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.cr: This paper presents a new method for the planning of robot trajectories. The method
ted assumes that joint-space knots have been generated from Cartesian knots by an inverse
omalics algorithm. The method is based on the globally optimal periodic interpolation scheme
A by Schoenberg, and thus is particularly suited for periodic robot motions. Of all possible
sodic joint trajectories which pass through a specified set of knots, the trajectory derived in this
o1 is the ‘best’. The performance criterion used is the integral (over one period) of a combination
he square of the joint velocity and the square of the joint jerk. Copyright © 1996 Published by

evier Science Ltd

voduction

ne industrial robot is a highly nonlinear, coupled multivariable system with non-
Jinear constraints. For this reason, robot control algorithms are often divided into two
tages: path planning and path tracking. A conceptually simple approach to the path
lanning problem is to generate a joint-space trajectory based on interpolation of a
equence of desired joint angles. This approach ignores most of the dynamics of the
obot. So the resultant trajectories do not take full advantage of the robot’s capabilities,
ut are computationally easy to obtain. In this approach, a number of knot points are
sen along the desired Cartesian path. The number of knots chosen is a tradeoff
between exactness and computational expense. The Cartesian knots are then mapped
into joint knots using inverse kinematics. Finally, an analytic interpolating curve is
“fitted to the joint knots. This curve provides the path tracker with joint angles and
‘derivatives at the controller rate.

“The most popular type of interpolation is algebraic splines (1,2). An nth-order
algebraic spline consists of piecewise-continuous nth-order algebraic polynomials which
have continuous derivatives up to order (n—2) or less (depending on the details of the
formulation). Higher order splines result in continuity of higher order derivatives,
hich reduces wear and tear on the robot, but this is at the expense of large oscillations
of the trajectory.

Polynomials with order as low as five (e.g. quartic splines) can overshoot extreme
knots by as much as 60 degrees (3). A recent development is the use of trigonometric
polynomials to efficiently generate joint trajectories with little overshoot but continuous
velocity, acceleration, and jerk (4, 5). Trigonometric polynomials can be normalized in
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time so as to be very smooth if their order is moderate

6). If p; ; o
trigonometric polynomials are pieced together, the COmpu(ta)tiOmSIZi;::f; ‘?OminuOus Deﬁngf(;
each polynomial is of low order, preventing oscillations between knots. 18 low, ang A A

In many applications, a robot 1s required to perform a Tepetitive tagy Some functio
include assembly line work, welding, and Spray painting. In thjs aper Scﬁxample 1. Su
splines are used to generate globally optimal periodic joint trajectoriesj SChOenber 5 In
splines are bilinear functions of algebraic and trigonometric polynomials, T :nberg be
mality criterion is a combination of the Integral of the square of Joint velocity and Opti-

Of course, the robot has to begin and end its motion at some finjte time. So we cons gerk

the joint velocity and acceleration at the start of each periodic to be Zero, 5o thatr;llin Theore?
robot can begin and end its motion smoothly. The joint trajectories have continu()ue Ifn:
derivatives up to the fourth order e€xcept at the start of each period. At the Start o? NOE
each period, the derivatives are continuous up to the second order. minimt

Section II summarizes the main results of interpolation with Schoenberg Splines, ang
discusses their extension to hermite Interpolation (i.e, Interpolation of knot derivatives ) Theore
as well as knot values). Section III discusses the application of Schoenberg splines tq ' The
the robot path planning problem. Section IV presents a numerica] example, and Section . unique
V presents some concluding remarks.

1I. Schoenberg Splines where
The term trigonometric spline was first introduced by Schoenberg (7). But since thep
other definitions have appeared in the literature (8,9). So the term is not well defined
Trigonometric splines have recently been applied to robot path planning (4,5). Byt
those trigonometric splines are different than those Schoenberg referred to as trig-
onometric splines. Therefore, Schoenberg’s trigonometric splines will be referred to in Ca(8)
this paper as Schoenberg splines. In this section, the definition and some of the properties YL
of these functions will be given. of C,
2.1. Problem statement and main results
This subsection summarizes some of the results of Schoenberg’s original paper.
Proofs for the theorems in this subsection can be found in Schoenberg 7). and
Problem statement
Within the class of functions J(®) of period 2z which satisfy the interpolation con-
ditions f(1) = y, (i = L,...,n), where 0 < L<f < <t,<2n we seek a solution to 0
the problem Wi
27
f [A,.f()]2dt = minimum M
[}
where 7 > (2m+1), and the operator A, is given by
An =D(D*+ ) (D*+2%).. (D> +-m?) 2 i‘g

where D is the differential operator.
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of order m, having the distinct knots (t, >t €(0,2m), 1s a

computat
ions betwlon €Xpense B fnito" I
m een knogs, 4o Fchoenberg SPUN : )
b a repetitive tagy S : ion 0) which has the following properties.
Inting. . - 30y, Hcy’
sydic jginltnt th.ls Paper; § §(f) has period 27 and is 4m times continuously differentiable.
Taject 1 cach of then closed arcs [t;, 4+ 1], A2S(7) = 0. This property can alternatively
that in each of the n closed arcs [, 4+ 11,

ories, §¢f; i . - '
e charactenzed by stating
| r=1,....,m). (3)

onometric
POIyno :
1€ Square of joint e
[1,cosrt,sinrt, £, 1COS rt,tsinrt]

ath some finite time, §q g
Ch periodic to be zeroW
Joint trajectorieg have’g

irt of each .
. perio e
* second order, ¢ A,t the's

v g
elocity 3 S(i) € Span

ch satisfies

g spline S(z) of order m whi
atisfies the
| |

e em |
oﬁ >(@2m+ 1) there is a unique Schoenber
der Schoenberg spline S() s

\ i=1- _n). In addition, the mth-or
imum property of Eq. (1)

eorem 11 -

The mth-order Schoenberg spline S(r) satisfying Sty =yi= 1,...,n)18 represented

ly by

S() = Y, c¥mlt— £)Tm() )
j=1

here 7,,(f) 1s an mth-order trigonometric polynomial, and ¥,.(f) is given by

by S '
y Schoenberg (7). But since th Yn(t) = i cos(k)
W= 2 -k -k

). So the term is not

.) robot path planninvgve(lidse)f ?ﬁ
: Sghoenberg referred to’aé'
1etr1f: splines will be referred R
finition and some of the properties

= 12n—1)Cn(D+ (n—1)Sn(1) 0<t<2m 5
Cm(t) is an mth-order cosine polynomial, S,.(2) is an mth-order sine polynomial, and
he interval [0, 27] so as to have a period of 2. The coefficients

()18 extended beyond t
of C,.(1) and Su(?) satisfy the equality

-1
of > . . ——pm! i
o ilslcélé)}fgfegg s (() riginal pap 2tC,. (1) + Sml1) 2@+ 1) t + HOT (higher order terms) 6)
nberg (7).
) and the coefficients ¢; satisfy the equality
ich Satisfy the inter . { n
polation co c.ho@—1t)=0 7
<1, < 2m, we seek a solution to J;l #U=5) )
‘ where ¢(z) is given by
zm
o) = = _(1—cost)". ®)
|

um
1)
: @2am)!
es of Eqns (6) and (7) are each mth-order trigonometric
nd (7) each give 2m+1) constraints. The interpolation
traints. These (n+4m+2) constraints determine the n
f1,.(t), the (m+ 1) coefficients of C,(f), and the

Note that the left-hand sid
functions. Therefore Eqns (6) 2
conditions S(t) = y: give n cons
coefficients c;, the (2m+ 1) coefficients 0

D4’y @
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m coefficients of Sn(2). These (n+4m+2) Coeflicients j, turn ¢q
Schoenberg spline S(z) [see Eq. (3)]. Mplete]y SPecify.
2.2, Extension 1o multiple knoys
The theory of the preceding Subsection can be €xtended jp as htfo
to the case of coincident knots. This allows the Spline g,y erTvatjer ther
Strained at given knots, et Con-
Assume that the first knot has multiplicity , That 18, = p _ <
<l Then the order of Continuity of S(t) at t = %, drops from 4m to (4;”< L <
The range of , IS restricted to L<r<Q@m+ 1). In this case, Eq. @) is generaliz\é

Same assembly
and acceleration at time #,. This en
motion beging Smoothly, and at the comes to a smooth stop.
Interpolation conditions wil| give

-periodic functions S

y which, among all 2, (1) satisfying the desired

ditions, minimizeg

f ' {r o1+ (O]} dr.

T!
all f
mif

wel
wel

wl
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(14

g() = hQnt|T).

will satisfy the following
hich satisfy the desired 1

rion. Among

optimality crite
ditions, g(?)

time trajectory
nterpolation con

us f(D) of period T W

T
j ({@r/D) " D) +[f ()} dt. (1)

for a trajectory with T > 2m, the velocity will be given a greater
T < 2m, the jerk will be given a greater

k. For a trajectory with

chows that
ange of notation) gives

¢ than the jer ’
: (9) (with a slight ch

t.
j)+r'"(t)~ . Equation
2 & n
ons D ERIGEDY cb(t—1;)+Acos t+Bsint+C. (16)
) j=0 j=2
quation (5) shows that the 2n-periodic function Y (2) is given by

: y() = t(27t——t)C1(t)+(n—t)Sl(t) 0<t<2n a7
-0 C.(® = a,+a,; cost (18)

S, () = by sint. (19)
v;i%zl_‘)f S(?) has ing quation (6) gives
N 'ent to dete 8
3 else in the prengu 2C, (D) + S () = — 15240+ HOT (20)

hich yields {via Taylor series expansions of C,(¢) and S, (N]
a, = —1/14 (21)
0 the robot path pléﬁ a, = —1/28 22)
required to pass throgs _
<t S oug b, = 3/14. (23)
3 re n Such a trajec
lire dp f:gvely perform ‘the - Equation (12) shows that the ¢ coefficients satisfy
: ave zero velocit
lng Of th y 2 n
{ come e day, the robot Z 9 ¢ (1) + Z ;(t— t) = 0 (24)
tio S to a smooth sto : j=o0 =
‘ton conditions will gj where (1) s given by
s given
(25)

A1) satistying the desired
$(f) = 1—cost.
ints since it is @ linear combinatio

), we can expand Eq.

n of

Note that Eq. (24) actually gives three constra
[1,cos t,sin 1]. By using Eq. (25

the linearly independent functions

(24) as
[—cﬁo) o Z ¢;Ccos t,-}cos t+ [c(ﬂ) - Z ¢, sin tj]sint =0. (26)
j=2 j=2

g o)
j=2

(13

u'red- to have a period of
L trajectory g(¢) with the
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TABLE [
Cartesian and Joint-space knots

Cartesian knots

Joint-g

Knot number X Y 6, pace kngc: fs
2 0.2 0.3 1252 ~137.7
3 0.0 0.8 126.9 ~73.7
4 —-0.2 0.3 192.6 ~137.7
5 -0.5 0.3 203.4 ~108.87
6 -0.2 0.3 192.6 —1377
7 0.0 0.8 126.9 -73.7
8 02 0.3 125.2

—-137.7

Note from Eq. (16) that the optimal 2z-period

(n+5) coefficients P (=01, D¢(=2,..., n), 4, B, and C. The
which uniquely determine these coefficients are H(t) = h'(2)
I,...,n), and the three constraints of Eq. (26). The solvabil
equations is guaranteed by the existence and uniqueness of
Section I1].

(n+5) Constraintg
i : 0, h(t/-) = hj(jz
1ty of this system of linear
the Schoenberg spline [see

IV. Numerical Example

Software has been written to implement Sc
a simple two-link manipulator. Each link js
0, is taken as the angle from the horizontal
second joint angle 0, is taken as the angle fr
to the second link. Both Joint angles are me
Eight Cartesian knots equall

hoenberg spline trajectory generation for
0.5 meters in length. The first joint angle
positive x-direction to the first link. The
om the outward direction of the first link
asured in the counterclockwise direction.

¥ spaced in time are specified to represent what might
be a typical periodic task for an industrial robot under the constraint of obstacle

avoidance. One period of the robot motion is specified to be 40 s. After the robot

reaches the eighth knot, it returns to its starting position (the first knot) and repeats its
performance.

ic joint trajectory 16) depends op the
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Y (meters)
.
knots{#3,7 /
0.8 /
Obstacle
knots #4,6 knots #2,8

knot #1

Initial
Configuration

A

"X (meters) 0.8

‘H

FiG. 5. Cartesian path.

ared to the joint jerks. This is due to the fact that T'= 40 » 27, so the velocity
s given a much greater weight in the objective function that the jerk [see Eq. 15 1f
he resultant joint derivatives violate the Jimits of the robot, the trajectory can simply

be scaled in time so that the limits are not violated.

comp

. Conclusion

The ability to plan joint-space trajectories through a sequence of specified knots is
‘an important aspect of trajectory planning. The knots can be chosen to satisfy the joint
imit constraints and avoid obstacles. The use of Schoenberg splines presented in this
paper is attractive in that globally optimal joint trajectories can be generated for
periodic robot tasks. Although the obijective function does not consider the dynamics
of the robot, this global optimality is a feature found in few, if any, other trajectory
-generation methods. The resultant trajectory has continuous derivatives up to the
second order everywhere along the trajectory. In addition, the trajectory has continuous
jerk everywhere except at the beginning of each period. The trajectory could thus be
used as a starting point for a trajectory generator which takes into account such things
as robot dynamics, joint angle restrictions, speed restrictions, etc. The generation of
Schoenberg trajectories is computationally reasonable, requiring the solution of (n+3)
simultaneous linear equations, where 7 is the number of knots in one period.
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