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Suppose that u and v are vectors that represent possible populations in an evolutionary
algorithm. u and v each have n elements, where n is the cardinality of the search space, i.e.,
the total number of possible unique individuals. N is the population size, so that the sum
of the elements of u is equal to IV, and the sum of the elements of v is also equal to N.

The Markov transition matrix () for an evolutionary algorithm gives the probability that
the algorithm will transition from one population to another population after one genera-
tion. () is therefore a T x T matrix, where T is the total number of possible population
distributions. That is, T" is the number of possible n x 1 integer vectors whose elements
sum to N and each of whose elements in in [0, N]. This number can be calculated several

different ways. In [1] it is shown that T' can be calculated with the choose function.
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We can also use the multinomial theorem [2] to find 7. The multinomial theorem can
be stated in several ways, including the following. Given K classes of objects, the number
of different ways that N objects can be selected (independent of order) while choosing from

each class no more than M times is the coefficient ¢ in the polynomial
gx) = (I+z+2®+ -+~
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Recall that the population vector v is an m-element vector such that each element is an

integer between 0 and N (inclusive), and the sum of its elements is N. 7" is the number of



unique population vectors v. So T is the number of ways that N objects can be selected
(independent of order) from n classes of objects while choosing from each class no more than

N times. Applying the multinomial theorem to this problem gives
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A different form of the multinomial theorem can also be used to find T". The multinomial
theorem can be stated as
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Now consider the polynomial (% + 2! + 22 + - -- 4+ 2™)". From the multinomial theorem (4)
we see that the coefficient of [(x0)* (z1)* (z2)F2 ... (x™N)kN] is given by
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If we sum up these terms for all £; such that
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then we obtain the coefficient of V. But (3) shows that T is equal to the coefficient of z%.

Therefore
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Equations (1), (3), and (7) give three different expressions for the dimension of the Markov

transition matrix Q).



Example

Suppose that our population consists of two-bit individuals (n = 4) and a population size

T:<Z>:35 (8)

N = 4. Equation (1) gives

Equation (3) gives

qg(z) = (1+z+2°+2°+2h!
= 1+ +35z" +-- 2
T = ¢=35 (9)

Equation (7) gives
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={(30001)(21010),(20200),
(12100),(04000)}

T = 441246+124+1=35 (10)
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