path that originates from the current posture (x, y, q) in the 

configuration space. Figure 3 [36] below shows a two-wheeled robot, where C is the center of 

motion of the mobile robot.  The center of gravity of the platform is at the origin (o), (Vx, Vy) 

represents linear speed or tangential velocity, and w is the angular velocity. 

 

 

Figure 3: The Model of the Mobile Robot  

Figure 4A represents the activeïdriving wheel in two dimensions where r represents the radius 

of the wheels, and D the azimuth length between the wheels [36].  C is the center of motion of 

the mobile robot. Figure 4B [36] represents the (Vx, Vy)   absolute (Cartesian) coordinate system 

of linear speed with the center of the platform at the origin (o), and w is the angular velocity. 

Theta (q) is the heading angle of the turn in radians. This system is represented in x and y 
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coordinate (and orientation) change with respect to time. At any instant, the x the y coordinates 

of the robotôs center point are changing based on its speed and orientation. A lthough the states 

change with time, the physical laws that govern the behavior of the mobile robot do not change 

with time, which means the system is time invariant. 

 

                           A                                                                          B                                                                    

Figure 4: ActiveïDriving Wheel in Two Dimensions  

 

Figure 5: Feasible region of translational velocity  
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          Figure 5 represents the nonholonomic constraints which are limited to the shaded region 

[36]. From the global translational velocity factors Vx, Vy, which they are rotational 

transformation of V, that lead to set the conditions of linearization of the system.  More details 

will be given in Section 2.2. The mathematical equations behind our system model as 

represented in Figures 4 and 5 are as follows:    

 )22( yVxVV +=                                                                   (2.1)                             

qcosVCVx=                     (2.2)                                                                                  

qsinCVVy=                                                                                                       (2.3) 

xVCX =
.

                                                                                                                      (2.4) 

    yVCY =
.

                                                                                                                       (2.5) 
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where: 
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RW  = angular velocity for right wheel 

LW  = angular velocity for left wheel.  

D = azimuth length between the wheels. 

wr = radius of the wheels.  

CV  = tangential velocity, or linear velocity  

CW  = angular velocity, or steering velocity 

       Our control inputs are (RW , LW ) and our control outputs are (X, Y, q). Therefore, our 

desired trajectory is X (t), Y(t), q(t). 

2.2 Linearization 

The mobile system model is a 3rd order system and nonlinear.  It is very difficult and 

complicated to study this type of system.  Some nonlinear equations can be approximated by 

linear equations under certain conditions.  Most of the systems have a trajectory called the 

nominal trajectory, and around this trajectory the system behaves like a linear system.  In our 

case we chose these conditions for the system behavior and modeled a linear system as 

follows.                 

tV)t(X 0=                                                                                                         (2.12)                                                                                         

CtY =)( , where C is a constant                                                                       (2.13) 
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and the initial values for x0(t), y0(t), and q0(t) are 0.  Suppose the input function u0 (t) and some 

initial state x0, the solution of this system is:  

ù
ù
ù

ú

ø

é
é
é

ê

è
==

3

2

1.
),(

f
f
f

uxfx

                                                                                                     (2.15) 

||||
dx
dfF =

 u0, x0      
||||

du
dfG =

 u0, x0                                                                                                                     (2.16) 

uGxFx D+D=
Ö

D                                                                                                   (2.17) 

0xxx -=D                                                                                                             (2.18) 

0uuu -=D                                                                                                                   (2.19) 
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So if we differentiate our nonlinear system model we get: 
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 The mobile robot should walk in a straight line, which means both wheels have the 

same initial speed. To develop a forward kinematics equation, the specify a frame of reference 

in which an arbitrarily chosen point is treated as stationary.  All other points in the system are 

treated as moving relative to the reference point.  The robot is considered a rigid body.  By 

approaching the problem in this manner, we will gain insight which can be applied to the more 

general problem  of m odeling the robotôs m otion in an absolute fram e of reference. T he point 

that selected as our reference is the center point of the left wheel. This is the point where an 

idealized wheel makes contact with the floor.  Again, all motion in this frame of reference is 

treated relative to the left wheel point.  Because the right wheel is mounted perpendicular to the 

axle, its motion in the frame of reference follows a circular arc with a radius corresponding to 

the length of axle.  

            Now the central point itself may be in motion, but the actual path of the right wheel will 

not necessarily correspond to that particular circular arc.  The change in orientation q is not 

restricted to the robotôs fram e of reference. B ecause the robot is treated as a rigid body, all 

points in the system undergo the same change in orientation. The kind of drive that has been 

used to establish our equations is called a differential drive, and the choice was the simplest 

form where VL and VR are equal. In this case the radius D is infinite and the robot moves in a 

straight line, but we should notice that the robot does not move in a straight line, but rather 
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follows a curved trajectory about a point a distance D away from the center of the robot, 

changing both the robotôs position and orientation.  T his happens w hen the m obile robot is not 

on any kind of control scheme. It happened when the mobile robot under open control loop and  

has the same speed on his two wheels assuming this will lead the mobile robot to move in a 

straight line, which in fact the mobile robot follows a curved trajectory.  A differential drive 

vehicle is very sensitive to the relative velocity of the two wheels. Small errors in the velocity 

provided to each wheel results in different trajectories, not just a slower or faster robot. 

Differential drive robots typically have to use castor wheels for balance.  Thus, differential 

drive wheels are sensitive to slight variations in the ground plane.  This limits applicability in 

non-laboratory environments. 
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CHAPTER III  

APPLYING CONTROL SCHEMES TO THE MOBILE ROBOT  

    

            From the analysis in Chapter II it is seen that mobile robot control is difficult since the 

control inputs have to be generated to satisfy the constraint while the robot moves. A 

mathematical model is never a perfect representation of physical system.  The real challenge in 

motion planning is to develop a planning scheme integrated with a control system that is able 

to detect and recognize unexpected events on the basis of sensory information, and adjust and 

modify the base plan at a high rate to cope with time and location variations in the occurrence 

of events without re-planning.  In this chapter, Section 3.1 explains the H-infinity control 

scheme, where Section 3.1.1 discusses the H-infinity feedback controller and Section 3.1.2 

explores the full information estimator. Section 3.2 deals with H-infinity implementation on 

the mobile robot system. Section 3.3 discusses the results of the H-infinity simulation, where 

Section 3.3.1 explains the simulation terms and Section 3.3.2 shows the D parameter affects on 

the stability of the system.  Section 3.4 describes the P and PI controller implementation.  The 

Simulation results of the P and PI controllers are explained in Section 3.5. Section 3.6 shows 

the differences between the H-infinity and P and PI controllers.   

3.1 H-Infinity Control Schemes 

            One of the key ideas that has recently emerged in the field of modern control is the use 

of H-infinity control to give a systematic procedure for the design of feedback control systems. 

This technique also has been researched in several recent papers [13, 14]. Within the modern 

control framework, one approach to designing robust control systems is to begin with a plant 
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model, which not only models the nominal plant behavior, but also models the uncertainties, 

which are expected. Since a perfect model is not available, the discrepancy between the 

mathematical model of the plant and the actual plant should be quantified. There are many 

types of uncertainties and perturbations that affect robustness, stability, and performance in the 

face of changes in the plant dynamics and errors in the plant model.   H-infinity control can be 

applied to control the robot position to follow walls and keep a certain distance from them. 

Uncertainty might arise from neglecting some of the system dynamics; e.g., motor dynamics, 

sensor noise, and unmodeled robot dynamics. 

            The mobile robot was modeled as a rigid body satisfying nonholonomic constraints, 

w hich m eans the m otion of the system  is not free. W hatever the form  of the uncertainty æ  in an 

uncertain system, the controller should control the system and keep the mobile robot in the path 

that has been planned for it. A control system is said to be robustly stable if it is stable for all 

admissible perturbations. A control system is said to perform robustly if it satisfies the 

performance specifications for all admissible perturbations. Note that stability and performance 

robustness depends on the controller, the nominal model, and the set of perturbations.  Motivated 

by the above considerations and the importance of the problem, this thesis addresses the 

kinematics model of the mechanical system of a two-wheeled mobile robot.  

                 Our state space system is multi-input, multi-output (MIMO). The robot should 

follow a wall in a straight line, which means the robot moves at a constant forward speed along 

a predefined geometric path that is given in a time-free parameterization. Thus, our controller 

should com pute the distance of the robot to the w all, m inim ize the error betw een the robotôs 

main axis and the tangent to the path, and act on the angular velocity to drive both error and 

angular velocity to zero.   
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             In general, the goal of robust control is to measure the MIMO system stability margin 

using a proper, non-conservative analytical tool.  In other words, the goal is to find out how big 

æ  can be before instability occurs.  R obust stability in the presence of structured perturbations 

and robust performance both depend on the supremum of the singular value from the 

perturbation input to the perturbation output. The supremum of the largest structure singular 

value (S S V ) is bounded by the Ð -norm of the diagonal-scaled, closed loop system [14, 15].  

The norm is a real valued function of the elements of a linear space.  The norm provides a 

measure of the size of a vector, signal, or system . T he Ð -norm is given 

as )jw(GSupG w s=¤ .  The maximum gain of a generic system over all frequencies is by 

the system  Ð -norm .  In other w ords, the Ð - norm of a system provides a bound of the 

maximum system gain, where the gain is defined in terms the signal 2-norm: 

22
)()()( twGtwtg

¤
¢Ã                                                                                      (3.1) 

Where g(t)Ã w(t) is the input convolved with the impulse response matrix, which yields the 

time domain system outputs[22]. 

            So what is the H-infinity control problem and how can it be formulated?  How does the 

H-infinity controller control the system (the mobile robot)? What is the H-infinity estimator? 

What are the properties and the conditions for H-infinity control?      

3.1.1 The Output Feedback Control 

           An important application of the H-infinity (H Ð ) control problem  arises w hen studying 

robustness against model uncertainties.  It turns out that the condition that a control system is 

robustly stable in spite of a certain kind of model uncertainties can be expressed quantitatively in 

term s of an H Ð  norm  bound w hich the control system  should satisfy.  
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            T he optim ization of the Ð -norm has application in both maximizing performance and 

robustness.  C ontrol and estim ation problem s, w ith the goal of m inim izing the system ôs Ð -norm, 

are term ed H Ð  optim ization problem s, w hich lead to design techniques such as full inform ation 

control and output estimation.  When they are combined together, they form  H Ð  output feedback 

control.   T he H Ð  output feedback controller (sim ply the H Ð  controller) utilizes partial state 

measurements, corrupted by disturbances, to generate the control.  The following state model 

gives the plant: 
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Where the Bu is the control matrix and Bw is the reference input matrix (the disturbance). 
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Cm is the feedback matrix and Cy is the output matrix in Equation 3.3.  The matrices Cy and Dyu 

are assumed to satisfy the following: 
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                                                                                        (3.4)  

These conditions in Equation (3.4) require that the reference output consist of an output 

dependent only on the state and a distinct output dependent only on the control input.  

Furthermore, the portion of the output that depends on the control is simply equal to the control 

input or an orthogonal transformed version of this input. Another condition is that the plant 
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(the system that to control, which in this case is the mobile robot system) should be stable. The 

matrices Bw and Dmw are assumed to satisfy the following conditions: 

IDD
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                                                                               (3.5)  

These conditions require that the disturbances entering the plant via the state equation and the 

disturbances entering the plant via the measurement equation must be distinct.  These 

conditions guarantee the existence of a steady state H Ð  controller.    

           T he suboptim al H Ð  control problem  is to find a feedback controller for the above plant 

such that the Ð -norm of the closed-loop system is bounded:  
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w here ɔ is called the perform ance bound. T he closed ï loop system is also required to be 

internally stable w hen the final tim e is infinite.  T he solution of the optim al H Ð  control 

problem is to minim ize the closed loop Ð ïnorm . F inding the suboptim al H Ð  controller, it is 

assum ed that the full inform ation controller exists. T he Ð ïnorm bound in Equation (3.6) that 

defines the suboptim al H Ð  controller is equivalent to requiring that the inequality  

2
]tf,0[2)t(w22

]tf,0[2)t(w22
]tf,0[2)t(yJ e-¢g-=g                                          (3.7) 

be satisfied for som e positive ̒  and for all disturbance inputs. S ince all possible outputs can be 

generated from the state and disturbance input, the inequality in Equation (3.7) can be written 

in terms of the full information Riccati solution as:  
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where P(t) is the solution of a Riccati equation, which will be discussed in more detail below. 

A Riccati Equation is an equation that is fully specified by the state transition matrix of a 

Hamiltonian system.  This equation has only final conditions and can be solved backward in 

time using any numerical integration package.   Since the feedback gain only depend on this 

matrix and Bu, a differential equation for P(t) can be  generated by taking the derivative of this 

equation:  

() )()( txtPtp =                                                                                                               (3.9) 
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txtPtxtPtp +=                                                                                        (3.10) 

           Where P(t) is the matrix of proportionality between the costate p(t) and the state.  This 

matrix of proportionality is fully specified by the state transition matrix of the Hamiltonian 

system: 
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Substituting for )(
.

tp  and )(
.

tx , and using the Hamiltonian system in equation (3.11) yields:  
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    Rearranging equation (3.12) and dropping the (t) from each term above for notational 

convenience leads to equation (3.13): 
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This equation is the Riccatti differential equation for H-infinity suboptimal control problem. 

The Riccati solution for P(t) is a symmetric matrix (if it exists), which can be found by solving 

equation (3.13) backward in time from the final condition.  The final condition is obtained by 

letting P(t) = 0. 

            As mentioned above, this equation has been solved by using any numerical integration 

package. In our case, MATLAB® using the command CARE (Continuous Time Algebraic 

Riccatti Equation). For more information see [5, 7, 15]. The suboptimal solution that internally 

stabilizes the closed-loop system and bounds the closed-loop Ð ïnorm exists if and only if there 

is a positive semi-definite solution of algebraic Riccati equation.   

0)( =t fP                                                                                                                    (3.14) 

          By assuming the condition on Equation (3.14) above, we can find the controller equation 

that is u(t) = - txtPBT
u ()( ) as the suboptimal control.   It exists if the Riccatti Equation has a 

solution over the entire time interval from 0 to t f  and )()( 2 T
ww

T
uu BBBBtAx --- g  is stable, that 

is, all of the eigenvalues of this matrix have negative real parts.  The suboptimal controller is 

then given as 
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    The control law in Equation (3.15) has been shown to satisfy the infinity norm bound 

on Equation (3.6) and it is exists as long the Riccati Equation has a solution. The 

following question immediately comes to mind: what happens if the Riccati Equation 

has no solution? Is it possible to find a full information controller that satisfies the 

bound on Equation (3.6)?   The answer for this question is no!  The existence of a 

solution to the Riccati Equation is both necessary and sufficient for the existence of a 

solution to the H-infinity suboptimal control problem.  

            The H-infinity output controller utilizes partial state measurements, corrupted by 

disturbances, to generate the control. This controller can be synthesized by combining an H-

infinity full information controller with an H-infinity estimator.  The H-infinity estimator gain 

depends on what linear combination of the states is being estimated. The worst case 

disturbance input that appears in the full information minimax problem must be included in the 

H-infinity estimator equations.  The suboptimal H-infinity control problem is defined in the 

state equations in equation (3.16) below:  
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The matrices wB  and mwD  are assumed to satisfy the following: 
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           These conditions require that the disturbances entering the plant and the measurement 

be distinct and that the output equations of the plant be scaled to normalize the measurements 
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noise.  The H-infinity filter estimates linear combinations of the state, given the measured 

output of the plant:  

)()( txCty y=                                                                                                                (3.18) 

3.1.2 The Full Information Estimator  

            An optimal H-infinity estimator generates estimates that minimize the worst-case gain 

between the disturbance input and the estimation error e(t) = )t(
^
y)t(y - .  The bound in 

equation (3.19) can be used in formulating a suboptim al H Ð  output estim ation problem :  

g
gg

<
-

+

¸
=

¤D ---
]0[2

2

]0[2

0)()(2)( )()()(

)()()(
sup

tf

T
w

tf

T
u

txtPT
wBtw txtPBtw

txtPBtu
G                            (3.19)   

The solution for this problem leads directly to a suboptimal controller.  This output estimation 

problem is stated as follows: Estimate the full information control input,                                           

given the measurement m(t), such that the Ð ïnorm of the transfer function between the 

disturbance input )()()()( 2 txtPBtwtw T
w

--=D g  and the estimation error is bounded:  
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and this equation is equal to :  
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This equation above is equal to equation (3.20) since the absolute value of  k xx =- .  The 

state model of the plant in this estimation problem has )(twD  as the disturbance input and m(t) 

as the measured output becomes:   
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The measurement equation for this model can be generated by subtracting PxBD T
wmw

2-g , 

which equals zero because 0=T
wmwBD , one of our conditions that guarantees the 

existence of a stead y state H Ð  controller:                           
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The suboptim al H Ð  estim ator for the problem  specified in the E quations (3.16) ï (3.23) 

generates estimates of the full information control, and the estimator becomes an output 

feedback controller, since it generates control inputs from the measurements. Therefore, the 

estim ator is a suboptim al H Ð  controller.  T he R iccati equation for the estim ator is equal to:  
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This Riccati equation is solved forward in time from the initial condition 

0)0( =Q                                             (3.25) 
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The estimator gain can be written in terms of this new Riccati solution:  

() T
mCtQtG =)(                            (3.26)                   

Equations (3.24)-(3.26) completely specify the suboptimal H Ð  estim ator, and it should be  to 

recognize that the Riccati equation and estimator gain depend on the output being estimated. 

  3.2 H-Infinity Controller Implementation  

Figure 6 shows the plant and the estimator.  To see how they work together and how 

the estim ator becom es the controller; letôs apply the equations to our robotic system .  S tarting  

with the state equations that represent our linear system:  
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The A, Bu, Cm, Dmw, Cy, and Dyu matrices are given in Appendix A. The system in Equation 

(3.27) can then be written as  
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                        (3.28)   

where V0 = ))2(0)1(0(
2

uur
+ , and u0 is the nominal control signal for the left and right wheels. 

Equations (3.13) and (3.24) are solved by MATLAB® because of their complexity.  In Figure 6, 
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the existence of conditions for the suboptimal H-infinity controller imply the existence of both a 

suboptimal H-infinity full information controller and a suboptimal H-infinity filter f or estimating 

the reference output. The implied existence of a full information controller can be understood by 

noting that full information includes information on all possible outputs.  Therefore, output 

feedback is a special case of full information control. 

       In Figure 6, the upper part represents the mobile robot system (the original system), while 

the bottom represents the estimator (in our case the controller).   Note that the input, output, and 

the state of the estimator are distinct from the input, output, and the state of the original system. 

Given the output equation for the original system 

)()( txCty y=                                                                                                                (3.29) 

The H-infinit y estimator generates estimates that minimize the worst-case gain between 

the disturbance input and the estimation error e(t) = )t(
^
y)t(y -       The bound in                       

                                                  (3.30) 

 If the difference between )t(
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Figure 6: The Estimation Problem in Standard Form 

3.3 Simulation results of H-infinity control  

 

             After translating the above analysis into MATLAB® programs, simulated the 

nonlinear system, the linearized system to get the steady state value for the Riccati equation, 

then we use the solution as a gain for the estimator part of the H-infinity design.  Designing 

MATLAB® program to minimize the error between the original plant and the estimator by 

changing the perform ance index gam m a (ɔ) w as not an easy task.   W e tested the system  by 
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adding white noise disturbance to the feedback signal and input disturbances to the plant 

dynamics equations. W e tuned the perform ance index ɔ to get the best results.  T he sim ulation 

results have been run under different settings by changing the amount of noise and 

disturbances, changing the step size of simulation and the time of simulation (length of 

simulation).  We experimented with different values for the mechanical variables to see how 

they affect the system ôs robustness and perform ance.  

3.3.1 Simulation Terms 

 

         T he ñrandnò function in M atlab generates a random  num ber and is used in o ur 

simulations to model disturbances in multivariable control.   The output of randn is zero mean 

Gaussian white noise with standard deviation = 1.  A simple random process that is often 

employed in disturbance rejection is white noise.   Examples of white noise in our system come 

from wheel slippage, and sensor nonlinearties.  White noise is an idealization of zero-mean 

random input noises and does not exist in nature. Actually colored noise disturbances are more 

appropriate [25].   In MATLAB®   program, the white noise is inserted in the measured output 

feedback equation, while the input disturbance is inserted to the dynamics equations of the 

system.  

         Figure 7 shows the robot angle when gamma is 50, the white noise is 0.01 randn, the unit 

of the noise is radians/second, the input disturbance is 0.01 randn, and the unit of the input 

disturbance is radians/second.  The simulation has been run for different gamma values to test 

our system robustness and performance. 
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Figure 7: Angle Mobile Robot-Gamma is 50 
 
                 The results of simulation are recorded in Table I for different settings for all the 

system variables.   In Table I, the setting for the simulation is that the white noise is 0.01 randn 

which is very good amount to test the system for its robustness and performance and the step 

size of simulation is 0.01 seconds and the disturbance inputs are 0.01 randn. The magnitude of 

the systems variables in Table I is standard deviation (Std) measurement, and it has been taken  

for each variable involved in the system.   

 

gamma Control signal LW 
Radian/seconds 

Control signal R 
Radian/seconds 

Y-position 
Inches  

Theta- 
Radians 

8 0.00686 0.00685 0.00227 0.00970 
10 0.00468 0.00468 0.00216 0.00973 
15 0.00336 0.00336 0.00309 0.00814 
20 0.00350 0.00350 0.00278 0.00955 
30 0.00318 0.00318 0.00231 0.00886 
40 0.00303 0.00303 0.00272 0.00938 
50 0.00273 0.00273 0.00239 0.00829 
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60 0.00242 0.00242 0.00336 0.01021 
100 0.00329 0.00329 0.00408 0.01013 
120 0.00322 0.00322 0.00481 0.01387 
150 0.00302 0.00302 0.00383 0.00901 
200 0.00364 0.00364 0.00375 0.01307 
10000 0.00319 0.00319 0.00272 0.01051 

Table I: The Simulation Results for Mobile Robot System 
 

 
Figure 8: Y-position of mobile robot-gamma is 8 

 
               In Figure 8, the simulation was for gamma = 8.  The magnitude value for the Std 

measurement is 0.002272 inches.   If we study the results of simulation in Table I for the Y-

position values we notice the system shows a lot of robustness and stiffness against 

disturbances.  When gamma increased the Y-position values goes up a little bit and goes down 

again, but no abrupt jum ps at all in the Y  signal. It keeps itôs stability for any gam m a values 

larger than 8. When gamma is under 8, the system gives no answer for the values, which means 

the H-infinity controller has no solution and is out of range of the system ôs param eters.  W ith 
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both large disturbances and small disturbances our controller shows effectiveness in controlling 

the system.   

     Figure 9 shows the Y- position of the mobile robot when Gamma is 50. 

 
Figure 9: Y-position of mobile robot-gamma is 50 

 
       The control signals for the right wheel and the left wheel have the same magnitude under 

both settings which practically is very ideal due the difference between the motors, and the 

wheels. Through our control simulation the same signal was used for both wheels which is one 

of the conditions to force the robot to follow the wall in a straight line. Simulation of the 

program with different gamma shows that the signal control for both wheels is very relaxed as 

long gamma is increased.     
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Figure 10: Control Signal for Left wheel when Gamma is 50 

 

 
Figure 11: Control Signal for Right Wheel when Gamma is 50 
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      Studying the data that was collected from the simulation which is recorded in Table I  

shows the increasing gamma minimizes the Std deviation of the control signals for awhile then 

the magnitude increased again but there is no abrupt jump in the values, which shows the 

stability of  the mobile robot under H-infinity control. Although Gamma is increased to show 

how much the system can handle the changing of the system index performance, still it shows 

robustness and good disturbances rejection.  

      Figures 12, 13 represent the right and the left wheel control signals respectively when 

gamma is 10000 and the white noise is 0.01 randn and the disturbances are 0.01 randn. The 

unit for both is radians /inches.  

 
Figure 12: Control Signal for The Right Wheel when Gamma is 10,000 
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Figure 13: Control Signal for The Left Wheel when Gamma is 10,000 

 
 

 
Figure 14: States of the Mobile Robot System ïGamma is 50 
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      Figure 14 shows the states of the system under the setting where the white noise is equal to 

0.01 randn which is still a good amount to test the system for robustness and performance and 

the step size of simulation is 0.001 seconds and the disturbance inputs are 0.01 randn.   The 

program was simulated under different gammas. The magnitudes of the standard deviation 

(Std) measurements for each state involve in the system was taken, and recorded in Table II.   

 
gamma Theta State 

radians 
y-State 
radians 

x-State 
radians 

8 0.000312 0.00227 0.000169 
10 0.000421 0.00216 0.000170 
15 0.000268 0.00309 0.000142 
20 0.000400 0.00278 0.000167 
30 0.000595 0.002318 0.000154 
40 0.00036 0.00272 0.000164 
50 0.00066 0.000375 0.000145 
60 0.000187 0.00335 0.000107 
100 0.000352 0.00408 0.000901 
120 0.000378 0.00480 0.000242 
150 0.000379 0.003823 0.000157 
200 0.000264 0.00375 0.000228 
10000 0.000280 0.00272 0.000184 

 
Table II: States of Mobile Robot System 

 
A close look to the data that is recorded in Table II shows that increasing gamma improves the 

performance of the system in general.  Although there is no abrupt jump in magnitudes of Std 

values, still there is a small increase in the Std magnitude and then it goes down for all the 

variables of the system.  The explanation for this behavior is that the non-linearties in the 

system cause it. Notice that the y-state is still high in magnitude compared to theta-state. 
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3.3.2 The Azimuth Parameter 

   The system is tested by changing the length (D) between the wheels (azimuth 

parameter). Notice that a change in this parameter affects the stability of all the parameters 

especially the control signal.  The length in our system is 8.8 inches.  The system works until 

20 inches length and not less than 4 inches, but notice that 8.8 inches is a good measurement 

design for stability of the mobile robot system. Table III shows the relationship between the D 

length and the control signal. 

D length 
(Inches) 

L/R wheel 
Control signals 
Radian/second 

 
20 unstable 

15 0.0392 

12 0.0415 

10 0.0579 

8.8 0.0691 

6 0.0895 

4 unstable 

Table III: The D Parameter Affects the Control Signals 

Table III shows the relationship between the D length and the control signals for right and left 

wheels. The simulation under the setting of gamma is 8, the step size of simulation is 0.001, 

and the time of simulation is 10 seconds.  A close look at Table III shows that the control 

signal increased when D parameter increased until losing the capabilities of control, either 

when D parameter is 4 inches or when it is 20 inches.  The simulation results gave us this error 

ñE rror using = = >  eigò  ñN aN  or Inf prevents convergence.ò  This error means that the D 
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parameter directly affects the eignvalues of the system and increasing it or decreasing cause the 

system to be unstable.  

 

3.4 P and PI Controller Implementation 

        A traditional planning and control system can be described as in Figure 15; the core of the 

system is the feedback control loop, w hich ensures the system ôs stability, robustness, and 

performance. The feedback turns the controller into an investigation-decision component. The 

planning process, however, is done off line, which is understandable because the task is usually 

predefined.  The plan is described as a function of time, and the planner gives the desired input 

to the system according to the original plan.  Therefore it could be considered as a memory 

component for storing the predefined plan.  All uncertainty and unexpected events that were 

not considered in planning are left to the feedback control loop to handle. 

 

Figure 15: Traditional planner with PIC as a Controller 

 
                 As seen in Figure 15, the closed loop consists of a controller such as a Microchip 

PIC microcontroller, a plant (system) and feedback (the sensor). The controller that is 

implemented in this loop is either a proportional controller, or a PI controller. The P controller 

has an output u proportional to its input e; that is, u = e K p  where pK  is a proportionality 
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constant. The integral part of the PI controller is a controller that has an output u proportional 

to the integral of its input e, which is  ñ+= dtteku I )( e K p   where KI is an integral constant.  

            The proportional or P controller is the most basic controller.  It is simple to implement 

and simple to tune. Tuning a proportional controller is straightforward; raise the gain pK  until 

instability appears, or we can say raise the gain pK  until the system begins to overshoot.  The 

loss of stability is a consequence of phase loss in the loop, and the proportional gain will rise to 

press that limit. However, other factors also play roles, such as noise that limits the 

proportional gain below the stability criterion that the system demands.  

 

3.4.1 Simulation Results of the P Controller 

 

      Figure 16 represents the simulink model for the P controller and the mobile robot system. 

The P gain is varied from 1 to 100.   The gains 1 to 100 characterize the performance of the P 

controller. After the tuning process, the best result had been recorded and the step response has 

almost no overshoot and follows the input signal nicely.  
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Figure 16: Simulink Diagram for P controller 

 
Figure 16 shows the Simulink diagram for P controller.  SIMULINK is a program for 

simulating dynamic system. It is a graphical representation for the dynamic systems.  It is part 

of MATLAB® control tools.  This diagram in Figure 16 is built with blocks to represent the 

dynamic system of the mobile robot, and the proportional controller. Adding white noise 

disturbance is to test the system stability and robustness. The blocks above represent the 

nonlinear system of the mobile robot.   The proportional gain is changed to see how far the 

system can handle high gains.   The mobile robot system can handle gains from 1 - 100, after 

that the system starts to overshoot which means the system becomes unstable.     
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Figure 17: Reference and X-position for P controller 

 
Figure 17 shows the X-position for the P controller when the pK gain is 50. The proportional 

control is proportional to the error or the change in the measurement between the reference 

input and the output.  The steady state error is 0.5 deviations from the set point (offset) of the 

proportional controller. If the gain increases to more than 100, the control loop become 

unstable, actually the steady state errors becomes larger and overshoot. 
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Figure 18: Y-Position for P controller 

 
Figure 18 shows the Y-position of the P controller when the gain is 50 and Figure 19 shows 

theta the angle for the mobile robot system.  

Figure 19: Theta position for P controller 
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Figure 20 shows the control signals for the mobile robot under P control. As seen from the 

figure the P controller was capable to drive the control signals for stability, but the control 

signals are still high.   

 

 
 

Figure 20: Control signals for P controllers 
 
 

3.4.2 Simulation Results of PI Controller  
 
 
         The primary shortcoming of the P controller is the lack of its tolerance for high gains, 

which motivates adding an integral gain KI to the controller.  The integral gain will eliminate 

the signal drop, and generally the system reacts better with a PI controller than a P controller, 

because the integral gain will grow ever larger even with small errors.  Integral gain provides 

stiffness to the signal. That means when the error occurs, the integral gain will move to correct 
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it. T he higher the gain is, the faster the correction.  F ast correction im plies a ñstifferò system ; in 

other words, higher integral gain translates to higher signal stiffness.  Do not confuse the signal 

stiffness with the dynamic stiffness of the system. A system can be stiff under certain 

conditions such as low frequencies, but not stiff at high frequencies.    

           Design of a PI controller as shown in Figures 21 and 22 is more complicated than a P 

controller.  The reason for adding m ore gains is to avoid saturation and the ñw ind -upò problem  

[23].   Tuning the PI controller was very sensitive for high pK  gains. The best results are 

obtained when Kp is 0.1, and the controller performs poorly when the gain is larger.  

    

 

Figure 21: Simulink Diagram for PI controller  
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Figure 22: Simulink diagram for the integral part of PI controller  
 
Figures 23 and 24 represent the PI Simulink controller simulation results. As seen in Figure 23 

the output of X-position follows the X-reference input, which is a ramp input. 

 
 

Figure 23: X-position for PI Controller  
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Figure 24: Y-position when the  K p  gain 10 and KI gain is .1 

 
Figure 24 shows the Y-position under the PI controller where  K p  gain is 10 and KI is 0.1. As 

seen in Figure 24 the PI controller drive the system better than the P controller because it 

shows less oscillation and drives the Y-position for stability.  Figure 25 shows theta, the angle 

for the mobile system under the PI controller. Notice that theta behaves smoothly under PI 

control and is close to zero, which means that the PI controller drives the mobile system in a 

straight line path.  

 
Figure 25: Theta for PI controller 
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      In Figure 26, the system is simulated under step response input to show more clearly the 

steady state error for the mobile robot system under PI controller. The PI controller  

gains are   K p  gain 10, and KI gain 0.1.   

 

 
Figure 26: X-position for the PI controller the  K p gain 10 and KI gain 0.1 

 
  After tuning the PI controller to get rid of the steady state error the  K p gain is 100 and KI 

gain is 1. Figure 27 below shows the results. 
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Figure 27: X-position for the PI controller the  K p gain 100 and KI gain 1 

 
The P controller and PI controller have been simulated with MATLAB® m-file programs. 

Figures 28-33 represent the simulation results of the m-file program.  The m-file program is 

listed in Appendix A. 

Kp K I  Y-position Theta Control  
Signals LW 

Control  
Signals RW 

1 0.1 0.0002022 0.12150 0.1158 0.1159 
2 0.1 0.0008176 0.15090 0.1538 0.1509 
10 0.1 8.968e-005 0.08599 0.1857 0.1857 
20 0.1 5.073e-005 0.08039 0.2789 0.2792 
50 0.1 2.246e-005 0.05327 0.2605 0.2607 

 
Table IV: PI controller simulation results for mobile robot system 

 
              Table IV shows the results of PI controller simulation.  The program was simulated 

under different pK  gains. The Standard deviations (Std) for the system variables were recorded 

in Table IV.   
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Figure 28: Theta PI controller the  K p gain is 50 and KI gain is 1 
 
Figure 28 shows theta for the mobile robot system where  K p  gain is 50 and the KI gain is 1.  

The mobile robot system was so sensitive for the KI gain changing with the  K p  changing.  

Figure 29 below shows the Y-position for the mobile system. The system could appear so 

sluggish that it doesnôt m ove at all w ith tuning, but gains above show a good respond from the 

system and the controller drives the system for stability. 
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Figure 29: Y-position under PI controller 

 
Figures 30 and 31 represent the X-reference position and the X-position for the system under 

PI control. Figures 30 and 31 follow each other.  In other words, the controller drives the 

system to the desired reference.   Figure 32 shows the control signals of the mobile robot. Even 

though we gave the same initial speed for both wheels, the PI controller failed to come out the 

same value, but it is very close, actually it will not be noticed physically on the mobile robot 

system, but comparison with the H-infinity controller results shows that the control signals for 

both wheels are the same.   
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Figure 30: X-reference for X-position 
 

 
Figure 31: X-position controlled by PI controller 

 


