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‘Abstract

This paper presents a new method for the plan-
ning of robot trajectories. The method presented

assumes that joint-space knots have been generated

from Cartesian knots by an inverse kinematics algo-
rithm. The method is based on the globally optimal
periodic interpolation scheme derived by Schoen-
berg, 'and thus is particularly suited for periodic

robot motions. Of all possible periodic joint trajec- -

tories which pass through a specified set of knots,
the trajectory derived in this paper is the “best.”
The performance criterion used is the integral (over

one period) of the square of a combination of the

joint velocity and the joint jerk.

1 Introduction

The industrial robot is a highly nonlinear,

coupled multivariable system with nonlinear con-
straints. For this reason, robot control algorithms
are often divided into two stages: trajectory plan-

ning and trajectory tracking. A conceptually simple .

approach to the trajectory planning problem is to
generate a joint-space trajectory based on interpo-
lation of a sequence of desired joint angles. This
approach ignores most of the dynamics of the robot.
So the resultant trajectories do not take full advan-
tage of the robot’s capabilities, but are computa-
tionally easy to obtain. In this approach, a number
_of knot points are chosen along the desired Carte-
" sian trajectory. The number of knots chosen is a
tradeoff between exactness and computational ex-
pense. The Cartesian knots are then mapped into
Jjoint knots using inverse kmqmatlcs ' Finally, an
analytic interpolating curve is fit to the joint knots.
This curve provides the trajectory tracker with joint
angles and derivatives at the controller rate.

The most popular type of interpolation is alge-
braic splines [1, 3]. An n**-order algebraic spline
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consists of piecewise-continuous nt*-order algebraic
polynomials which have continuous derivatives up
to order (n — 2) or less (depending on the details
of the formulation). Higher order splines result
in continuity of higher order derivatives, which re-
duces wear and tear on the robot, but this is at

- the expense of large oscillations of the trajectory.

Polynomials with order as low as five (e.g. quartic . -
splines) can overshoot extreme knots by as much
as 60 degrees [9]. A recent development is the use
of trigonometric polynomials to efficiently generate
joint trajectories with little overshoot but continu-
ous velocity, acceleration, and jerk [6, 7]. Trigono-
metric polynomials can be normalized in time so as
to be very smooth if their order is moderate {8]. If .
piecewise continuous trigonometric polynomials are :
pieced together, the computational expense is low,
and each polynomial is of low order, preventing os-
cillations between knots.

In many applications, a robot is required to per- :
form a repetitive task. Some'examples include as- .
sembly line work, welding, and spray painting. In
this paper, Schoenberg splines are used: to generate
globally optimal periodic joint trajectories. Schoen-
berg splines are bilinear functions of algebraic and
trigonometric polynomials. The optimality crite-
rion is the integral of the square of a combination
of the joint velocity and jerk. Of course, the robot
has to begin and end its motion at finite times. We
therefore constrain the joint velocity and acclera-
tion at the start of each period to be zero so that -
the robot can begin and end its motion smoothly.
The joint trajectories have continuous derivatives -
up to the fourth order except at the start of each
period. At the start. of each period, the derivatives
are continuous up to the second order.

Section 2 summarizes the main results of interpo-
lation with Schoenberg splines, and discusses their
extension to hermite interpolation (i.e. interpola-
tion of knot derivatives as well as knot values).
Section 3 discusses the application of Schoenberg
splines to the robot trajectory planning problem.



sectxon 4 pments a numerical example, and Sec-
hon 5 prcsents some concludmg remarks

¥

2 ééhbenberg Splinés

{*The term trigonometric spline was first intro-
duced by, Schoenberg [5]. But since then other def-
;mt:ons have ‘appeared in the literature [2, 4]. So
the term 'is'not ‘well-defined. Trigonometric splines
have ‘fecently been applied to robot trajectory plan-
“ning [6, 7]. But those trigonometric splines are dif-
ferent than what Schoenberg referred to as trigono-
metric splines. Therefore, Schoenberg’s trigonomet-

ric splines will be referred to in this paper as Schoen-
“bery sﬂinea. In this section, the definition and some
of,,the properties of these functions will be given.

Problem Statement and Mam
‘ Results

+This subsection summarizes some of the results
of Schoenberg’s original paper. - Proofs for the the-
orems in this subsection can be found in Schoen-
berg [5]-
Problem Statement. Within the class of func-

_lation conditions f(t,) =y (i =1,.
70 < tl < ty'< .
“the problem

., 1), where
LKty < 27, we seek a solution to

21'

[Am f(t)]zdt glbbal minimum (1)

~where n > (2m + 1), and the operator A, is given

A,; : D(D? +12)(D? +2%)---(D* +m?) (2)

here D is the differential operator. o

\Deﬁhition 1 A Schoenberg spline of order m, hav-
wving the distinct knots (ty,...,1,) € [0,27), is a
Junction S(t) which has the following properties.

IS(t) has period 2x and is 4m limes continu-
ously differentiable.

2. In each of the n closed ares [t;,1;11], AZ,5(¢) =
0. This property can alternatively be character-
ized by stating that in each of the n closed arcs

[tJ ’ t.1 +1]r

'S(t) € Span[l cosri,sinrt, ¢, Ecosri, tsin ri]
o (r=1,...,m). (3)

; tmns F(t) of period 27 which satisfy the interpo-
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Theorem 1 If n > (2m + 1) there is a unique
Schoenberg spline S(t) of order m which satisfies

S(t:;) =y (i=1,...,n). In addition, the m*®-order
Schoenberg spline S(t) satisfies the global minimum
property of Equation 1.

-

Theorem 2 The m!*-order Schoenberg spline S(t)
satisfying S(t )= w (t = 1 ,n) is represented
umquely by

5(t) _Zc,¢m(t —1; )+rm(t) @

where tm(t) is an m‘h-order trzgonometmc polyno-
mial, and ¥, (£) is given by

' > cos(kt
¢m(t) = Z kz(lz . kz)z _( . ()mz k2)2\5)
. } —m+l
= 127 — £)Comlt) + (7 — £)Sm(2)
(0 <t<2r)

Ym(t) is eztended beyond the interval [0,27] so as
to have a period of 2x. Cm(t) and Sp,(t) are mth-
order cosine and sine polynomials whose coeﬂic:ents
salisfy the equality :

2UC (L) + Sm(t) = | (6)

,m%_ii—)t#m“-l + HOT (i hiyfterl order ;ter‘ms )

and the ctzeﬁicients c; satisfy the eqﬁah’ty '

Zw(t—t y=0 @

j=1

where ¢(t) is given by

#(t) = ——(1-cost)™. (8)

(2 m)!’

fn]

Note that Equation 6 can be considered as (2m+
1) equality constraints. This is because the left
hand side of Equation 6 consists of (2m + 1) lin-
early independent functions, since Cr,(t) and’Sn(t)
are each m**-order trigonometric polynomials. The
left hand side of Equation 7 is also an m*-order
trigonometric polynomial. Therefore Equations 6
and 7 each give (2m + 1) constraints. The inter-
polation conditions S(t;) = y: give n-constraints.
These (n + 4m + 2) constraints are sufficient to de--
termine the n coefficients c;, the (2m+1) coefficients
of Tin(t), the (m + 1) coefficients of Ci,(£); and the
m coefficients of Sp,(1). These (n + 4m + 2) coef-
ficients in turn completely specify the Schoenberg
spline S(t) (see Equation 4).



2.2 Extension to Multiple Knots

""‘I‘he'théorj" of the preceding subsection can be
extended in a straightforward manner to the case
of coincident knots. This allows the spline and its
derivatives to be constrained at given knots.

Assume that the first knot has multiplicity r.
That is; ¢) =ty =--- =1t <lpy1 <--* <in. Then
the order of continuity of S(t) at ¢t = ¢; drops from
4m to (4m — r + 1). The range of r is restricted
to1 < 7 < (2m +1). In this case, Equation 4 is
generalized to

r—1 n
S@) =) D (t-t)+ Y civmlt—t;)+mm(t).
©§=0 ‘ i=r+1 ST

(9)
S(t) is now requlred to satisfy the mterpolatxon con-
ditions - -

Si) = P (i=1,...,r—1) (10)
S) = w (k=1,...,n). (1)

The constraints of the c coefficients (see Equation 7)
become o
Te—1 n : ’
> ("¢(J>(t Sh)+ Y eolt—t)=0. (12)

j=0 j=r+1

The number of constraints used to determine the
cofficients of S(¢) has increased by (r—1) (see Equa-
tion 10). These additional constraints are sufficient
to determine the (r — 1) additional coefficients cgj )
(i =1,...,7—1). Nothing else in the previous sub-
section changes.

3 Application to Robot
Trajectory Planning

"Now the theory of the previous section will be
applied to the robot trajectory planning problem.
Consider a periodic joint trajectory h(t) which is re-
quired to pass through knots (hy,...,k,) at times
(t1y---ytn) where t; = 0 < 12 < ++- < t,. Such
a trajectory would be specified, for example, if a
robot was required to repetitively perform the same
‘agsembly task many times. The joint trajectory is
required to have zero velocity and acceleration at
time ¢;. This ensures that at the beginning of the
day, the robot motion begins 5moothly, and at the
end of the day, the robot comes toa smooth stop.
The first order Schoenberg spline satlsfymg these in-

terpolation conditions will give the joint trajectory

which, among all 2r-periodic functions f(t) satisfy-
ing the desired mterpolahon conditions, minimizes

TR+ FOPd. (s)
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Of course, it is quite unlikely that the robot motiop
is required to have a period of 2x. So the trajectory
h(t) will need to be scaled so as to give a trajec-
tory g(t) with the same shape as h(t), but with the
desired period T. :

g(t) = h(2xt/T). (14)
Then the real-time trajectory g(t) will satisfy the
following optimality criterion. Among all functions
F{t) of period T which satisfy the desired interpo-
lation conditions, g(f) minimizes

T
| tesmop + (rorye o)
This shows that for a trajectory with T' > 2x, the
velocity will be given a greater weight that the jerk.
For a trajectory with T < 2, the jerk will be given
a greater weight. Equation 9. (with a slight change
of notation) gives V

2 n
() = () + Y (e —'ty) +(16)
j=0 ) i=2’

Acost + Bsint +C -

Equation 5 shows that the 27r-penod1c functlon P(t)
is given by

P() = 127 —)C1() + (7 - t)51 (t) (17)
(0<t<2nm)
Ci(t) = ag+ajcost (18)
Sl(t)” = bysint. (19)
Equation 6 gives
2tCy(t) + Si(t) = —t°/240 + HOT  (20)

which yields (via Taylor series expansions of C) ()
and S;(t))

-1/14

ag = (21)
a = —1/23\’ (22)
b= 314 (23)

Equatxon 12 shows that the c coefficients satxsfy

™ c§5’¢(”(t) + Ec,-tﬁ(f— tj)=0
j=2 .

i=0

()

where ¢(t) is given by

é(t) = 1 — cost. (25)
Note that Equation 24 actually gives fhree con-
straints since it is a linear combination of the lin-
early independent functions [1, cost,sint]. By using




é&,’,éilon‘ésn we cén expand Equation 24 as

Y 1+
Gen D a J=20

A tr ! ‘ i . ' T .
o [—jcg’) + c{’) - Z cj costj]cost
L j=2 .

Z ¢cjsint;]sint = 0.
i=2

-

Note from Equation 16 that the optimal 2x-periodic
joint trajectory h(t) depends on the (n -+ 5) coeffi-
dents ) (G = 0,1,2), ¢; (7 = 2,...,n), 4, B,

and.C. The (n + 5) constraints which uniquely de-
termine these cocfficients are A'(t1) = A"(41) = 0,
h(t;) = h; (i =1,...,n), and the three constraints
of Equatlon 26. The solvability . of this system of
linear equations is guaranteed by the existence and
uniqueness of the Schoenberg spline (see Section 2).

4 - Numerical Example

Software has been written to implement Schoen-
berg spline trajectory generation for a simple two-
link manipulator. Each link is 0.5 meters in length.
The first joint angle 8, is taken as the angle from
the horizontal positive x-direction to the first link.
The second joint angle 8, is taken as the angle from
the outward direction of the first link to the second
link. Both Jjoint angles are ‘measured in the coun-
tcrclockwxse direction.

Elght Cartesian knots equa]ly spaced in time are
specxﬁed to represent what might be a typical pe-
riodic task for an industrial robat under the con-
straint of obstacle avoidance. One period of the
robot motion is specified to be 40 seconds. After
the robot reaches the fifth knot, it returns to its
starting . position through the previous knots and
retraces the trajectory. So knots 2-4 are the same
as knots 6-8.

- The Cartesian and joint-space knots are given
in Table 1 in units of meters and degrees. The
Jjoint space trajectories and derivatives are shown
for one period in Figures 1-4. Figure 5 shows the
“knot locations, obstacle locations, and the Carte-
sian trajectory resulting from the use of Jomt-space
Schoenberg splines. The robot trajectory is sym-
" metric with respect to the midpoint of its period.
So during the second half of its period, the robot
Ietraces thé» route taken during the first half.
+.:"Note that the velocity and acceleration are con-
b tinuous over the entire trajectory, and are zero at
e ylhe,ﬁrsl;knot,:é.llowingfor a smooth starting and

(26)

deg / sec**2 deg / sec

deg / sec**3
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Fig. 1 - Joint Trajectories

400 - -
 joint 1
200 o
G ' ' b
0f * joint 2 o .
2010 20 30 40
seconds
. Fig. 2 - Joint Velocities -

joint 1

joint 2

seconds

Fig. 3 - Joint Accélerations

seconds

’ Fig. 4 - Joint Jerks
100 T T T

-100, 10 20 30 40
seconds




Knof Cartesiaannots . Joint Knots

Number || X Y 61 6>
1 0.8 0.0 j 36.9 | -73.7
2 0.2 0.3 125.2 | -137.7,
3 0.0 0.8 126.9 | -73.7
4 -0.2 0.3 192.6 | -137.7
5 -0.5 0.3 | 203.4 | -108.9
6 -0.2 0.3 192.6 | -137.7
7 0.0 0.8 126.9-{ -73.7
8 0.2 0.3 125.2 | -137.7

Table 1: Cartesian and Joint- Space Knots (Meters
and Degrees)

Y (meters)

Qbstacle /

Obstacle

=

knots #4,6
knot #5 o

knots #2,8

Initial knot #1

Configuration

meters) L ) 0.8

Figure 5: Cartesian Path "

stopping motion. Note that the jerk is continu-
ous on the interior of the trajectory, but discon-
tinuous at the start of each period. Also note the
relatively low magnitudes of the joint velocities as
compared to the joint jerks. This is due to the fact

that T = 40 >> 2, so the velocity is given a much
greater weight in the objective function than the
jerk (see Equation 15). If the resultant joint deriva-
tives violate the limits of the robot, the trajectory
can simply be scaled in txme so that the limits are
not violated.

5 Conclusion

" The ability to plan ‘_i\cyixgt-space trajectories
through a sequence of specified knots is an impor-
tant aspect of trajectory planning. The knots can
be chosen to satisfy joint limit constraints and avoid
obstacles. The use of Schoenberg splines presented
in this paper is attractive in that globally optimal
joint trajectories can be generated for periodic robot
tasks. Although the objective function does not
consider the dynamics of the robot, this global opti-

3134

mality is a feature found in few, if any, other trajec.
tory generation methods. The resultant trajectory
has continuous derivatives up to the second orde,
everywhere along the trajectory. In addition, the
trajectory has continuous jerk everywhere expect
at the beginning of each period. The generation of
Schoenberg trajectories is computationally reason. .
able, requiring the solution of (n + 5) simultaneoys
linear equations, where n is the number of knots in
one period.
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