ECE 301 Math Tables Spring, 1997

1. Functions and Operators

1 a=0
. ) 4 _ |arctan(B/ a), a=0
(1.1) sinc(a) = {%’ 0 %0 (1.2) Tan™(B,a) = {77+ arctan(3 a), @ < 0
(1.3) Oa =Tan™(Im{a},Re{a}) (1.4) o(a)=0,a #0; J: d(a)da =1
0, a<o0
(L5) u(a) =405 a=0 (1.6) rect(a) = u(a +05) - u(a - 05)
1 a>0

2. Trigonometric I dentities:
(2.1) cos(-a) = cos(a) (2.2) sin(-a) =-sin(a) (2.3) e =cos(a) + jsin(a)

(2.4) cos(a + g) =Fsin(a) (2.5) sin(a + %T) = +cos(a) (2.6) cos(a) = %(ej” +e77)

(2.7) cos(a + 1) = —cos(a) (2.8) sin(a +m) =-sin(a) (2.9) sin(a) = 2—1j(ej" —e’l)

(2.10) cos’(a) +sin*(a) =1 (2.11) cos’(a) -sin®(a) = cos(2a)

(2.12) co(a) = %[1+ cos2a)]  (213) sn*(a)= %[1— cos(2a)]

(2.14) cos(a £ B) = cos(a)cos(fB) Fsin(a)sin(B) (2.15) sin(a + B) = sin(a) cos(B) + cos(a) Sin(f)
(2.16) cos(a) cos(f) = %[cos(a -pB)+cos(a+P)] (217) sin(a)sn(p) = %[cos(a - pB) —cos(a + )]
(2.18) sin(a) cos(B) = %[si n(a - p) +sn(a + B)]

(2.19) acos(a) +bsin(a) =+a® +b? codar — Tan™(b,a)]

3. Derivatives

d[coq(B)]
dt

=-sn(p)¥ @2 dsin(A)]

d(e’) =eﬁ%
at adt

31
S dt dt

=cog) Y (33

drp d d
(3.4) E[ [x(8) dﬁ} = x(t) (35) a[x(t)u(t)]:%u(t)m(o)d(t)

4. Anti-derivatives

4.2 Jcos(at)dt :lsin(at) (4.2 _[s'n(at)dt:—lcos(at)
a a

(4.3) [teos(at) dt = cos(at) +~sin(at) (44) [tsin(at) ct == sin(at) ~—cos(at)
a a a a
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(4.5) [e”dt :ieat (4.6) [e* cos(ot)dt = e’ ~ ————[acos(bt) +bsin(bt)]

(4.7) [e* sin(bt) dt = e’ Z[asm(bt) beos(bt)]

5. Integrals

(5.1) j:sinc(a)da:% (5.2) j:sincz(a)da:% (53) [ &% da = 2bsinc(2b)

(54) [ X))ot -c)dt = x(@uip-c") - u(@" ~o)]

(55) [ x(t)u(b-t)dt = jb x(t) dt (5.6) [ x(tu(t)dt = u(a) j:x(t)dt
(5.7) j x(t) u(t) u(b —t) dt = u(b) jobx(t) dt (5.8) j x(t)(t - b) dt =x(b)
(5.9) [ x()u(t)u(t ~b)dt =u(a)u(a-b) j:x(t) dt

6. Summation For mulas

(6.1) Za . (lal<1) 62 Zcosu )_snr(l?/r]\l//;) CO{/\(NZ—l)]
©3 Zx[n]u[m-n] - ZX[“] (6.4) Z x[nu[n] =u[m]ix[n]
(65) 3 sin(an) = SI;I‘(I?/\N//Z? [/\(N 1)} 66 Z“ { 2

(6.7) ix[n]u[n—m] = ix[n] (6.8) Z [nju[nu[k -] :u[k]Z X[

7. Miscellaneous Relations

(7.1) U:x(a)da < :|x(a)|da (7.2)

S (k] < 3 [XK]

(7.3) [ x)ht-t)dt = [~ x(t -t)h(t’)dt’
(7.4) ix[k]h[n—k]: ix[n—k]h[k]
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8. Series Expansions

2 3 2 3 4

(8.1) e :1+a+%+%+m (8.2 In(1+a):a—a7+%—a?+
_,_a® a* af o at a®
(B3) cosa) =1+ gy e T B SN =ag gt

3 5 7 3 5
(8.5 tan(a) :a+a—+ 2a +17a +..- (8.6) tan'(a) :a_a_+a__...
3 15 315 3 5

9. Fourier Series

(9.1) Rectangular Pulse Train

x(t)
A
Xn = ﬂgn({ﬂ)
T T
I I
-T -2 0 72 T t
(9.2) Triangular Pulse Train x()
A
X, = ﬂs’ncz(ﬁ)
2T 2T
T -2 0 172 T t
(9.3) Sawtooth Pulse Train )
A
XO = ﬂ
2T
AT j2mr —j2mr/T A A
X, = +1lle’! -1
i 4n2n2r[( T ) ' .
T 0 r T t
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(1)
(9.4) Half-Wave Rectified Sinusoid
| A
X, =2 sinc{(nﬂ)}sinc{(n_l)]
4 2 2
T T B
0
(9.5) Full-Wave Rectified Sinusoid
A
1+(-1" -
Xy = A{ =D ] sinc[(n+1)}+sinc[—(n 1)}
4 2 2
‘ t
T 0 T

(9.6) Impulse Train

A = strength (area) of each impulse

o
—
N
ﬁ

2T T

10. Operational Propertiesof Fourier Coefficients

(100) x()= Y X(Ke™ ™ X[K] =$fm x(t)e 12T ot

k=—0c0
(10.1) a;x(t) +a,x,(t)+ - a, X, [K] +a, X, [K]+-
(10.2) x(t-t,) e'jsz/TX[k]
n(f k) P;ariodiconlyif
j27f ot = P27kt T - j2n fo+ Jt Tf, isan integer
(10.3) €' k:ZWX[k]eJ k:ZWX[k]e 0
hd © j X —j 0_5
(10.4) cos(27f ,t) z X[k]ejznkt/T 1 z X[K] eJZn(fo Tjt ‘e Jzn(f Tjt
k=-c0 2k:—oo

Periodic only if Tf, isan integer

(10.5)

x(t) = i X[K]e2™'T

x(at) = X[k]e!#* '™ a>0,T,=T/a
k=-c0

(10.6)

x(-t)

X[-k] = X*[K]
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dx(t) j2rk
10.7) —— = X[k
(07 = T X1k
t ) 1 T
(108) [ x(t)dt o XK see note below
Theintegral existsonly if x(t) has no dc component; i.e., only if X[0] = 0.
1 pto+T 2 _ = 2 ’ i
(109) = jt 0 Ix(t)*dt = k:ZJX[k” Parseval’s Identity

11. Fourier Transforms

Function Fourier Transform
(110) [ X(f)e*"df [ x(tye " dt
(111) 1 ¢(f)
(11.2) &(t) 1
1 1
(11.3) u(t) Ed(f)+j2—72f
—t/T 7
(114) e U(t) (T>O) m
(11.5) e/ ¢(f - f,)
(116) cos(27ft) %J(f —fo)+%5(f +f,)
(11.7) sin(27ft) i_d(f —fo)—i.d(f +f,)
2] 2]
(11.8) r(lr) rsinc(fr)  See(1.1) and (L6)
(11.9) 2F sinc(2Ft) r(#) See (1.1) and (1.6)
(11.10) S S(t —nT) 1 5(f —5)
. n:z—oo tO k:ZOO T
(11.11) i X, e/t i X, O(f —Kfy)

12. Operational Propertiesof the Fourier Transform

(12.1) j_";|x(t)|2dt = [7|X(f)f’df  Rayleigh’s Identity

(12-2) aixl(t)"'azxz(t)""" aixl(f)"'azxz(f)""”
(12.3) x(t)* x,(t) X, (1) X,(F)
(12.4) x(t) %,(t) X, (f)* X,(F)
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dx(t) .
(12.5) a4 j2nf X(f)
t 1 1
(126) | x(t)dt jz—ncX(f)+§X(O)5(f)
(12.7) e x(t) X(f = f,)
(12.8) x(t-t,) g 12 X (f)
1 f
(12.9) x(at) Hx(g)
13. Bilateral Laplace Transforms
Function Transform
(13.0) x(t):j%T 7 x(9eds X(9= [ x(tet
(13.1) ¢(t) 1
1
(13.2) u(t) <
—t/T 7
(13.3) e u(t) (r>0) s
s
: 27,
(135) Sn(ZﬁfOt)U(t) W]‘[O)Z
14. Operational propertiesof the Laplace Transformation
Function Transform
(14.1) x(t) Xi(s)
(14.2) ax(t) +ax,(t)+ - a X,(8) +a,X,(s)+ -
(14.3) x(t)* x,(t) X,() X, (9)
(14.9) w sX(9)
' dt
t 1
(14.5) _Lox(t)dt ~X(9
(14.6) e *x(t) X(s+a)
(14.7) x(t-t,) e %X (9
1 S
(148) x(at) ax(a)
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15. Bilateral z Transforms
Function Transform
(15.0) xn] = 1%7 fﬁ: X(2z'dz  X(2) = niox[ njz™"
(15.2) <£[n] 1
z
(153) a"un] z
z-a
(15.4) na"un] LZ
(z-a)
7> - cos(A)z
(15.5) cos(An)u[n] 7 —20051)2+1
. sn(A)z
(15.6) sin(An)u[n] 7 ~20054)2+1
N 7> —acos(A)z
(15.7) a"cos(An)u[n] 7 —2acos(N)z+
(15.8) a"sin(An)u[n] asin(4)z

7> - 2a cos(A)z+a?

16. Operational Propertiesof the z Transform

Function Transform
x[n] X (2)
(16-1) alxl[n] +azxz[n]+"' aixl(z) +a2X2(Z)+"'
(16.2) x[n]* x,[n] X (2 X,(2)
2 V4
(16.4) e™x[n] X(ez)
(16.5) X[n-ny] z™X(2)
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17. Ordinary Linear Constant-Coefficient Differential Equations
Solutions are given for input x(t) = Acos(a , t)u(t) . To obtain solutions for
x(t) = Au(t) , set a, = 0.

17.1 First Order:

r% +y=X, X(t)= Acos(w,t)u(t)

The initial value of the solutionis y(0") . Calculate

. 1 . .
H(on):1+ij’ B:|H(on)|A’ 6=0H(jw,)
0

yi (t) =Beos(wyt +6), y,(0)=Bcos(f), C=y(0")-y,(0)

y(t) ={Ce™" +y, (t) ju(t)

17.2 Second Order:

2
d—Z + bﬂ +oy =X X(t) = Acos(w,t)u(t) (b#0)
dt dt
N . N dy o
Theinitia conditionsare y(0"), o =y(07),
t=0"

The complete response is

y() = [y, (0) +y; ®]u(t)

where vy, (t) istheforced response and y, (t) is the unforced response, as determined
below.

(a) Forced Response: Calculate

1
(ja,)* + jab+c’

H(jw,) = B =[H(jw)|A 6=0H(jaw,)

and

y; (t) = BecoJw, t + 6]

Unforced Response: Calculate
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b? .
D=6 y; (0) = Beos(6), ¥i (0) = —w,Bsin(6),
K. = y(0) -y, (0), K, =y(0) -y (0)
17.2.1 D =0 (critically-damped case): Calculate
s:—g, C, =K, GC,=K,-sC

The complete responseis

y(t) ={(C, +C,t)e +y, (t)}u(t)

17.2.2 D > O(over-damped case): Calculate
b b
sl=—§+\/5, %=—§—\/5
C:Kl%_Kz C :KZ_S.I.Cl
1 1 2

$ 7S S,
The complete responseis

y(t) ={C,e* +C,e* +y, (t)u(t)

17.2.3 D < 0 (under-damped case): Calculate

0':—9, w=+-D,
2
— + i
E= K2 UK-l ]le’ C:2|E|, Q= OE
2jw

The complete response is

y(t) = {Ce” cogwt + @)+, (t) ju(t)

18. Ordinary Linear Constant-Coefficient Difference Equations
Solutions are given for input x[n] = Acog[nA]u[n], with A> 0. To obtain solutions for
X[n] = Au[n], set A =0.

18.1 First Order: Theinitial conditionis y[—1]

yin]+ay[n-1 =x[n], xn]= AcosnAJun]

Calculate
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H(e") = B=|H(e")A 6=0H(E")

1+ae™’
The forced responseis

Y, [n] = Bcog[nA + €]
Calculate
yi[-1=Bcogl6-A], C=y[-1-y[-1
The complete responseis

yinl = {C(-a)"* +y, [n]}uln]

18.2 Second Order: Initial conditionsare y[-1], y[-2].

yin]+by[n=1]+cy[n—2] =xn], xn] = Acos(nA)u[n]

Calculate
1

1+be ™ +ce?”’

H(eM) = B=|H(e")|A 6=0H(")

The complete response is the sum of the forced and unforced responses:

yIn] = (y; [n] + y,[n])uln]
The forced Responseis

Y, [n] = Bcog An + 6]

Calculate
b2

D :Z—C, Y[~ =Bcos(6—-A), y,[-2]=Bcos(f-24)

Ki=y-1 -y [-1, K, =y-2]-y[-2]

18.21 D=0 (criticaly-damped case): Calculate
a:—g+\/5, C, =a(2K,-aKk,), C,=C, -akK,

The complete responseis

yinl = {(C, +C,ma" +y, [n}un]

18.2.2 D > 0 (over-damped case): Calculate
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__b __b_
a= 2+\/5, B=-3 VD

C =
! B-a 2 a

The complete responseis

yinl =[Ca" +C,B" +y, [n]uln]

18.2.3 D < 0 (under-damped case): Calculate

a:—g+j«/—D, o=la, y=0a

_a’ (K, —a*K,)
a-a*

E , C=2E|, ¢=0E,

The complete response is

yln] =[Ca” cos(ny +¢) +y, [n]]u[n]
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