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Abstract

Kalman filters are commonly used to estimate the states of a dynamic sys-
tem. However, in the application of Kalman filters there is often known model
or signal information that is either ignored or dealt with heuristically. For
instance, constraints on state values (which may be based on physical consid-
erations) are often neglected because they do not fit easily into the structure
of the Kalman filter. This paper develops a rigorous analytic method of incor-
porating state equality constraints in the Kalman filter. The constraints may

be time-varying. At each time step the unconstrained Kalman filter solution
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is projected onto the state constraint surface. This significantly improves the
prediction accuracy of the filter. The use of this algorithm is demonstrated on
a simple nonlinear vehicle tracking problem.
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1 Introduction

For linear dynamic systems with white process and measurement noise, the
Kalman filter is known to be an optimal estimator. In the application of
Kalman filters there is often known model or signal information that is either
ignored or dealt with heuristically [1]. This paper presents a way to generalize
the Kalman filter in such a way that known relations among the state variables
(i.e., state constraints) are satisfied by the state estimate.

Some researchers have treated state constraints by reducing the system
model parameterization [2, 3], but there are a couple of disadvantages with
this approach. First, it may be desirable to maintain the form and structure
of the state equations due to the physical meaning associated with each state.
The reduction of the state equations makes their interpretation less natural
and more difficult. Second, the equality constraint solution presented in this
paper can be extended to inequality constraints by checking the inequality
constraints at each time step of the filter [4]. If the inequality constraints

are satisified at a given time step, then the inequality constrained problem



is solved. If the inequality constraints are not satisifed, then the constrained
solution presented in this paper can be used to enforce the constraints.

Some researchers treat state constraints as perfect measurements [5, 6].
This results in a singular covariance matrix but does not present any theoreti-
cal problems [7]. In fact, Kalman’s original paper [8] presents an example that
uses perfect measurements (i.e., no measurement noise). However, there are a
couple of considerations that indicate against the use of perfect measurements
in a Kalman filter implementation. First of all, although the Kalman filter
does not formally require a nonsingular covariance matrix, in practice a singu-
lar covariance increases the possibility of numerical problems [9, p. 249], [10,
p. 365]. Secondly, the incorporation of state constraints as perfect measure-
ments increases the dimension of the problem, which in turn increases the size
of the matrix that needs to be inverted in the Kalman gain computation. For
instance, if we have a Kalman filtering problem with m measurements, then we
need to invert an m X m matrix in order to compute the Kalman gain. If in ad-
dition we have s state constraints that we treat as perfect measurements, then
we need to instead invert an (m + s) X (m + s) matrix. This paper proposes
an alternative method, a constrained Kalman filter, which incorporates the
state constraints into the state estimation framework. The proposed solution
does not have any numerical problems, does not increase the dimension of the

problem, and has known and proven statistical properties. At each time step



the unconstrained Kalman filter solution is projected onto the constraint sur-
face. This is similar to the solution of the constrained parameter identification
problem [11].

Section 2 presents a brief summary of the Kalman filter solution without
any state constraints. Section 3 shows three different ways that the Kalman
filter solution can be projected onto the state constraint surface. Section 4 de-
velops a number of attractive theoretical properties of the constrained Kalman
filter. Section 5 discusses nonlinear Kalman filtering in the presence of state
constraints, and Kalman filtering in the presence of nonlinear state constraints.
Section 6 presents some simulation results, and Section 7 closes with some con-

cluding remarks and suggestions for further work.

2 Unconstrained State Estimation

This section reviews unconstrained state estimation via the Kalman filter,
along with some important properties of the Kalman filter that will be used
later in this paper. The results and notation are taken from [12].

Consider the discrete linear time-invariant system given by

Tpp1 = Axp 4+ Bug + wy (1)

u = Cuap+e

where k is the time index, x is the state vector, u is the known control input,



y is the measurement, and {w;} and {e,} are noise inputs. The problem is to
find an estimate 2,1 of 24,1 given the measurements {yo, y1, -, yx - We will

use the symbol Y}, to denote the column vector that contains the measurements

{y0,y1," -, yr}. We assume that the following conditions are satisifed:
Elxg] = o (2)
Blug] = 0 )
Ble) = 0 (W
El(wo — To)(to — T0)'] = o (5)
Elwwl] = Qbkm (6)
Elexey] = Réym (7)
Elwge,] = 0 (8)
Elage,] = 0 (9)
Bloyw,] = 0 (10)

where E[] is the expectation operator, T is the expected value of x, and 6y,
is the Kronecker delta function (6, = 1 if & = m, 0 otherwise). @ and R
are positive semidefinite covariance matrices. The Kalman filter equations are

given by
K, = ALCT (O80T + R)! (11)
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Se = (AS, — Ky OS)AT +Q (13)

Note that this is the prediction form of the Kalman filter equations, so xj is
estimated on the basis of measurements up to and including time k£ — 1. The
filter is initialized with &y = Zo, and Xy given above. It can be shown [12]
that the Kalman filter has several attractive properties. For instance, if xg,
{wy}, and {e;} are jointly Gaussian, the Kalman filter estimate 2, is the
conditional mean of xj;1 given the measurements Yy; i.e., Zp1 = Elvg1| Y-
Even if g, {wy}, and {e;} are not jointly Gaussian, the Kalman filter estimate
is the best affine estimator given the measurements Y}; i.e., of all estimates of
Zp41 that are of the form F'Y), + g (where F' is a fixed matrix and ¢ is a fixed
vector), the Kalman filter estimate is the one that minimizes the variance of
the estimation error. It can be shown [12, pp. 92 ff.] that the Kalman filter

estimate (i.e., the minimum variance estimate) can be given by
~ = - -1 *
Tpy1 = Thy1 = T + By 2y, (Y — Vi) (14)

where Zj, is the expected value of z;,1, Y} is the expected value of Y;, Yoy
is the variance matrix of x;4, and Yj, ¥, is the covariance matrix of Y}, and
Try1 is the conditional mean of xp,; given the measurements Y. In addition,
from [12, p. 93] we know that the Kalman filter estimate &, and Y} are

jointly Gaussian, in which case ;. is conditionally Gaussian given Y;. The



conditional probability density function of ;. given Y}, is

expl—(z — 55 (& — 7)/2

P(z]Y) = (27)/2|S[1/2

(15)
where n is the dimension of  and
DIEDINED I P (16)

where Y., is the covariance matrix of x;. The Kalman filter estimate is that
value of x that maximizes the conditional probability density function P(z|Y"),

and X is the covariance of the Kalman filter estimate.

3 Constrained State Estimation

This section extends the well known results of the previous section to cases
where there are known relationships among the state components. That is,

given the dynamic system of (1), we are given the additional constraint

where D is a known s x n constant matrix, dj is a known s x 1 vector, s is
the number of constraints, n is the number of states, and s < n. It is assumed
in this paper that D is full rank, i.e., that D has rank s. This is an easily
satisfied assumption. If D is not full rank that means we have redundant state
constraints. In that case we can simply remove linearly dependent rows from

D (i.e., remove redundant state constraints) until D is full rank.
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A weaker but more general constraint may exist on the expected value of
the state.

For both constraints (17) and (18), we can require that the constrained state
estimate 7, satisfy the constraint at each point in time. The derivation for
the Kalman filter with constraint (17) is the same as the derivation with con-
straint (18), but the statistical properties of the two estimates are different [13].
In this paper, we will conentrate on the Kalman filter with constraint (17).
Three different approaches to the constrained state estimation problem are
given in this section. The time index £ is omitted in the remainder of this

section for ease of notation.
3.1 The Maximum Probability Method

In this section we derive the constrained Kalman filter by using the maximum
probability method of the Kalman filter. From [12, pp. 93 ff.] we know that
the Kalman filter estimate is that value of x that maximizes the conditional
probability density function P(z|Y’), which is given in (15). The constrained
Kalman filter can be derived by finding an estimate & such that the conditional
probability P(Z|Y') is maximized and 7 satisfies the constraint (17). Maximiz-

ing P(Z|Y) is the same as maximizing its natural logarithm. So the problem



we want to solve can be given by

maxIn P(Z|]Y) = min(z —2)"27 17 — 7)

such that Dx = d
To solve this problem we form the Lagrangian
L= (-2 32 -2)+2\"(Di —d)

We formulate the first order conditions necessary for a minimum as

OL ) s S GE—5)+D"A=0
0x
oL _

This gives the solution

(19)

(21)

(22)

(23)

(24)

Since T (the conditional mean of z) is the Kalman filter estimate, the con-

strained Kalman estimate 7 can be derived from the unconstrained estimate

as

i =1—-3DY (DD YDz —d)

(25)

Note that this constrained estimate depends on the conditional Gaussian na-

ture of &, which in turn depends on the Gaussian nature of xy, {wy}, and

9



{ex} in (1). This derivation is a generalization of the approach taken in [14,
pp. 166 ff.] for the integration of robot sensor measurements in a partially
known environment. The present paper is based on research in [13] that was

conducted prior to [14].
3.2 The Mean Square Method

In this section we derive the constrained Kalman filter by using a mean square
minimization method. We seek to minimize the conditional mean square error

subject to the state constraints.
min E(||z — Z||*|Y) such that D& = d (26)

where || - || denotes the vector two-norm. If we assume that x and Y are jointly

distributed, the mean square error can be written as

E(le=3lPlV) = [(z=2) (0= 2)PlY)ds (27)

= /xTxP(m|Y)dm — 237 /xP(m|Y)dx +a'%  (28)
The Lagrangian of the constrained problem is

L = E(z—z|?Y)+ 2\ (Di — d) (29)

— / e P(e|Y)de — 257 / 2P(|Y)de +77F + 207 (D7 — d) (30)
Noting that the conditional mean of x can be written as
3= /xP(x|Y)dx (31)
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we formulate the first order conditions necessary for a minimum as

L
%:0 — —27+27+2D"A=0 (32)
X
L
%:0 — Di—d=0 (33)
This gives the solution
A = (DD")Y"Y(Di —d) (34)
i = &—D"(DD")" YD —d) (35)

Note that the & given in (31) is the Kalman filter estimate of = only if x¢, {wy},
and {ey} are jointly Gaussian. However, even if they are not jointly Gaussian,
we can still use the conditional mean given in (31) to define an unconstrained

estimate of x, which in turn leads to the constrained estimate given in (35).
3.3 The Projection Method

In this section we derive the constrained Kalman filter by directly projecting
the unconstrained state estimate Z onto the constraint surface. That is, we

solve the problem

min(Z — )" W (% — &) such that D¥ = d (36)

where W is any symmetric positive definite weighting matrix. The solution of
this problem is given by
T=3-WIDT(DW D) (Di —d) (37)
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The constrained estimates derived by the maximum probability method (24)
and the mean square method (35) can be obtained from this equation by
setting W = X! and W = I respectively. Note that this derivation of the
constrained estimate does not depend on the conditional Gaussian nature of
Z; 1.e., xg, {wy}, and {e} in (1) are not assumed to be Gaussian.

If D is a square matrix (i.e., the number of constraints is equal to the
number of states) then the state is fully constrained. In this case, remembering
our assumption from the beginning of this section that D is full rank, (37)

reduces to
I = I— W_IDTD_TWD_l(Di —d) (38)

= D74

4 Properties of the Constrained State Esti-
mate

In this section we study some of the statistical properties of the constrained
Kalman filter. We use z to denote the state estimate of the unconstrained
Kalman filter, and T to denote the state estimate of the constrained Kalman
filter as given by (37), recalling that (24) and (35) are special cases of (37).
In the development below, if A and B are square matrices with the same
dimension, we use the notation A > B to indicate that A — B is positive

definite, and A > B to indicate that A — B is positive semidefinite.
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Theorem 1 The constrained state estimate T as given by (37) is an unbiased
state estimator for the system (1) subject to the constraint (17) for any known

symmetric positive definite weighting matriz W. That is,
E(%) = E(x) (39)

Proof: We know from (37) that for any symmetric positive definite weighting

matrix W

b x_j_f_W—lDT(DW—lDT)A[Dj_d_(Dx—d)] (40)
= -2+ W DT (DW D)"Y (D# — Dx) (41)

= ([ -W'DT(DW D" 'D)(z — 1) (42)

If W is a known matrix that is independent of x, we can take the expectation

of both sides to obtain
E(x—2)=I-W'DY"(DW D" 'D)E(z — %) (43)

But the right side of the above equation is zero, because we know that F(z) =
E(x) (i.e., the unconstrained Kalman filter provides an unbiased estimate of
x). Therefore the left side of the above equation is also zero, which implies

that the constrained state estimate Z is an unbiased estimate of x. QED

Theorem 2 The constrained state estimate T as given by (37) with W = X1,

where X is the covariance of the unconstrained estimate given in (13) and (16),
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has a smaller error covariance than that of the unconstrained state estimate.
That 1is,

Cov(x — &) < Cov(x — ) (44)

Proof: From (42) we see that if W = ¥7! then
v—i = (I-xDT(DEDT) 'D)(z — ) (45)
= (I-J)(a—) (46)

where J is defined by the above equation; i.e., J = X DT(DXDT)"1D. So the

covariance of the constrained estimation error is given by

Cov(z —F) = El(x—i)(x—i)"] (47)
= B{[(I - )z —)|[(I = J)(z—2)]"} (48)
= (I —J)Couv(x — 2)(I — J)T (49)
= 2—Jr-xJr+unJt (50)

But it can be easily shown from the definition of .J that ¥.J7 = JX.J. There-
fore the previous equation reduces to
Cov(x—3)=X—-J% (51)

We know that J¥ is positive definite [12, p. 335]. (Here we are assuming that
D is full rank as stated at the beginning of Section 3.) Therefore we conclude
that

Cov(x —2)—X=—-JEX<0 (52)
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which means that

Cov(x —7) <X (53)

In other words, the covariance of the error of the constrained state estimate

T with W = Y7!, where ¥ is the covariance of the unconstrained estimate, is

smaller than . QED

Theorem 3 Among all the constrained Kalman filters of (37), the filter that

uses W = X7 has the smallest estimation error covariance.

Proof: We will use the symbol Ay to indicate the estimation error covariance

of the constrained Kalman filter of (37). That is,
Aw = Bl(x = #)(x — 7)) (54)
where 7 is given by (37). We can use (42) to derive
Aw = (I-=WDNDWDHID)S(I — W DH(DWtDT)"tD){55)
= S-Ww DN DW DN DY - DT (DW DY) T DW ! 4 (56)
w-tpt(pw-tDh) DDt (DW DTy tDWw !
If we replace W with ¥~! in the above equation we obtain
Ag1 =X - XD (DED")'DY (57)
Taking the difference of the two preceding equations gives
Ag — Ay = —MEM” (58)
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where M = XDT(DEDT)'D — W=IDT(DW=1DT)~'D. We know from [12,

p. 335] that MY M7 is positive semidefinite for all M, which gives
Ag-1 < Aw (59)

Thus we have shown that W = 37! in (37) gives the constrained state estimate

with the minimum error covariance. QED

Theorem 4 The constrained Kalman filter estimate T of (37) with W = I
satisfies the inequality

lo— || < Jlo — 2 (60)

where || - || is the vector two-norm and & is the unconstrained Kalman filter

estimate.

Proof: Since D is assumed to be full rank, the matrix DT(DDT)~1D is an
s X n matrix with rank s. The range space of D7 (DD”)™'D is s-dimensional,
and the null space of DT(DDT)7D is (n— s)-dimensional. Now note that the

unconstrained and constrained estimates can be written as

T = x—a (61)
i = x—a (62)

where & is the unconstrained estimation error and & is the constrained esti-

mation error. & is an n-dimensional vector which can be written as

:é’l++é’b+d/5+1++d/n (63)
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where the ;s are all orthogonal to each other, {44, ..., a,} are in the range
space of DT(DDT)™'D, and {G41, ..., A4, } are in the null space of DT (DDT)~1D.

From (37) we see that, if W =1,
&=2-D"(DD")" Dz —d) (64)
Subtracting both sides from = and substituting (17) for d gives
r—1 = x—i+ DY (DDY)"Y(Di— D) (65)
a = a—DY'(DD") 'Da (66)

But the last term on the right side of the above equation is just the projection

of & onto the range space of DT(DDT)™!'D. Thus we can use (63) to obtain

a = Qg1+ +ay, (67)

lal® = sl + -+ flan]? (68)

where the second equality follows from the orthogonality of the &;’s. But (63)
gives

&l = Nl ll* + - - + [l ® (69)

Combining the two preceding equations gives

lal® = fal® = flal* = = fla.]® (70)

lo =2l < |z -2 (71)

17



We have thus proved the inequality of the theorem. Note that equality holds

only if

~

G1==d,=0 (72)

which means that the unconstrained estimation error lies entirely in the null
space of DT(DDT)~1D, which in turn indicates that the unconstrained state

estimate satisfies the state constraint. QED

Theorem 5 The error of the constrained Kalman filter estimate of (37) with

W =1 s smaller than the unconstrained estimation error in the sense that
Tr{Cov(z)] < Tr{Cou(z)] (73)

where Tr(-] indicates the trace of a matriz, and Cov(-) indicates the covariance

matrix of a random vector.

Proof: We can write the covariance of the unconstrained estimation error as

Cov(z) = E[(&—2)(&—1)7) (74)
= Elz—a—-7+a)(z—a—1+a) (75)
= B(xa” +aa” — 22" + 227 — 727 (76)
= E[(x—z)(x—2)T] + BE(aa™) (77)

where we have simplified the expression by using the fact that the uncon-

strained estimation error & is zero-mean and uncorrelated with the state [12].
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Now, for a general random vector z we can write [12, p. 93]
E(||z)?) = E[Tr(zz")] = Tr[Cov(z)] + Tr(zz") (78)

We can use this equation and (77) to write

Tr[Cov(2)] = Tr[Cov(z)] + E(]|a]*) (79)
= Tr[Cov(z)] + i E(a?) (80)

where the &;’s are the same as those given in (63). In a similar manner we can
show that

Tr[Cov()] = Tr[Cov(z)] + E(||&||?) (81)

We can now use (67) to write

Tr[Cov(Z)] = Tr[Cov(x)] + i E(a?) (82)

1=s+1

Combining (80) and (82) gives the desired result
Tr[Cov(z)] < Tr[Cov(Z)] (83)
Note that equality holds only if

~

ap = -

I
(N
@

I
o

(84)

which means that the unconstrained estimation error lies entirely in the null
space of DT(DDT)~1D, which in turn indicates that the unconstrained state

estimate satisfies the state constraint. QED
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5 Nonlinearities

The development of the preceding sections has been restricted to linear sys-
tems (1) and linear state constraints (17). The constrained Kalman filter can
be applied to nonlinear systems and nonlinear state constraints by linearizing
about the current estimate. This is analogous to the extension of the standard
Kalman filter to nonlinear systems via linearization of the system around the
estimated state.

Consider the discrete nonlinear time-invariant system given by

Tpyr = [(og) + blug) + wy (85)

yr = h(xg) +ep

where f(-), b(-), and h(-) are arbitrary nonlinear functions. As before, {wy}
and {e} are assumed to be white noise with covariance matrices () and R
respectively. If this nonlinear system is linearized about the current state

estimate &, we obtain the extended Kalman filter [12, p. 195].

K, = SiH (HI'Si Hy+R)™! (86)
bt = (i + Ki(ys — hlin))) + b(ug) (87)
Y1 = F(I — KR HOSEE +Q (88)

where Hj, is the partial derivative of h(-) with respect to = evaluated at Zy,

and F}, is the partial derivative of f(-) with respect to x evaluated at 7. In
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this case we cannot make very many claims about the optimality of the filter,
but in practice the extended Kalman filter works quite nicely.

Now consider the nonlinear system of (85) with the state constraint of (17).
The development of the constrained state estimator as given in the preceding
sections is still valid. Dropping the £k subscript for ease of notation, we obtain

the constrained state estimate
F=3—-W1IDT(DW D" YDt —d) (89)

where W is any symmetric positive definite matrix. For linear systems, W =
¥~ gives the best constrained estimator, but we cannot make that claim for
the nonlinear estimator.

Now counsider the nonlinear state constraint
g(zy) = dy, (90)

Dropping the k& subscript for ease of notation, we note that this can be lin-

earized about the current constrained state estimate 7 as
9(T) + g (@)(x—7) =~ d (91)
which indicates that
g (@)r~d—g(x)+ ¢ (2)z (92)

So now we have an approximately linear constraint that is of the form of (17)

where D is replaced with ¢'(z) and d is replaced with d — ¢(Z) + ¢'(Z)z.
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6 Simulation Results

In this section we present a simple example to illustrate the efficacy of the
constrained Kalman filter. Consider a land-based vehicle that is equipped
to measure its range relative to two reference points, (r,1,7.1) and (r,2,7e2),
where each reference point is specified by its northerly and easterly positions.

The vehicle dynamics and measurements can be approximated by the equa-

tions
1 0 7T O 0
01 0 T 0
Teet = L g 0 1 0 || Tsing | M Tk
10 0 0 1 T cos
_ -(xl_rnl)z‘f'(fz_rel)z
e (1 = rn2)? + (22 = re2)? 1

where the first two elements of x are the northerly and easterly positions, the
last two elements of x are the northerly and easterly velocities, w represents
process disturbances due to potholes and the like, e represents measurement
errors, and u is the commanded acceleration. T' is the sample period of the
position estimator, 6 is the heading angle (measured counterclockwise from
due east), and e is the measurement error. The dynamic equations are linear
but the measurement equations are nonlinear, so the extended Kalman filter
of Section 5 can be used to estimate the state vector. The navigation reference

points are at (0,0) and (173210, 100000) meters, while the covariances of the
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process and measurement noise are

Q = Diag(4 m/s,4m/s, 1 m/s* 1 m/s”)

R = Diag(900 m*, 900 m?)

We can use a Kalman filter to estimate the position of the vehicle. During
certain times the vehicle may be travelling off-road, or on an unknown road,
in which case the problem is unconstrained. At other times it may be known
that the vehicle is travelling on a given road, in which case the state estimation
problem is constrained. For instance, if it is known that the vehicle is travelling
on a road with a heading of ¢ then the matrix D and the vector d of (17) can
be given by

1 —tan6€ O 0
D= [0 0 1 —tan@]

d=[o00o]

The sample period 7' is 3 s and the heading 6 is set to a constant 60 degrees.
The commanded acceleration is alternately set to +1 m/s? as if the vehicle
was alternately accelerating and decelerating in traffic. Note that with the
60 degree heading, the vehicle and the two reference points form a straight
line, which makes the state estimation problem more difficult. This scenario

is depicted in Figure 1. The initial conditions are set to

. T
r=129 = |0 0 17 10
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T
P, = Diag| 900 900 4 4

The unconstrained and constrained Kalman filters were simulated using MAT-
LAB for 300 seconds. The figures in this paper show typical simulation results.
Figure 2 shows the true vehicle position. Figure 3 shows the position estima-
tion error of the unconstrained Kalman filter, and Figure 4 shows the position
estimation error of the constrained Kalman filter. It can be seen that the con-
strained filter results in much more accurate estimates than the unconstrained
filter. The unconstrained filter results in average position errors of about
5 m, while the constrained filter results in position errors of about 0.2 m.
In addition, for this particular example, the Kalman filter performs identi-
cally whether we incorporate state constraints using perfect measurements, or
whether we incorporate state constraints using the approach presented in this
paper with either W = I or W = 7!, A MATLAB m-file that implements
the algorithms in this paper and that was used to produce these simulation
results can be downloaded from the World Wide Web page

http://academic.csuohio.edu/simond/kalmanconstrained/.

7 Conclusion

We have presented a method for incorporating linear state constraints in a

Kalman filter. Simulation results demonstrate the effectiveness of this method.
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If the state constraints are nonlinear they can be linearized, although this
may result in convergence problems. Further work along these lines could
focus on combining our work with [7] in order to guarantee convergence in the
presence of nonlinear constraints. Other efforts could explore the incorporation
of state constraints for optimal smoothing, or the use of state constraints in
H filtering [15].

Various applications of this work are possible. For example, this work has
been extended to state inequality constraints along the lines of [16] and ap-
plied to health parameter estimation for aircraft engines [4]. Another possible
aerospace application might be the estimation of navigation parameters for
an aircraft where it is known from physical laws that the vehicle is operating
within some known flight envelope. A fuzzy logic related application of this
method is the extension of [17, 18] to optimize fuzzy logic systems in such a

way that the membership functions remain sum normal [19].

25



References

[1]

2]

[3]

[4]

[5]

D. Massicotte, R. Morawski, and A. Barwicz, Incorporation of a positivity
constraint into a Kalman-filter-based algorithm for correction of spectro-
metric data, IEEE Transactions on Instrumentation and Measurement

44(1) pp. 2-7, February 1995.

W. Wen and H. Durrant-Whyte, Model based active object localisation
using multiple sensors, Intelligent Systems and Robotics, Osaka, Japan,

November 1991.

W. Wen and H. Durrant-Whyte, Model-based multi-sensor data fu-
sion, IEEE International Conference on Robotics and Automation, Nice,

France, pp. 1720-1726, May 1992.

D. Simon and D.L. Simon, Kalman filtering with inequality constraints

for turbofan health estimation, submitted for publication.

S. Hayward, Constrained Kalman filter for least-squares estimation of
time-varying beamforming weights, in Mathematics in Signal Processing
IV (J. McWhirter and I. Proudler, Eds.) Oxford University Press, pp. 113-

125, 1998.

26



[6]

[7]

8]

[9]

[10]

[11]

[12]

J. Porrill, Optimal combination and constraints for geometrical sensor
data, International Journal of Robotics Research 7(6) pp. 66-77, Decem-

ber 1988.

J. De Geeter, H. Van Brussel, and J. De Schutter, A smoothly constrained
Kalman filter, IEEE Transactions on Pattern Analysis and Machine In-

telligence 19(10) pp. 1171-1177, October 1997.

R. Kalman, A new approach to linear filtering and prediction problems,
Transactions of the ASME Journal of Basic Engineering, pp. 35-45, March

1960.

P. Maybeck, Stochastic Models, Estimation, and Control — Volume 1

(Academic Press, New York, 1979).

R. Stengel, Optimal Control and Estimation (Dover Publications, New

York, 1994).

T. Chia, P. Chow, and H. Chizek, Recursive parameter identification of
constrained systems: An application to electrically stimulated muscle,
[EEE Transactions on Biomedical Engineering 38(5) pp. 429-442, May

1991.

B. Anderson and J. Moore, Optimal Filtering (Prentice Hall, Englewood

Cliffs, New Jersey, 1979).

27



[13]

[14]

[15]

[16]

[17]

[18]

[19]

T. Chia, Parameter Identification and State Estimation of Constrained
Systems, PhD Dissertation, Case Western Reserve University, Cleveland,

Ohio, 1985.

H. Durrant-Whyte, Integration, Coordination and Control of Multi-

Sensor Robot Systems (Kluwer Academic Publishers, Boston, 1988).

D. Simon and H. El-Sherief, Hybrid Kalman / Minimax Filtering in
Phase-Locked Loops, Control Engineering Practice 4(5) pp. 615-623, Oc-

tober 1996.

W. Timmons, H. Chizeck, F. Casas, V. Chankong, and P. Katona,
Parameter-constrained adaptive control, Industrial Engineering Chemi-

cal Research 36(11), pp. 4894-4905, November 1997.

D. Simon, Fuzzy membership function optimization via the extended
Kalman filter, North American Fuzzy Information Processing Society

Conference, Atlanta, pp. 311-315, July 2000.

D. Simon, Training fuzzy systems with the extended Kalman filter, Fuzzy

Sets and Systems, in print.

D. Simon, Sum normal optimization of fuzzy membership functions, sub-

mitted for publication.

28



Figure 1: A land vehicle and two
transponders.
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Figure 2: True position. Dotted line = north position, solid line = east posi-
tion.

30



Fosition Estimation Errar (Unconstrained)
10

meters

-10

15 1 1 1
a a0 100 150 200 240 300

seconds

Figure 3: Unconstrained filter position error. Dotted line = north position,
solid line = east position.
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Figure 4: Constrained filter position error (W = I). Dotted line = north
position, solid line = east position.
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