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Definition. The LS category of a space X is
the least integer n so that X may be covered
by open sets Ujq,...,U,41 having the property
that each U, is contractible to a point in X.

(For normal ANR'’s, can use closed sets instead!)

Motivations of Lusternik and Schnirelmann
e Develop a “Morse Theory” in the degenerate case,

* Prove that the 2-sphere (with any metric) has at
least 3 closed geodesics;

* Prove the following famous estimate:



LS Theorem. Let M be a smooth compact
manifold and let Crit(M) denote the minimum
number of critical points for any smooth func-
tion on M. Then

This result actually holds for all




Example . G2

Fatten the upper and lower hemispheres to
open sets that contract to the North and South
poles respectively.

= cat(S§%) =1 ;
We also have
1+ cat(S?) = Crit(S?) =2 < 3 = 1+dim(S?).

The same argument works for all spheres.



Theorem. If Crit(M"™) = 2, then M =, S™.

To show the non-triviality of these types of
results, note that

Corollary. The validity of the equality
Crit(S) =cat(s) +1

for homotopy spheres S is equivalent to the
Poincaré conjecture.



The Basic Estimate for LS category is given by
dim(M)

/'/)

cup(M) < cat(M) <

when M is (r-1)-connected.

Proof of First Inequality

Recall that cup(X) =k iftherearexz;, € H*(X;R),
v =1,...,k with 1 w20« --- —w 2, =2 0 and k

IS the largest such integer.

Also recall that cup product has the property:

H*(X,A) x H*(X,B) — H*(X, AU B)

for any coefficients.



Now suppose cat(X) = n with categorical cover
Ui,...,Upy1 and, for each ¢+ = 1,...,n 4+ 1,
consider the long exact relative cohomology
sequence

...— H Y U) - H(X,U;) —» H(X) — H*(U;) — ... .

Since U; contracts to a point in X, the maps
H*(X) — H*(U;) are all zero. Therefore, for
each x; € H*(X), there exists a pre-image z; €
H*(X,U;).



Take any (n+1) classes z1,...,T,41 in H*(X)
with corresponding z; € H*(X,U;).

Then, taking cup products, we get

~

xl\/...\/in+1|—)a’;1\/...\/a’;n+1.

But#z; v - v &,41 € H(X,U,;U;) = H*(X,X) =
0, so we also get

ry~ -~y = 0.
Since this is true for all z; € H*(X), we have

cup(X) <n = cat(X).



Examples .

(1) cat(T™) = n, where 7" = §1 x ... x §1
(n-times) and H*(T™;Z) = N(x1,...,xn).
Z|z7)

(2.) cat(CP"™) = n, since H*(CP™, Z) = (nt 1)

(3.) cat(RP™) =n, since ...... .

Sample Result: The LS Theorem (see Dugundji)

If S™ is covered by closed sets C4q,...,C,41,
then at least one (), contains antipodal points.
The LS Theorem is known to be equivalent to

the Borsuk-Ulam Theorem (see Dugundiji):

Every continuous map f:S" — R"™ takes some
pair of antipodal points to the same value.



Reformulation of LS Category

| ! |
PX — G1(X) — --- Gu(X)

po | p1l e Pl

x X x . x

where G, 11(X) = G;j(X) U C(F;(X)) is the
mapping cone of the previous fibre inclusion.

Facts: (1.) G1(X) =~ >XQX since PX ~ x and
(2.) F;(X) is (j — 1)-connected.



Definition-Theorem. cat(X) < n if and only
if there is a (homotopy) section s: X — Gp(X)
(i.e. ppos~1lx and, in cohomology, s*op; =
1+, SO pr is injective). .

We can extend the definition to maps.

Definition. For f: X — Y, cat(f) < n if and
only if there is a map s: X — Gn(Y) such that
pnos =~ f. (Equivalently, there are (n+1) open
subsets of X on which f is nullhomotopic.)

Note that cat(f) < cat(X).

The point of reformulation is to allow new
Invariants to be defined to approximate category.



mology by pg_1:Gg_1(X) — X.

Properties

(1.) wgt(u) < cat(X).

(2.) wgt(uv) > wgt(u) + wgt(v).

(3.) If X = K(n,1) and u € H?(X), then
wgt(u) > 2.

Proof. G1(X) ~XQX ~ VvS! = pi(u) = 0.









Sectional Category .

Properties






Smale’s Topological Complexity of Algorithms



Example : An Algorithm Tree



Smale’s viewpoint is that it is only the branch
vertices that contribute to complexity since it is at
them that a decision must be made based on
some inequality.



Example : Root Finding Problem.









Proof . (Can reduce to case of no repeated roots.)












Farber’s Topological Complexity of Motion Planning






The Motion Planning Problem

This is a Motion Planning Algorithm






So, in general, there is no Motion Planning Algorithm.

What do we do ? Measure the deviation !



Topological Complexity Is estimated by LS Category.






Finally, the Topological Complexity of real projective
spaces has a fascinating connection to a classical
guestion in topology.



The mathematical facts worthy of being
studied are those which, by their analogy with
other facts, are capable of leading us to the
knowledge of a mathematical law just as
experimental facts lead us to the knowledge
of a physical law. They reveal the kinship
between other facts, long known, but wrongly
believed to be strangers to one another.

----- Henri Poincaré
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