
Lusternik-Schnirelmann
Category and Applications

John Oprea
Department of Mathematics 
Cleveland State University



Motivations of Lusternik and Schnirelmann : 

• Develop a “Morse Theory” in the degenerate case;

• Prove that the 2-sphere (with any metric) has at 
least 3 closed geodesics;

• Prove the following famous estimate:

(For normal ANR’s, can use closed sets instead!)



Takens showed much later that we actually have

In particular, 

This result actually holds for all spaces.



Example .

Fatten the upper and lower hemispheres to 
open sets that contract to the North and South 
poles respectively.

We also have

The same argument works for all spheres.



To show the non-triviality of these types of 
results, note that



The Basic Estimate for LS category is given by

when M is (r-1)-connected.

Proof of First Inequality .







Examples .

Sample Result: The LS Theorem (see Dugundji)

The LS Theorem is known to be equivalent to 
the Borsuk-Ulam Theorem (see Dugundji):



Reformulation of LS Category



We can extend the definition to maps.

The point of reformulation is to allow new 
invariants to be defined to approximate category.



Properties :







Sectional Category .

Properties :





Smale’s Topological Complexity of Algorithms



Example : An Algorithm Tree



Smale’s viewpoint is that it is only the branch 
vertices that contribute to complexity since it is at 
them that a decision must be made based on 
some inequality.



Example : Root Finding Problem.







Proof . (Can reduce to case of no repeated roots.)









Farber’s Topological Complexity of Motion Planning





The Motion Planning Problem .

This is a Motion Planning Algorithm .





So, in general, there is no Motion Planning Algorithm.

What do we do ? Measure the deviation !



Topological Complexity is estimated by LS Category.





Finally, the Topological Complexity of real projective 
spaces has a fascinating connection to a classical 
question in topology.



The mathematical facts worthy of being 
studied are those which, by their analogy with 
other facts, are capable of leading us to the 
knowledge of a mathematical law just as 
experimental facts lead us to the knowledge 
of a physical law. They reveal the kinship 
between other facts, long known, but wrongly 
believed to be strangers to one another.

----- Henri Poincaré
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