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Abstract

A method of combining Kalman filtering and minimax flter-
ing is propesed and demonstrated in an application to phase-
locked laop design. Kalman filtering suffers from a lack of ro-
bustness to departures from the assumed noise statistics. But
minimax filiering has the drawback of ignoring the engineer's
(admittedly incomplete) knowledge of the noise statistics. It
is shown in this paper that hybrid Kalman /fminimax filtering
can provide the “best of both worlds.” Phase-locked loop filter
design is used in this paper to demonstrate an application of
hybrid estimation,

I Imtroduction

H, filteting, also known as Kalman filtering, is a well-
eatablished techrology which dates back to the 1960s and has
its roots in the late 1700s [14). H, filtering is an estimation
method which minimises the variance of the estimation erTor,
and assumes that the noisy inputs have known statistical prop-
erties.

Unfortunately, the assumption that the statistical proper-
ties of the noise are known limits the applicability of Kalman
filters. This limitation has given rise to a recent interest in
minimax estimation, also known as H.. filtering. The opti-
mality measure which is used in H,, filtering is the magnitude
of the maximum singular value of the transfer function from
the noise to the estimation error. No knowledge of the noise
statistics is assumed. H., filtering appears to have first been
intzoduced in 1987 [3], with roots dating back to 1981 [17].

If the H: approach to filtering assumes too much, the ¥,
approach assumes too little. Generally, an engineer has less
knowledge sbout the naise than an X, filter requires, but more
knowledge than an H,, filter can use. This motivates an inter-
est in designing an estimation fillter which uses the beat char.
acteritics from each type of filter. This type of cross between
Hj and He, filtering can be called a hybrid filter.

The motivation in this paper for using a hybrid Rlter is digi-
tal phase-locked loop (PFLL) design. PLLy aze used to track the
phase and frequency of the carrier component of a sinusoidal
signal [9). The development of digital PLLs began in the late
1960s, and reached s reasonabie atate of maturity by the eatly
1980s. Many different approaches have heen taken in the past
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to PLL filter design. Perhaps the most succeasfil approach for
highly dynamic trajectories, based on comparisons in [15, p.
55], is the use of the Kalman filter.

PLLs are of particular interest to the Global Positioning
System (GPS) community. GPS is & satellite-based navigation
system which provides position and velocity informnation to any
user with a GPS receiver [5]. The user position is obtained by
tracking & known binary psendo-random (PR) code transmit-
ted by the GPS satellites, and the user velocity is cbtained by
tracking the sinusoidal carrier which modulates the PR code.
1t is clearly desirable to provide robusi algorithms for the GP§
receiver's PLL, or the user'’s velocity information may be lost.

II Optimal Filtering Fundamentals

This section reviews some of the fundamental theory of op-
timal filtering. First the problem is defined, and then H, fil-
tering and Ho filtering are discussed. Finally, a method of
combining these two approaches is proposed.

Conzider a linear, discrete, time-invariant aystem given by

T + op (1)
Hzy +n,.

Trit =
nw =

®x € R™ is the state vector, yx € K™ is the measurement, and
va and ny Are noise processes, We also define an augmented

noise vector as
va
wy = ( iy ) . (2)

It is desired to find an estimate 3, for z5 based on measure-
ments y;, i < k. The estimator structure is assumed to be

Eat: = dix + Ka(yuqr — Hpta) (3

where K is a gain to be determined. Define the estimation
error as

e =z — 2. (4)
The transfer function matrix from the noisc wy to the estima-
tion error ey is denoted G... If Ky=Kisa constant, this
transfer function is given by

Guls) = [s]—(1- KH)™" x (5)

{(I~KH)I. Oum]=K[0mn In)s}

where I.. is the n x n identity matrix and Opg in the p x ¢ sero
matrix.
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In H; filtering, also known as Kalman filtering, it is assumed
that the noise processes oy and ny, are sero-mesn. The gain
K\ is computed according to the formulas

Ki = P(-)HT(HP(-)HT + Ba)™
A(+) = (I-KuH)P(-) (6)
Pup(-) = A¢Ph(+J¢'T +

where Bu = F(nanl), Qi = E(uav]), and X is s forgetting
factor. If X = 1, then the Kalman Rlter is the affine filter which
minimises Ees Ssef ) for any positive semidefinite weight ma-
trix sequence {Si}. This is commonly expressed by stating
that the Kalman filter is the linear minimum variance estima-
tor (1, chap. 5], If wy is white and wide-scnse stationary with
a power spectral density of Sy (w) = 5, then the Kalman filter
is also the affine filter which minimises the S-weighted 3-norm
of Geu [7],[8, sec. 6.5),[10, acc. 10.4], The S-weighted Z-norm
of & discrete transfer function matrix is given by

liGls

+x
= /: trace [G(e/)SC* (¢*)]dw  (T)

+- n
= % j: ) 3 AilG(e")$G* ()] dus

=l

where G* is the Hermilian transpose of G. If the system (1)
is completely observable and completely controllable, the gain
K will reach a unique steady state, denoted by K13, In order
to save compuiational expense, the steady-state gain (which
can be computed off-line) is often used in real-time systemas.
The resulting filter is identical to the Wiener filter {2, sec.
4.7]. If A > 1, then greater emphasis is given to more recent
data {1, sec. 6.2], This results in greater stability and improved
performance in many practical cases.

The fact that the Kalman filter is the inear minimum vari-
ance estimator is & powerful and attrsctive result. But several
facts may indicate against the vse of a Kalman filter [11):

1. The Kalman filter minimises E{eael), while the nser
may be more interested in minimiging the worst-case
erzor,

2. The Kalman filter assumes that E(nanj ) and E{vpv])
are known,

3. The Kalman filter assumes that F(n)) and E(va) are
known.

Thease considerations have led to the statement of the H, fil-
tering problem. Several He problem formulations have been
presented in the literature [11]. The problem which is con-
sidered in this paper can be posed as follows [16]. Given the
system in (1) and the estimator structure in (3), find a gain X
such that |Geulles < 7, where (as before) G,. is the transfex
function matrix from the noise wa to the estimation error e;,
and ||G||oo is the magnitude of the largest singular value of G
(over all frequencies).

Gl = Jup ]»\---[G(c"')c'(e"')]- (9)
Ii can be shown that if this problem has a solution for a given 7,

then it can be solved by a constant gain, denoted by K1) [18],
Amasingly enough, as ¥ — oo, the solution of the Ho problem

is identical to the stcady-stete Kalman filter when R, = @, =

1. The Hu. filtering sclution for a specified v is given by

K= = (I4+Pjy)'PHT
P = M-Iy +HTH €))
M = ¢Py"+1.

One method to solved these equations is given in [16]. Alter-
natively, (9) can be solved iteratively. Note from the problem
statement that as oy gets larger, the problem is “casier” to solve.
If v is too amall, the problem will not have & solution, and X,
will be singular,

IIFA Hybrid Hi/Ha, Filtering

H; and H,, filters both have pros and cons. The H; filter
nssumes that the noisc statistics are known. The H,, filter does
not make this assumption, but further nssumes that absclutely
nothing is known about the noise characteristics.

Suppose that although the noise statistics are not perfectly
known, the user does have a rough idea of these statistics. Also
suppose that a user desires to minimise some combination of
the Hy; and Ho, objective functions, What could be done?
Perhaps a hybrid H; /Ho. filter could be nsed.

Several approaches to hybrid filtering have been proposed in
the literature (7). In this paper we propose a heuristic hybrid
filtering approach. We will simply use a weighted combination
of the steady-statc Hz and H,, gains in the estimator. That

18,

K=dk™ 4 (1 - )K= (10)
where [0,1] 5 d = the relative weight given to H; performance.
K{? ig given by the steady-state solution of (6) and K%} iz the
solution of (9). The key design parameter in the hybrid filter
is the weight d. This weight rnust be chosen so as to cnsure
stability, A convex combination of two atable estimators is
not necessarily stable, as is shown in Section IV, So the first
critetion for the choice of d is atability. The second criterion is
the relative weight given by the user to Hy performance versus
Hoo performance. This relative weight can be determined on
the basis of the engineer’s confidence in the a priori statistics.

III Application to Phase-Locked Loop Design

Consider the problem of tracking a sinusoidal signal with an
unknown, time-varying phase 8(t):

3(t) = Acos (). (11)

This signal is corrupted by noise. The device used to track
such a signal is called a phase-locked loop. PLLs are of partic-
ular interest in Global Positioning System reccivers. A GPS
satellite transmiis & sinusoidal signal modulated by a known
pacudo-random binary code. After the PR code is removed
from the signal, the receiver has access to the sinuscid. Since
the sinusocid iy tran=mijtted at a known frequency, the frequency
which the receiver tracks can be used to compute the doppler
between the user and the satellite. The satellite orbil is known
fairly accurately, so the doppler frequency can be used to ob-
tain the user’s velocity. A GPS receiver can therefore be used
ws a navigational instrument in place of more expensive and
complex inertial instruments. The receiver architecture con-
sidered in this paper is shown in Figute 1.

Note from Figure 1 that the output of the arctan phase dis-

criminator is modulo 2x. That is, the phase discriminator does
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Figure 1: Phase-locked loop architecture

not know the difference between @ radians and # + 2% radians.
If the phase estimation error suddenly goes from sero to some
multiple of 2«, it is said that a cycle #lip has occurred. So it
is more important in a PLL to prevent cycle slips than it is to
maintain a small phase error. If the PLL maintains lock on the
phase, the PLL contribution to a GPS receiver's velocity error
is small compared to other sources of velocity error f12, 13].
For instance, the velocity erzor due to a typical 4° RMS PLL
tracking error may be on the order of 0.01 feet /oecond. But
the velocity errox due to all other sources may be on the order
of 0.10 feet/second. If a eycle slip occurs, then the velocity er-
ror due to the PLL tracking error momentarily jumps to 0.90
feet/second. So undetected cycle alips can be catastrophic. In
somne cases, the noise is so high or the phase dynamics are so
severe that the estimation error begins growing without bound.
In this case it is said that loss of lock has occurred, and the user
loses oll velocity information from the GPS receiver. Therefore,
for & GPS receiver, it is primarily loss of lock and secondarily
cycle slips which are of greatest concern (rather than phasc
erzor).

Optimal filtering can be used in PLL design by a method
similar to that wsed in [15]. We creste a state vector from
successive derivatives of the incoming phase.

2n=(0 ws ar G)" (12)
where
0 = B(ta) wa = 0'(ta) (13)
ay, = 0”(!;) Aa = a"’(t.).
We therefore obtain the state transition equations [18]
(A4+1)T
Basr = Pu+t j 61y de (14)
o (h+1)T
a = ar+Th +f IO (15)
" (d41)T 2
Weel B owe o+ Toy +T’ﬂ./2 +/ ?ﬂ‘)(t)dﬂis)
[
Oy = 6t Ty +Tang[3+T,ﬂ;/3 + 7
(A+1)T 3
f Lega
a7

where the approximations are valid for a amall sample period
T. This gives rise to the system description
Os = dza + va
Hezx+my

Tat =
w =

(18}

where the aystem matrices ¢ and H are apparent from (12)
— (17). As a further approximation, we can model the fourth
derivative of the phase as a white noisc process with variance

N,
E§ ()6} (r)] = N&(¢ ~ 7). (19)
Similarly, we can model the continuous-time phase measure-

ment noise as & white noise process with variance Nq, so the
variance of the sampled version is Vo /T.

En(t)n(r)] = Nob{t—1) (20}
Blntan(t;)] = 6.

These considerations lead us to the assumned noise statistics
E(nan;) = Rba-j =(No/T)r-; (21)
E(oav]) = Qbfiy (22)

T'f252 T /12 T*/30 T°/24
= NT T*/12 T30 T/ Ti/s .
= T'/30 T8 T3 T2 k=i
T'f24 T3/8 T 1

The filter structure used to obtain n state estimate is given by

ig.u = ¢i. + K(y..’.; - Hﬁi.). (23)

A constant gain K will be used due to real-time computational
consiraints. Notec that the estimate 6, (the first component
of £.) is actuslly an estirnate of the phase modulo 2x, This
catimate can be placed in the proper phase cycle by using the
frequency estimate &y,

I{ the noise processes ny and v, are sero-mean, Qu and R,
are known, and the user wants to minimise the variance of
the phase estimation erzor, then the steady-state Kalman filter
gain can be used. If, on the other hand, the noise processes
may or may not be sero-mean, Q. and R, are not known,
and the user wants to minimize the worst-case effect of the
noisc on the phasc estimation error, then the M., filter gain
can be nsed. If the user has some idea of the noise statistics
(but doesn’t know them exactly) and wants to minimize some
combination of the H; and Ho, objective functions, then the
hybrid Ha/H,, filter discussed in Section IT-A ean be used.

IV Simulation Results

The hybrid Ha/Hg, filter discussed in this paper was sim-
ulated for & GPY receiver used for missile navigation. The
behavior of the Hy/Hx PLL was investigated by examining
its ability to track the phase between the missile and one GPS
satellite for the first 80 seconds of hoost (i.e., during Stage I
burn). The filter rate was fixed at 50 Ha, The satellite-to-
missile range acceleration i depicted in Figure 2. The rela-
tionship between the phase 6 and the Tange p is given by

o) = 2

where ¢ is the speed of light and f is the frequency of the
transmitted sinusoid. We concentrate in this paper on tracking

(24)
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Figure 2: Missile-to-satellite range acceleration

the GPS L1 carrier at a frequency of 1.576 GHs. We pasume
without loss of generality (see Figure 1) that the meagnitude of
the carrier is unity.

We found, in agreement with [15], that A = 1.055 resulted
in the best performance for the Kalman filter, Typical carrier-
to-noise ratics (CNRs) for GPS are around 30 to 40 dB-H; [4].
But if stmospheric conditions are seveze or Jamming is present,
the CNR could drop into the 20% and biases could be intro-
duced into the measurement noise. The CNR is relaied to the
variance of the measuremnent noise (R) by

1
CNR = TR (25)
whete T' = 0.02 seconds is the filter rate [5, p. 282]. Our
intezest in this paper js tracking the GPS L1 carrier in spite of
the fact that the CNR is significantly different than expected
and the noise is not sezo-mean. It is assumed in this section
that there is a constant, unknown pPhase mensurement biss of
1 radian. So the frue messurement equation is

n=fhing+1 {26)

where ny, is yero-mean noise, but the filiers age designed ac-
cording to the incorrect messurement ecquation

v = 04 + . (27

The simulated noise na was generated with a Laplacian (ex-
ponential) density, which has heavier “tails” than a Gaussian
density.

The steady-state Kalman filter gain for CNR = 20 dB-Hs
and A = 1,055 waa found to be

K = [ 04928 7.6403 65.9854 374.1215 . (39

The Hy, estimation problem was found numetically to be solv-
able for 4 > 1,30 4 = 1.01 was used in (9) to compuie the H,,
gain

K{=) =[ 08127 1.8732 1.7308 0.5833 . (29)

As discussed in Section II-A, the user needs to choose a valge
of the Kalman weight gain d such that the hybrid filter is sta-
ble. Figure 3 shows the magnitude of the largest eigenvalye
of the hybrid estimator as a function of d. It is seen that the
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Figure 3: The stebility of the hybrid filter
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Figure 4: Probability of loss of lock as a function of rela-
tive weight of Kalman gain

estimator is unstable for 0.01 < d < 0.31. This shows that
4 must be chosen greater than 0.31 for satisfactory estima-
tor performance. How much greater? For the pure H, filter,
[Amaa| = 0.988. We see from Figure 3 that as d increases,
IAmen| Also increases at first, then begins decreasing. |Amac|
drops back down to 0.988 at d = 0.45. So in this application,
a rule of thumb for hybrid Hi/Ha: filter design is to choose
d > 0.45. This ensures that the hybrid filter is at lenst as stable
os the pure H,, filter.

Recall that our primary interest is in maintaining lock dur-
ing the mision. With this in mind, the probability of logs
of lock was obtained experimentally for various values of the
Kalman gain weight d in (10), Recall further that d = 0 corze-
sponds to & pure H filier, while d = 1 corresponds to a pure
Ha filter. Probability of loss of lock was obtained by conducting
100 Monte Carlo samples for each data point. This probability
is shown in Figure 4 as a function of d for three values of CNR.
It in scen that the use of hybrid Hy/Heo. (d < 1) filtering re-
sults in & noticable improvement in phase lock over pure Hj or
pure Hoo filtering. Furthermore, the advantage becomens more
significant as the CNR decreases. For example, a pure Kalman
filter with » CNR of 20 dB-Hs has & 20% chance of loning lock.
But a hybrid H:/H,., filter with & weight d around 0.4 or 0.5
has only a 2% chance of losing lock.
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Figure 5: Average number of cycle slips when the PLL
maintains lock

When the Kalman filter does maintain lock, it performs bet-
ter than the hybrid filter. This is seen in Figare 5, which shows
the average number of cycle slips as a function of 4 for varjous
values of CNR. The numbers in Figure 5 are derived only from
those Monte Carlo samples which did not lose lock. So if the
Kalman filter does not lose lock, chances are it will have fewer
cycle slips than the hybrid filter. But the advantage is not
significant. For example, at & CNR of 20 dB-Hz, the Kalman
filter (if it maintains lock) alips an aversge of one cycle, while
a hybrid filter with d around 0.4 or 0.5 slips an average of two
cycles.

¥ Conelusion

A hybrid Ha/H,, filtering approach has been proposcd and
applied to phase-locked loop design. This hybrid approach nat
only takes advantage of the noisc statistics knowledge which
is inherent in H filter design, but also takes advantage of the
robustness of H,, filtering. It is seen from the simulation data
that, in general, the hybrid filter provides a large advantage
aver the pure Kalman filter and the pure H,, filter. This ad-
vantage is particulaily noticable at low CNRs, even when the
Kalman filter designer has perfect knowledge of the true CNR.
The Kalman filter is not robust to departures from the sssumed
noise statistics. But the H., filter does not take advantage of
the designer’s (albeit incomplete) knowledge of the noise prop-
ertics. hybrid filtering is an approach which combines the best
of both worlds — or at least avoids the worst of both worlds. It
is thus recommended that the hybrid Ha/Ha, filter proposed
in this paper be given serious consideration for PLL design in
particular, and for state estimation in general.
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