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Static vs. Dynamic Systems

A engineering system can be viewed as a black-box having inputs and outputs.
A thermocouple is a system having temperature as an input and voltage as an
output.
A pressure gauge is a system having pressure as an input and pointer
de�ection as an output.
A static system responds instantaneously to the input, so that if the input levels
off at a given instant, the output also levels off at the same instant. The same
happens with all of the input and output derivatives.

A dyamic system develops the response over a period of time. For example,

immersing a cold thermometer in boiling water does not give an instantaneous

reading of 212� F.
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Representation of Static and Dynamic Systems

Static systems are usually described by an input-output functional

relationship:

y(t) = f (x(t))

where x(t) is the input quantity and y(t) is the output.

Dynamic systems are usually described by input-output differential

equations:

y(t) = f (x(t); _x(t); •x(t); ::: _y(t); •y(t); :::)

Linear static systems follow equations like

y(t) = kx(t)

For example, voltage and current follow Ohm's law: V = Ri .
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Transfer Function Representation of Linear Dynamic Systems

When dynamic systems are linear and have only one input and one

output, transfer functions are convenient representations.

The transfer function of a system is the ratio of Laplace transforms of

output and input.

In MCE380, we'll study 1st-order and 2nd-order transfer functions for the

response they produce.

For us, the transfer function will be just a placeholder for system

parameters that can be related to the shape of the response.

In MCE441 you will study transfer functions in greater depth.
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First-Order Systems

First-order systems are described by the I/O differential
equation

� _c + c = r (t)

or in TF form
C(s)
R(s)

=
1

�s + 1

The number � is called the time constant of the
system.

Step Response
Applying the unit step input R(s) = 1

s gives the response

c(t) = 1 � e� t
�
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First-Order Step Response

(First-order systems always track the step command

The time it takes for the output to reach approx. 98% of its steady value is called settling time, also

referred to as 2 % settling time. It equals 4 time constants.
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First-Order Ramp Response

First-order systems cannot track a ramp command . The tracking error is always equal to the

time constant.
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Second-Order Systems

The standard form of a second-order system is:

C(s)
R(s)

=
w2

n

s2 + 2�w ns + w2
n

where wn and � are called the natural frequency (in
rad/s) and damping ratio (dimensionless), respectively.
The response will depend on the nature of the poles:

� Underdamped: 0 < � < 1
� Marginally Stable: � = 0
� Critically Damped: � = 1
� Overdamped: � > 1
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Case 1: Underdamped (0 < � < 1)

The response to a unit step input is given by

c(t) = 1 �
e� �w n t

p
1 � � 2

sin

 

wdt + tan � 1

p
1 � � 2

�

!

where wd is the damped natural frequency:

wd = wn

p
1 � � 2

The damped natural frequency is the one obtained by counting the cycles per

unit time in an experimental (and underdamped) response and converting the

result to radians per second.
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Marginally Stable and Overdamped Cases

Marginally Stable Case (� = 0)
When � = 0 the response to a step input is

c(t) = 1 � coswn t

that is, the oscillation does not die out. The system oscillates with
its natural frequency wn .

Critically Damped Case (� = 1)

When � = 1 the response is given by c(t) = 1 � e� wn t (1 + wn t). No

oscillations occur for a step input.
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Overdamped Case (� > 1)

When � > 1 the response features two decaying
exponential terms (no oscillations):

c(t) = 1 +
wn

2
p

� 2 � 1

�
e� s1t

s1
�

e� s2t

s2

�

MCE380 – p.11/18

Normalized Second-Order Response
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Time-Domain Transient Speci�cations

� Many practical design cases call for time-domain
speci�cations

� Step response specs are often demanded
(worst-case, drastic situation)

� Common speci�cations
1. Rise time (Tr )
2. Peak time (Tp)
3. Percent overshoot (P.O.)
4. Settling time (Ts)
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Transient Specs: Step Response
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Design Aids: 2nd-Order Systems

� 2 % settling time: ts = 4
�w n

� Rise time: t r = � � �
wd

� Peak time: tp = �
wd

� Peak value: Mpt = ( e
� ( �p

1� � 2
)�

+ 1) y(1 )

� Percent overshoot: P.O.= 100e
� ( �p

1� � 2
)�

MCE380 – p.15/18

Overshoot Chart: 2nd-Order Systems
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1st-Order Response in Thermal Systems

Heat capacity effects coupled to conduction: Heat propagating from a

constant-temperature source to a substance through a conductive

boundary (thermometers).

We now derive the equation for this 1st order system.
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2nd-Order Response in Mechanical Systems

Inertial systems containing springs and dampers (general mechanism)

We now derive the equation for this 2nd order system.
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