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I. Introduction

Phase-locked loops (PLLs) are used to track the phase
~and frequency of the carrier component of an incoming
signal. The development of digital phase-locked loops
(DPLLs) began in the late 1960s, and reached a reason-
able state of maturity by the early 1980s (Lindsey and
Chie, 1981).

Several DPLL architectures have been proposed over
the years. Perhaps the most popular implementation is
the gero-crossing DPLL, in which the loop attempts to
sample the incoming waveform at the zero crossings. This
type of loop dominates the literature because it is sim-
ple to implement and model. This paper will concentrate
on zero-crossing DPLLs with one of two phase detector
characteristics: sinusoidal or inverse tangent.

Zero-crossing DPLLs with sinusoidal phase detector
characteristics were first introduced by Gill (1971). Their
stability properties were studied by Weinburg and Liu
(1974) and further developed by Osborne (1980a, 1980b).
Zero-crossing DPLLs with inverse tangent phase detector
characterics, known as digital tanlock loops (DTLs), were
introduced and analyzed by Lee and Un (1982).

This paper uses Lyapunov stability theory to analyze
the stability properties of DPLLs. As is the case with
most stability analyses, this paper will deal with the noise-
free case. While practical analysis and simulation of a real
system must include some noise model, a prerequisite for
such analysis is the knowledge or assumption of the sys-
tem’s stability. Lyapunov stability theory has been pre-
viously applied to analog PLLs (Abramovitch, 1990) but
this present paper is the first known application of Lya-
punov theory to DPLLs. The stability conditions derived
in this paper are the same as those obtained elsewhere.
The purpose of this paper is to expose Lyapunov theory
asa v1a.ble optlon for DPLL design and analysis.
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Lyapunov’s stability theorem for digital systems can be
stated as follows (Slotine and Li, 1991).
Theorem 1 Consider a digital system described by
Zxy1 = f(za) where 2, € R™ and f(0) = 0. Suppose

that there ezists a continuous scalar function V3 = V(z;)
such that
1. V(0) = 0;
2. V(z)>0 forall z#£0;
3. limyje~ oo V(2) = o0; and
4 AV =V(241) — V(zx) <0 forall z4 #0.

Then the equilibrium state z = 0 is asymptotically stable
in the large.

If the equilibrium state of the system zxy1 = f(zz) is
at some nonzero state, then a state transformation ' =
g(z) must be made so that the eqmlibriuxn state of the
equivalent system z} = h(z,.) is at 2/ = 0. This will be
demonstrated in Section II-A

II. Sinusoidal DPLL Stability Analyses

Consider a zero-crossing DPLL with the incoming signal

denoted by

‘ s(t) = Asin(wot + 6(t)). (63)
This signal is sampled by a digital clock at time instants
tx. The sampling times £ are determined as

k-1

=kT — D(z) Y _ s(t:) b))

i=0

where T' = 2x/wo and D(z) is the loop filter. The DPLL
attempts to sample s(t) at the zero crossings. So the phase
error is defined as

&n = wota + Oa (3)

where 6, = 6(t)). It has been shown in (Osborne, 1980a)
and (Weinburg and Liu, 1974) that the dynamics of such
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a DPLL can be described by the following difference equa-
tion in the phase error ¢.
Pr41 = Gx +Oay1 — O — AwoD(z)sings.  (4)

In this paper, we will consider the input phase 6(t) to be
a ramp; that is,

8(t) = 6o + (w1 — wo)t (5)

(recall that wp is the nominal input frequency). Then (4)
becomes

éx+A—
where A = (w1 — wo)T.

bry1 = Aw; D(z)sin ¢ (6)

A. First Order Sinusoidal DPLL

Now consider a first order loop filter; that is, D(z) Gl.
Then (6) becomes

$r41 = ¢nt+A—AwGysingy (N
= éx+A—Kisinga - ®)

where K; = Aw;1Gy. It can be easily shown (Osborne,
1980a) that in order for this system to have an equilibrium
state, we must have | K; |[>] A |. But the equilibriunm
state of this system is, in general, not at ¢ = 0. We will
therefore make the state transformation

1 = u — sin~}(A/K2). O)
Then the dynamics equation (8) of the DPLL becomes
41 =ws — Kasinyy —Acosyn + A - (10)
where K; is given by , »~
Koz JRKI-R. an

Note that the equilibrium state of the system occurs at
y = 0. We will choose our Lyapunov function as Vi = 1.
Then AV, can be computed as

Ay = Vapr1—Va (12)

= y:+1 - % N (13)

= (m— Kzsin;}g\< Acosys + A)? — 17 (14)
Linearizing (14) about the equilii;ﬁgm state gives

AV = d(-Kaf -4 (15)

= Ki(Ki—2)vi (16)

Lyapunov stability theory requires that AV; < 0V # 0.
This implies that 0 < Kz < 2. Recalling the defini-
tion (11) of Ka, we see that for Lyapunov stability we

require that
K} -A'<4 an

which agrees with previously published results (Osborne,
1980a). For the case where the frequency offset is zero
(i.e. A =0) we obtain

| K1 |< 2 (18)

which a.lso"a.grces with previously published results (Os-

* borne, 1980a). Since we linearized the equation for AV;

about the equilibrium state, these results are local stabil-
ity conditions.
B. Second Order Sinusoidal DPLL

Now consider a second order DPLL where D(z) = G1 +
Ga/(1 — z™1). Then (6) becomes

$r+3 = 2¢n41— dn + Ky singp — TK1 singayr  (19)

AGw; (as before) and r =1 + G;/Gl We
define the state vector as

where K3 =

~=~=<(Z§)=;(¢TL)' @
So we can see that , R a
e = (C2) e

2
. L T
(2 22,’,‘7:},+K}sinz},—rKlsinz§ )

At this point we need to linearise the system equation
around the equilibrium state z) = 0 so that sinz} =~ =z}
and sinz} ~ z}. Then (21) becomes '

(:}iﬁ ) ﬁi ((2—+kg)=§zi"- (Klfl);x )(22)
= Kx—l 2—1u'c1 ) ( ) (23),

which can be written more compactly as

B;h. TR R (24)

Using the Lyapunov function Vi S~ #] zx, the change in
the energy of the system is given by

Eap =

AV = Vapa-Va o (28)
A = 23 BT Bz, — z’fﬁ ‘ (26)
= 'z (BT B— I)z,.. 3 (27)

In order for the system to satisfy the Lyapunov stability
criterion, we must have AV; < 0 Vzy # 0. Therefore the -
matrix (BT B — I) must be negative definite. This implies
that the eigenvalues of BT B mnst be less than 1. This in
turn implies that :

0<K;<——-—j_—1-‘and r>1. , (28)

This is the same loca.l stabxhty resnlt as that. obtmned by
Osborne (1980b).
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C. Third Order Sinusoidal DPLL

Now consider a third order DPLL where D(z) = G; +
G2/(1—-2z1') + G3/(1 — z71)%. Then (6) becomes

3642 — 3Prs1 + Gx — pK1sindrsa (29)
+K1(1 + r)sindp41 — Ky singy

drya =

where Ky and r are defined as before, and p = r+G3/ G1
We define the state vector as

zi 1
Ty = zk = ¢k+1 .
32 dry2 :

[}

(30)

Now we can linearize the system equation as in Section B.

and use the Lyapunov function Vi = zTz;. The de-
tails of the analysis are omitted because they are exactly
analagous to the development in Section B. We obtain
the same local stability requirements as those given by
Osborne (1980b).

p—r > 0 (31)

p+r—2 > 0 (32)
Ki(p—1)—p+r > 0O (33)
8-Ki(p+r+2) > oO. (34)

I11. Digital Tanlock Loop Stability Analyses

Consider a digital tanlock loop (DTL) with the incom-
ing signal denoted by z(t). The incoming signal is shifted
by 90° to obtain y(t). These signals can be expressed as

z(t) = (35)
(1) (38)

Both z(t) and y(t) are sampled by a digital clock at time
instants £5. The sampling times ¢; are determined as

Asin(wot + 6(t))
A cos(wot + 6(2)).

h-~1

th=kT-D(2) Y & (37)
=0
where T = 2x/wo, D(2) is the loop filter, and
ey = tan~" (za/m). (38)

The DTL attempts to sample z(¢) and y(t) at the sero
crossings of z(t). So the phase error is defined as

Pn = ‘l’otk + 6 (39)

where 6, = 6(ts). Lee and Un (1982) showed that the
dynamics of the DTL can be described by the following
difference equation in the phase error ¢.

$x + Oay1 — Or —woD(z)ex. (40)

i As before, we will consider the input phase 6(t) to be a
B phase ramp; that is,

G(t) =6y + (w1 - wg)t

o=

(41)
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(zecall that wp is the nominal input frequency). We will

also assume that ¢ € (—=x,x). Then ey = ¢ and (40)
becomes

dr + A —wy D(z)ps

where A = (w1 — wo)T. Now we can apply Lyapunov

Pryr = (42)

:theory to (42) where D(z) is either first, second, or third

order. Doing so results in the same DTL stability re-
quirements as those reported by Lee and Un (1982). The
procedure is ommitted from this paper since it is exactly
analagous to the procedure used in the preceding section.

IV. Conclusion

Lyapunov’s second method has been used to analyze
the stability of DPLLs. This method is not new to con-
trol theory, but its application to DPLLs appears to be
novel. The results derived in this paper reinforce results
which have been derived in the past and observed in simu-
lations over many years. The specific systems analyzed in
this paper were first, second, and third order DPLLs with
both sinusoidal and inverse tangent phase characteristics.
Lyapunov’s method appears to be quite applicable and
straightforward as a design and analysis tool for DPLLs.
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