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Abstract

Interpolation of a sequence of desired robot config-
urations is realized using trigonometric splines. This
original application has several advantages over exist-
ing methods (e.g. those using algebraic splines). For
example, the computational expense is lower, more
constraints can be imposed on the trajectory, and
smoother trajectories are obtained using the proposed
approach. The paper introduces a trajectory interpo-
lation algorithm, discusses methods for both closed-
form and numerical path optimization, and includes
examples.

1. Introduction

This paper presents an original application of
trigonometric interpolation to robotic manipulator
path planning. The specific type of trigonometric in-
terpolation used is piecewise trigonometric interpola-
tion, also referred to in this paper as trigonometric
splines.

The position and orientation of the end effector
of a robotic manipulator can be computed analyti-
cally from the joint angles using manipulator kine-
matics {1]. The joint angles of a robotic manipulator
can be computed from the Cartesian position and ori-
entation of its end effector using inverse kinematics.
Inverse kinematics solutions cannot be computed an-
alytically, but must be computed numerically.

In specifying a desired motion of a manipulator,
it i1s common to specify the motion of the end effector
as a curve in 3-dimensional Cartesian space. Then
inverse kinematics is used at specific points along the
curve to generate a sequence of joint angles. A greater
number of joint angles results in a more accurate tra-
jectory. But it also results in a larger computational
effort due to the increased number of inverse kine-
matics solutions required.

The discrete sequence of joint angles is then in-
put to some interpolation algorithm to generate joint
angles as continuous functions of time. The interpola-
tion has typically been accomplished using algebraic
cubic splines [7] or algebraic quartic splines [10]. The
use of cubic splines ensures continuity of the first 2
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derivatives. The use of quartic splines ensures con-
tinuity of the first 3 derivatives, but also results in
greater oscillations between the knots. Continuity of
derivatives is desirable to reduce the wear and tear
on the manipulator. Continuity of even higher or-
der derivatives can be ensured by using higher order
algebraic splines, but this is at the expense of large
oscillations near the endpoints of the trajectory [3].

Once the joint angles have been determined as
continuous functions of time, joint angles are input
to the feedback control system of the robot at the
controller rate.

Section 2 of this paper gives a brief history and
overview of trigonometric splines. Section 3 discusses
how trigonometric splines can be used to plan a ma-
nipulator path, and Section 4 gives the trajectory
formulation algorithm. It is shown that the use of
trigonometric functions results in a large savings of
computational effort compared to other path plan-
ning methods (e.g. compared to the use of algebraic
splines). It is also shown that the use of trigonometric
splines allows the path planning algorithm to proceed
one segment at a time, so the path can be altered in
mid-course if necessary (e.g. if an obstacle needs to be
avoided). Section & discusses methods of optimizing
the trigonometric path, and Section 6 presents some
numerical examples and comparisons with algebraic
splines. It is seen that the use of trigonometric splines
not only allows more constraints on the trajectory,
but also results in lower velocities, accelerations, and
jerks. Section 7 presents some concluding remarks.

2. Trigonometric Splines

The term trigonometric spline was first introduced
by Schoenberg [9]. Schoenberg defined an m'*-order
trigonometric spline function as a function y(t) with
the following properties.

1. y(t) is periodic with period 27, and is 4m times
continuously differentiable.

2. y(t) satisfies the interpolation conditions y(t;) =
y; (j =0,...,n), where t; € [0,27).



3. In each of the n closed arcs [tj,;+1] the function
y(t) is an element of
Span(1, cos(rt), sin(rt), t cos(rt), tsin(rt)),
(r=1,...,m).

The last property listed above shows that trigono-
metric splines are not composed solely of trigonomet-
ric functions. Schoenberg showed that given the real
numbers (o, ...,t,) € [0,27) and (yo,-..,yn), there
is a unique m*t-order trigonometric spline function
which satisfies y(t;) = y;, ( = 0,...,n). Further-
more, he showed that of all functions f(¢) which have
period 27, which are 4 times continuously differen-
tiable, and which satisfy f(t;) = y;, the trigonometric
spline function satisfies the following minimal prop-
erty.

2%
(Am f(t))? dt = minimum 6))
where A, is the differential operator
Ap =D(D* +1)(D*+2Y) .. (D +m?). (2)

Since Schoenberg’s paper, other papers {4, 8] have
defined an m**-arder trigonometric spline function as
a function y(t) with the following properties.

1. y(t) is periodic.

2. If y(t) has a total of 2m constraints in each of the
n closed arcs [t;_1,%] (i = 1,..., n), the function
y(t) has the form

m~1

y(t) = a;o+ Z (a; & cos kt + b; r sin kt) +

k=1
(3)

Qi m cosm(t — ;)

for t;_; <t < t;, where

2m-~1

%= Z 7i,i/2m,

j=0

(4)

and 7;; are the values of ¢t where the i** spline

segment has a constraint applied. This form for
y(t) guarantees the uniqueness and existence of a
solution [4, 5].

So the term trigonometric spline is not a well-
defined term. Because of the inconsistent nomencla-
ture in the literature, this paper will use the term
Schoenberg splines to refer to Schoenberg’s definition,
and trigonometric splines to refer to the more natural
definition.

The above formula for y(t) shows that there
are exactly 2m coefficients for each segment of the
trigonometric spline. Thus it is reasonable to impose
2m constraints on each segment. We will choose the

constraints to be y"(t) = yg"), (r=0,...,m-1),
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i = 0,...,n). Of course, we require y(")(t,-‘) =

y(')(t?') if the trigonometric spline and its first m — 1
derivatives are to be continuous. But by constrain-
ing the actual values of y()(t;) rather than simply
requiring continuity of y(')(t), the determination of
the coefficients is decoupled for each trigonometric
polynomial. This results in a large savings of compu-
tational effort.

The formula for y(t) shows that trigonometric
splines are a type of hermite interpolation. (A her-
mite interpolant is one which interpolates both fune-
tion values and derivative values, while a lagrange in-
terpolaat is one which interpolates only function val-
ues.) There are well known relationships between the
lagrange trigonometric polynomial coefficients which
interpolate a given function, and the Fourier Se-
ries coefficients which approximate that function (3].
But there is no known analagous relationship be-
tween hermite trigonometric polynomial coefficients
and Fourier Series coefficients.

3. Trigonometric Splines Applied to
Path Planning

A desired continuous time Cartesian trajectory
can be discretized into (n + 1) Cartesian goal points
at times 0 =ty < t; < ... < t,. Then inverse kine-
matics can be performed at each of these goal points,
resulting in the set of (n 4 1) joint space goal points
0(t;).

Then n 4**-order trigonometric polynomials vi(t)
can be generated. The function y;(t) is defined only
on the time interval [¢;_1,¢;]. These n trigonometric
polynomials are joined together to form a trigono-
metric spline. Since y;(2) is a 4**-order trigonometric
polynomial, it has 8 undetermined coefficients. The 8
constraints used to determine the coeflicients of yi(t)
are the values of the function and its first three deriva-
tives at the two endpoints ¢;_; and t;. The function
values at the endpoints are given by the inverse kine-
matics solution of the Cartesian trajectory at those
two points. There are several different ways to specify
the first three derivatives at the two endpoints. One
way is that the user may desire certain joint deriva-
tives at the knots. Another possibility is that these
constraints could be chosen to minimize some objec-
tive function (see Section 5).

The 8 constraints and 8 unknown coefficients for
spline segment y; (1) require the inversion of an 8 x 8
matrix (A;) in order to determine the coefficients for
yi(t). But this matrix inversion can be performed
apriori. It does not need to be performed real-time.
The 8 x 8 matrix A; is a function of only 2 parame-
ters: t;—; and t;. So the time interval of each spline
segment can be normalized to a fired t;_; and ;.

This is the key to the computational benefit of
using trigonometric splines. In constrast to algebraic



splines, there is no need to solve a set of linear equa-
tions in order to determine the spline coefficients.
When using trigonometric splines, the spline coeffi-
cients can be solved by simply multiplying a known
matrix (A}, which is independent of i) by a vector
composed of knot angles and derivatives.

It can be shown that t;_; = 0 and t; = n/4,
(i = 1,...,n), give the smoothest (in general) tra-
jectories (under the constraint that matrix A; is well-
conditioned). Then Equation 4 shows that v; = 7/8
for all 7, and Equation 3 becomes the familiar system

3
Vi (t) = ajp+ Z(a;,k cos kt + b,"k sin kt) +
k=1
a;,m cosmt

forO<t< /4, (i=1,2,...,n).

4. The Trajectory Formulation
Algorithm

The input to the algorithm is a set of (n+1) joint
space goal points 8; (i = 0,...,n) which have been
determined by an inverse kinematics algorithm. The
normalized time interval for each spline segment is
chosen to be [0, 7/4].

()

1. Determine the 3(n + 1) constraints
YWty =47 (=0,...,n) (r=1,2,3). (6)

Note that while each normalized spline segment
¥i(t) has length x/4, the desired path length is
T. So the derivatives of the scaled trajectory are
related to the derivatives of the derivatives of the
actual trajectory as follows.

0 (t) = (nx/4T) y() (nnt/4AT). (7

2. Use the constraints for each normalized spline seg-
ment y;(¢) to determine the 8 coefficients of y;(t)
in Equation 5.

ai,0 \ 61
a; 1 ( f; \
bi 1 Yiet
a; 2 o o4=1 y{
b | T4 |,
ai 3 ,"
bi,a ,',il
\ aia / \ ¥/
(i=12,...,n). (8)

3. Define the time-scaled trigonometric spline as

y(t +(E = 1)7/4) = u(?),
tel0,x/4], (=1,...,n).
The function y(t) is a trigonometric spline which

satisfies the desired interpolation conditions, and
which has length nw/4 seconds.

(9)
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4. Unscale the spline so that the path length is con-
verted from its scaled length n7/4 to its desired

length T'.
(10)

5. Now 6(t) is a continuous time joint angle function.
Steps 1-4 above need to be performed once for
.each robot joint.

8(t) = y(nmt/AT).

Note that if one knot angle needs to be changed
(e.g. due to an obstacle) the spline segments which
do not touch that knot do not need to be changed. If
an interior knot angle changes, only 2 spline segments
need to be changed. The other n — 2 spline segments
can remain as they are. This makes real-time obstacle
avoidance a computationally inexpensive procedure.

5. Optimization

The user of the trajectory formulation algorithm
described in the previous section is free to choose the
first three trajectory derivatives at each knot. The
user will typically desire to set the derivatives at the
endpoints to zero. A simple and reasonable heuris-
tic method of choosing the derivatives at the interior
knots would be to use some central difference meth-
ods on the knot angles.

However, if additional computer time 1s available,
the knot derivatives can be chosen to minimize some
objective function. A general objective function can
be written in the form

J = f(6(t) (11)

where f(-) is a general nonlinear function, 6(t) is a P-
vector of trigonometric splines, and P is the number
of joints that the robot has.

Recall that 5(t) is a time-scaled version of §(t) (see
Equation 10) where §(t) is the P-vector of normalized
trigonometric splines, and #(t) is composed of the n
spline segements ;(t) (see Equation 9). Therefore
Equation 11 can be written as

n

T=g0>_ 5] (12)

k=1
where g(-) is a general nonlinear function of the same
form as f(.) in Equation 11, but with the inclusion
of appropriate time-scaling constants. The minimiza-
tion of this general objective function becomes a pa-
rameter optimization problem, since #(t) is a func-
tion of the 3P(n — 1) free knot derivatives. This re-
duction of the minimization problem to a parameter
optimization problem is similar to approaches used
before [11, 12]. But these previous approaches are
applicable only for path planning between an initial
point and a final point, and do not allow for interme-
diate knots. Two specific examples of optimization
(minimum jerk and minimum energy) are considered
in the following subsections.



5.1 Minimum Jerk

Suppose that the user desires to minimize the jerk
of each joint throughout its trajectory. The joint posi-
tion errors of the path tracker increase with the mag-
nitude of jerk [6]. In addition, there is evidence that
the human brain minimizes joint jerk when planning
the movement of an arm [2]. So minimizing some
function of jerk would seem to be desirable. The ob-
Jective function of Equation 11 could then be written
as

T
- it 2
J= /0 [0 () 2. (13)

Since the jerk of each joint is decoupled from the
other joints, the minimization of Equation 13 can
be performed one joint at a time. Setting the par-
tial derivatives of Equation 13 to zero, using Equa-
tion 12), and noting that y;(f) is a function of yJ(-r)
only for j € [i — 1,1], gives

x/4
53%7(/0 {[yi”(t)]2+[y,’-’il(t)]?}dt) = 0,

(i=1,...,n=-1), {(r=123). (14)

The 3(n — 1) functions above are linear in the 12 pa-
rameters (Bj,y](')), (J=i-1,4i+1), (r=1,2,3)
(see Equations 5,8). So Equation 14 can be reduced
to the (n — 1) matrix equations

k=1

(&)
Do | 6
Oi41
(i=

where the D; are 3 x 3 matrices, and Y,-(r) is defined

as

yO=(y v ow )" (16)
Assuming that the derivatives of the trajectory are
constrained at the endpoints, Equation 15 can be
written as a single block tridiagonal matrix equation
which looks like

3
+> DY) =0,

1,...,n—1) (15)

Yl(r) Cl
Yz(r) Cs

B, i = . (17
YrE:)l Cr

where the 3(n — 1) x 3(n — 1) matrix By, is given by

Dy, D3 O 0 60 ... O
D, Dy D3 0 0 ... 0
0 Dy Dy Dy 0 ... O
0 0 Dy D Ds
8] 0 Dy D,

(18)
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and the constant 3 x 1 C; vectors (functions of Dy)
can be derived from Equation 15. It can be showy
that B, is always nonsingular. This property follows
from the fact that Equation 13 is always greater than
zero unless all of the knot angles and derivatives are
zero. The 4 D; matrices are found to be as follows.

3048.238 —.1690666 —3048.238
Dy = —-429.3317 858.6634 —429.3317
11.91052 —0.097204 —11.91052
1124.790 140.2255 3.508263
Dy = —140.2255 ~—15.34489 —0.275880
3.508263 0.275880 -—-0.011973
2538.587 —0.036400 11.69254
D, = —0.036400 75.25705 ~0.000894
11.69254 —0.000894 0.216714
Ds = DT (19)

Of course, the same procedure as that outlined in
this section can be used to find D; matrices which
could be used to minimize some user-specified com-
bination of velocity, acceleration, and jerk for each
joint. Then the objective function of Equation 13
would be replaced with

T
7= /o {ka[6 (1)) + ko[8" () + ka0(2))*}dt (20)

where kj, k2, and k3 are user-specified weights. The
optimum interior knot derivatives would still be given
by Equation 17; and the D; matrices would still ex-
hibit the symmetries seen in Equations 19, but would
be functions of k;, ko, and k3.

5.2 Minimum Energy

Recall that the P-element torque vector of a P-
Joint robot can be given as

T(0) = M(6)8" + S(0,7), (21)

where M is the P x P mass matrix, and S is a
P-vector of centrifugal, Coriolis, and gravity terms.
Suppose the user wants to choose the interior knot
derivatives of the trigonometric spline for each joint
so as to minimize torque. Then the objective function
could be written as

J= / T @) RT B)ar
0

where R is a P x P positive-definite weighting matrix.
The torque vector 7 can be written as a function of
the normalized joint trajectories as follows:

T(§) = M(§)(nx/4T)’§" + S(F, (nx/4T)7"). (23)
This objective function could also be minimized with
respect to T (the actual path length). Some numeri-
cal method can be used to find the minimum of Equa-
tion 22, and thus determine the interior knot deriva-
tives which would yield a (locally) minimum-energy
trigonometric spline.

(22)



Joint
Knot 1 2 3 4 5 6
101 151 45 51 10 6
60 | 25| 180 201 30§ 40
751 30| 200 60 | -40 | 80
130 1 -45 ) 120} 110 | -60 | 70
110 1 -55 ] 15 20 10} -10
100§ -70 | -10 60 | 50} 10
-10 1 -10 } 100 } -100 § -40 | 30
50 10} 50 -30} 10} 20

@ =1 Y Ut N

Table 1: Knot Angles

6. Numerical Examples

Software has been written to implement the Tra-
jectory Formulation Algorithm given in Section 4.
The first three derivatives of the trajectory at the
endpoints were chosen to be zero. The derivatives of
the normalized-time trajectory (i.e. each spline seg-
ment having a (7 /4)-second duration) at the interior
knots were calculated using the following heuristic al-
gorithm.

Y (Big1 = 0ic1)/(/2).
y:-' 2(0,'4.1 —20; + 9,'_1)/(7I'/4)2.
v = 4 - v/ (7/2).

This trajectory is referred to as the nominal trigono-
metric spline.

Software has also been written to calculate the op-

timal values of the interior knot derivatives to mini-
mize the objective function of Equation 13 by solving
Equation 17. This trajectory is referred to as the
mintmum jerk trigonometric spline.
Software has also been written to implement
-order Schoenberg splines. The normalized path
length was chosen to be 7, and the first three deriva-
tives of the trajectory at the endpoints were chosen
to be zero. Schoenberg splines possess an attractive
minimal property (see Equations 1 and 2), but the
computational effort required is excessive.

Six joint trajectories were calculated with each
method. Each joint trajectory has 8 evenly spaced
knots, corresponding to the examples given in [7] and
[10]. Each path length is 32 seconds. The joint space
knot angles are given in Table 1.

Trajectory plots of the nominal trigonometric
splines and algebraic quartic splines for joints 2 and
3 are given in Figures 1 and 2. The superiority of the
trigonometric splines is apparent.

For 4 different path planning methods, the maz-
tmum magnitude of each of the first 3 derivatives
are calculated for 6 trajectories. The 4 methods are
(1) Quartic Splines [10]; (2) Schoenberg Splines; (3)

i

It

(24)

2nd
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Nominal

Joint Quartic | Schoenberg | Trigonometric

1 30,21,30 29,10,8 31,13,16

2 30,17,17 20,7,4 22,89

3 56,31,23 58,30,20 52,36,46

4 104,63,71 58,31,22 52,28,33

5 54,31,38 36,20,14 30,18,22

6 22,9,12 21,9,4 24,10,11
Averages | 49,29,32 37,18,12 35,1923

Table 2: Max |Velocity|, |Acceleration|, |Jerk|

Nominal Minimum Jerk

Joint Trigonometric | Trigonometric

1 31,13,16 28,10,8

2 22,8,9 20,7,4

3 52,36,46 50,25,21

4 52,28,33 50,28,22

5 30,18,22 29,17,13

6 24,10,11 21,85
Averages 35,19,23 33,16,12

Table 3: Max |Velocity|, |Acceleration|, {Jerk|

Nominal Trigonometric Splines; and (4) Minimum
Jerk Trigonometric Splines. Table 2 provides a com-
parison of the first 3 methods, where no parameter
optimization is performed. Table 3 shows how the
smoothness of the trigonometric spline is improved
when minimum jerk optimization is performed. The
units of the first 3 derivatives in Tables 2 and 3
are deg/sec, deg/sec?, and deg/sec®. It should be
noted that the quartic splines have nonzero jerk at
the endpoints. The Schoenberg splines and trigono-
metric splines have zero jerk at the endpoints. The
number of continuous derivatives is 3 for the quartic

and trigonometric splines, and 8 for the Schoenberg
splines.

The algebraic quartic splines used for purposes of
comparison in this paper are similar to the splines
used in [10]. But the details of the formulation differ.
So the numbers in Table 1 and the curves in Figures 1
and 2 are somewhat different than in [10]. The quar-
tic spline averages shown in Table 1, however, are
only slightly different that the averages obtained in
[10].

It is seen that, in general, both Schoenberg splines
and trigonometric splines result in much smoother
trajectories than quartic splines. This is true in spite
of the fact that quartic splines allow nonzero jerks at
the endpoints.



7. Conclusion

A pew method of manipulator path planning has
been presented, and an algorithm has been given.
This new method consists of the use of trigonome.tnc
splines of order 4. Continuity of the first 3 deriva-
tives is ensured, and the first 3 derivatives at the
endpoints can be constrained to any desired values.
Trigonometric splines are computationally less ex-
pensive than algebraic splines, because there 18 no
need to solve a set of simultaneous linear equations.
The derivatives of a trigonometric spline are generally
much lower than the derivatives of the corresponding
algebraic spline. Trigonometric polynomials are very
smooth functions due to the orthogonality of cosine
and sine terms. But algebraic splines may oscillate
wildly between knots if the order of the spline is too
high. Trigonometric splines are also attractive from
the standpoint of obstacle avoidance, because each
spline segment is dependent only on 2 knots.
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