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Abstract

Appronmatmn of a desired robot path can be accomplished
*. by interpolating a curve through a sequence of joint-space
+knots. - A smooth interpolated trajectory can be realized by
. -using trigonometric splines (TSs). But sometimes the joint tra-
+:jectory is not required to exactly pass through the given knots.
The knots may rather be centers of tolerances near which the
trajectory is required to pass. In this paper, we optimize TSs
through a given set of knots subject to user-speuﬁed knot tol-
> erances. The contribution of this paper is the straightforward
- way in which intexmediate constraints (i.e. knot angles) are
incorporated into the parameter optimization problem. An-
> other contribution is the exploitation of the decoupled nature
*'of TSs to reduce the computational expense of the problem.
. The additional freedom of varying the knot angles results in a
lower objective function and a higher computational expense,
compared to the case where the knot angles are constrained to
exact values. The specific objective functions considered are
minimum jerk and minimum energy. In the minimum jerk case,
the optimisation problem reduces to a quadratic programming
{problem, Simulation results for a two-link manipulator are
: ptesented to support the results of this paper.

1. Introductmn

* The industrial robot is a highly nonlinear, coupled multivari-
-able system with nonlinear constraints. For this reason, robot
. control algorithms are often divided into two stages: path plan-
- ningand path tracking. A conceptually simple approach to the
- path planning problem is to generate a joint-space trajectory
{;based on interpolation of a sequence of desired joint angles.
.. This approach ignores most of the dynamics of the robot, so the
. resultant trajectories do not take full advantage of the robot’s
.upabxhtxu. But the trajectories are typically computationally
; Inexpensive, making this approach a popular method {1]. In
o approach, a number of knot points are chosen along the de-
" sired Cartesian path. The number of knots chosen is a tradeoff
i bﬂ'een exactness and computational expense. The Cartesian
: knots are then mapped into joint knots u.smg inverse kinemat-
:3cs. Finally, an analytic interpolating curve is fit to the joint
‘knots. This curve provides the path tracker with Jomt angles
- and derivatives at the controller rate.
A Tecent development [2, 3] is the use of trigonometric poly-
‘Domials to efficiently generate joint trajectories with little over-
;‘lhoot but continuous velocity, acceleration, and jerk. Trigono-
~metric polynomials have the characteristic that if they are
"I’Plopnntely normalized in time, they are very smooth [4].
is, the mngmtude of the derivatives are relatwely low,
d the overshoot is rel.atlvely small. If piecewise continuous
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trigonometric polynomials are joined together, the computa-
tional expense is low [5], and each polynomial is of low or-
der, preventing oscillations between. knots.. These piecewise
continuous trigonometric polynomials are called trigonometric
splines, hereafter referred to as TSs.

In this paper, we show how a TS which is required to pas
near a given set of joint knots can be optimized. The objec-
tive functions which are used are minimum jerk and minimum
energy. In the minimum jerk case, the problem reduces to a
quadratic programming problem with linear constraints. The
maximum error at the knots is specified by the user. The
unique contribution of this paper is the straightforward way
in which the intermediate knot angle constraints are incorpo-
rated into the optimization problem. In addition, the decou-
pled nature of TSs can be taken advantage of to reduce the
computational expense of the problem.

1I. Trigonometric Splines

In this section, the TSs used in this paper will be defined, and
their application to robot path planning will be summarized.
See [2, 3] for details.

A desired Cartesian trajectory can be discretized into (n+l)
Cartesian goal points at times 2o < £; <'... < tn. Then inverse
kinematics can be performed at each of these goal points, re-
sulting in a set of (n+1) joint space goal points y; for each joint.
Then n fourth-order trigonometric polynomials y;(t) can be
generated. Fourth-order polynomials are used so that the first
three derivatives at each endpoint can be constrained. This
allows the user to join the polynomials together so as to have
a joint-space path with continuons derivatives up to the third
order. The TS segment yi(t) (i = 1,...,n) is defined only
on the time intezrval [t;_1,£;]. The time interval of each seg-
ment can be normalized to a fized t;—; and ;. In this paper,
it will be assumed that t;—; =0 and #; = x/4, (i = 1,...,n).
These values give computational stability and smoothness of
motion [4]. Then each TS segment can be written as

3
yi(t) = aio+ Y (aiscoskt+bixsinke)+ai4cosdt
k=1
telo,x/4]. 1)
These n trigonometric polynomials are joined together to form

a TS. The cight constraints used to determine the coefficients
of yi(t) are

yi(tic1) = yi-r = y(tia)

vils) = w = y(t:) )
Witr) = 8 = () (=123 O
o) = oD = ) (r=1,2,3).

The first two constraints of (2) are: given by the inverse kine-
matics solution of the Cartesian trajectory. There are several



different ways to specify the last six constraints of (2). One

way is that the user may desire certain joint derivatives at
the knots. Another possibility is that these constraints could
be determined to minimize some objective function (see Sec-
tion ITI). Yet another possibility is that these constraints could
be chosen using some simple, heuristic method [5].

Equations (1) and (2) are used to determine the coefficients
of the spline segments y;(t). The multiplication of an 8 x 8 ma-
trix A" by an eight-element vector gives the eight coefficients
of yi(t) as follows.

[a.‘,o ces Bia ]T=A|7’1[y,-_1 cee gyl ]T. 3)

See [2, 3] for the numerical value of A; and the existence theo-
rem which guarantees the invertibility of 4;. Since the segment
yi(t) is defined on ¢ € [0,%/4] for all i, the time-scaled TS y(t)
is given by

Y(t+ (G- 1)x/4) = wi(t)y tEOx/4], (i=1,...,n). (4)

The function y(t) is a TS which satisfies the desired interpo-
lation conditions, and which has length nx/4 seconds. The
unscaled spline 6(t) given by

8(¢) = y(nxt/4T)  te[0,T] )

stretches the trajectory from its normalized length nx/4 to a
desired length T.

II1. Optimization

The user of the trajectory formulation algorithm described in
the previous section is free to choose the first three trajectory
derivatives at each knot. The knot derivatives can be chosen to
minimize some objective function. Since §(t) is a time-scaled
and time-shifted version of §(t) (5) where §(t) is the P-vector of
normalized TSs, and §{t) is composed of the n spline segments
¥i(t) (4), a general objective function can be written in the

form

”
7 =g[) #u(t)] (6)
k=1

where g(-) is a general nonlinear function, #i(t) is a P-vector of
TS segments, and P is the number of joints that the robot has.
The minimisation of this general objective function becomes a
parameter optimisation problem, since #{t) is a function of the
3P(n — 1) free knot derivatives, where (n — 1) is the number
of interior knots of each joint trajectory.

If 7 is known to have only one minimum, then (6) is mini-
mized when

8 .. )
3@9[.%;“(‘)]:0' (i=1,...,m-1), -
(G=1,...,P)

(r =1,2,3),

~

where ys:") is the r-th derivative of the i-th normalised spline
segment of the j-th joint of the robot. Since #i(t) is a function
of yf? only for k € {i,i + 1} (1,3), we\can write (7) as

S S+ (] =0 ®)

Further simplification from this point depends on the form
of (6).

So the optimal control problem is simplified by reducing its
dimension, thereby converting it to a parameter optimisation
problem. This general approach to optimal control is similar
to that taken by others [6]-[8]. But their formulations are

applicable only for constraints at thé initial and final time
and do not allow for constraints at specific times in betw:cn',
In other words, as applied to the robot path planning problem
their approaches are valid only for path planning between ar:
initial point and a final point, and do not allow for intermediate
knots. Two specific examples of optimization (minimum jerk
and minimum energy) are considered in the following sections.

A. Minimum Jerk Trajectory

Suppose that the user desires to minimize the jerk of each joint
throughout its trajectory. Kyriakopoulos and Saridis [9] report
that the joint position errors of the path tracker increase with
the magnitude of joint jerk. Also, Flanagan and Ostry [10]
present evidence that the human brain plans arm movements
so as to minimize a function of joint jerk. So minimizing some
function of joint jerk would seem to be desirable, resulting in
a coordinated motion which could be accurately followed by
the robot path tracker. The objective function could then be
written as : -

T : nw /4 o
= / [ ($)Pdt = f TP (9)

where the second equality follows from (4) and (5). In order
to minimise (9), we want to set each of the partial derivatives
with respect to the (n — 1) normalized interior knot derivatives
equal to sero. So (9) will be minimized when .

pnw/4
= { / [y"'(t)]’dt} -0

(i=1,...,n—1), (r=1,g,3). : 3(10)

Recall that y(t) is composed of the functions yi(t) ¢ =

1,...,n), each of which is an analytic function of the eight
parameters (yg.')), (7 =4%-1,3), (r =0,1,2,3). So the differ-
entiation and integration of (9) can be performed analytically
to obtain the (n — 1) matrix equations ‘

Vi1 R = v
Dy ( ¥ ) +,D2Y,-(:l fl'D;Y!ﬂ +D41';(_:2 =0 (11)
visr ] - EREE

where we assume that the derivatives of the tiajectory are
constrained at the endpoints, the D, are 3 x 3 matrices, and

the Y{™) vectors are defined by , :

YV =(yl o v )T;

(12)
Then (11) can be written as the single matnx equation
¥y
A :«' : =C
vin)

n-1

| S (13)

where the block tridiagonal matrix A has constant blocks with
known numerical entries on its diagonal, upper diagonal, and
lower diagonal, and the vector C is a constant with known
numerical entries {2, 3]. ' It can be shown that A is always
nonsingular. This property follows from the fact that (9) is
always greater than sero unless all of the knot derivatives are
sero.




B. Minimum Energy Trajectory

" Recall that the P-element torque vector of a P-Jomt robot can

be given as
S r(é) M@B)0" + 5(6,6") (14)
where M is the P x P mass matrix, and S is a vector of cen-
trifugal, Coriolis, and gravity terms. Suppose the user wants to
-+ choose the interior knot derivatives of the TS for each joint so
.- as to achieve a minimum energy trajectory. Then the ob_)ectwc
< fonction could be written as

= / T7(6)RT (6)dr 15)

" where R is a P x P positive-definite weighting matrix. Using
the fact (5) that 6(r) = §(nxr/4T), the torque vector T can
be written as a function of the normalized joint trajectory §(t),

; and the ob_;ectwe functxon of (15) can be rewritten as

nw /4
i= :—-f T7 RT,dt (16)
where T, is glven by
| L, = M@)(ex /AT 5" + S (/AT (1T)

Since  is formed by joining together the individual §; com-
ponents, each of which is defined only on the time interval
t €[0,x/4} (4), we obtain

__,___/ ZTTRTdt ZJ

i=1

(18)

where 1;, is the normalized torque vector which is applied
dunng the i-th spline scgment. That is, 7,; is equal to (17)
when ¢ is replaced by ;.

So J is completely determined by the 3P(n —1) free param-
eters ii‘-('), (r=1,2,3), (i=1,...,n—1). The optimal control
problem of (15) has thus been converted into a parameter opti-
misation problem. Note that the objective function could also
be minimised with respect to T (the actual path length) using
some parameter optimisation scheme.

.~ A significant computational savings in the solution of (18)
..can be realised by taking advantage of the fact that 7,; is

L an explicit function of #™) only for j € {i,é + 1} (due to
.. the decoupling of the spline segments). Therefore (18) can be
" solved as

(i=1,...

yn—1) (19)

- min{J; + Jiy1)
g(')

" where J; is defined in (18). So the 3P(n — 1)-dimensional

"' iinimisation problem of (18) has been converted into (n — 1)

_sepuate minimisation problems, each of dimension 3P. Of

" 'course, (19) is a highly nonlinear function of the parameters.

’(" ‘and must be solved using some numerical method.

6' Optimization With Nonzero Knot Tolerances

* " The user may not really require the robot trajectory to pass ex-
. actly through the knots. The knots may be more like “centers

- 2 of tolerance” near which the robot is requited to pass. The TSs

discussed earlier in this paper, and most dgebruc splines, are
;planned so as to exactly pass through the given knots. The
remainder of this section discusses the use of TSs when the
‘robot is not required to pass exactly through the given knots.
*This additional freedom is used to improve the performance
‘of the robot trajectory with respect to the objective functions
.discussed earlier in this section: minimum jerk and minimum
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C.1. Minimum Jerk Trajectory with Nonzero
Knot Tolerances

As before, we desire to minimize the integral of the square of
the jerk of the joint trajectory

/o T[enl(t)]’dt= /o‘ fw ‘[y'"(t)]zdt = Z / [¥i" ()2 dt

t—l
(20)
where y;(t) is the i-th normalised TS segment. As described in
Subsection A, y!"'(t) is a linear function of the eight parameters

95,)f (7 =1i-1,1), (r =0,1,2,3). Therefore

- =/ 1 74
/ ()P dt = Ez,?Qz; (21)
o .
where z7 is given by
z? =( -1 Yi-z...9") (22)

and Q is an 8 x 8 symmetric positive semideﬁnite matrix. Now
we partition the vectors z; and the matrix Q as

o7 )

Ti = (¢l—1 (23)
A Qu Qn v
@ = (c‘ef, o,,) (24)

where each submatrix in @ is a8 4 x 4 matrix. Further matrix
manipulations [4, 14] eventually yield

T

min / [0 (t)*dt = min(%zTQz ~b67z) (25)
. Jo ©

where the 4(n — 1) x 4(n — 1) block tridiagonal matrix Q is

given by

Qn:*'fhz ‘ ) Qn. L eee 0
Qh Qi1 +Qn e 0
Q - : .. .. ’ :
0 Qu:&-ézz . Qn‘
o eee oh Q11 + Qa2
(26)
and the 4(n — 1)-vectors b and z are given by
¥ = (¢f da-1 )- (27)
' = —(¢3Qiuz © 0 6305 ) (28)

The Q matrices of (24) and following are given numerically
in [4].

Now the user may not require the TS to pass exactly through
the given interior knots. The user may rather specify a de-
sired tolerance for each knot. This increases the domain of
the optimization problem, and thus results in a lower objec-
tive function value and a larger computational effort. The knot
tolerances result in the following inequality constraints being
associated with the minimization problem of (20).

lvi —yail Sporc (i=1,.. (29)
where y; is the angle of the TS at knot 1, y.; is the desired knot
angle (the center of tolerance), and yio; is the allowable joint
angle error at knot i. These constraints can be written as

on—1)

Az <c

(30)




where A is the 2(n — 1) X 4(n — 1) matrix

A = diag( A, --- A,)
-1 000
‘“’dA“(looo)'

The vector z is the 4(n — 1)-vector given in (27), and c is the
2(n — 1)-vector given by

(31)
(32)

7 = [ (!l:oh —yea) (Yeort +¥e1) (eotz —ye2) +--

(¥eoi(n—1) + Ye(n—1))]- (33)

So by combining (25) and (30), the minimum jerk problem
with nongero knot tolerances can be written as

mjn(-;-zTQz —5%z) subject to Az < c. (34)
‘Matrix Q can be shown to be positive definite by similar rea-
soning as used for the matrix in (13).

So the problem has been reduced to a quadratic program-
ming problem with linear constraints. This type of problem
can be solved by several different methods, among which is
Hildreth’s Algorithm [12, 13]. Note that trajectory derivative
inequality constraints at the knots can easily be incorporated

into this problem by a straightforward modification of matrix
A in (30). :

C.2. Minimum Energy Trajectory with Nonzero
Knot Tolerances

Now suppose we desire to find a minimum energy TS through
a given sequence of knots, but with a specified allowable knot
tolerance (29) given by

=Gl SFres (E=1,...,n—1). (35)
Each vector in (35) has P elements, with P being the number
of joints of the robot. The vector inequality in (35) is taken
component by component. :

In principle, the energy objective function could be aug-
mented with a penalty function [13] corresponding to (35).
Unfortunately, when the objective function is highly nonlin-
ear, the penalty function approach may result in an augmented
objective function with many hills and valleys. So a local min-
imum of might be significantly larger than other nearby min-
ima. This indeed turns out to be the case for the minimum
energy TS problem with nongero knot tolerances. So rather
than using a penalty function method, the following method,
which makes use of the physical significance of the constraints
of (35), is proposed.

/4
min x:(n,x (T RT: + 51 RTia )dr|
£ ‘ o

(i=l,...,u-2!),

(36)
(r=1,2,3).

This method is a set of (n — 1) minimizations (the outer min-
imiszation) over P-dimensional'domains (3;). The function
which each of these (n—1) minimizations minimizes is itself the
solution to a minimisation problem (the inner minimization)
over 3P-dimensional domains (i'.(')).

The above algorithm recognizes the increased number of
hills and valleys in the objective function due to the increased
number of free parameters (i.c. the knot angles). The algo-

rithm also recognises that the optimum knot derivatives (")
are functions of the knot angles ;.

IV. Simulation Results

In this section, simulation results will be presented to support
the work done in the previous section. The robot manipula.
tor which is considered is a two-link robot which is describeq
in Craig {1, Section 6.7]. The robot operates in the vertica]
plane, and each link’s mass (m, = 4.6 kg and m; = 2.3 kg)
is concentrated at its distal end. Each link is 0.5 meters in
length. The torque (in Newton-meters) due to viscous friction
for each joint is assumed to be five times the joint velocity (in
radians/second).

Seven Cartesian knots are specified. The TS is required to
pass through (or near in the case of nonszero knot tolerances)
these seven knots. The seven knots are given in Table I, along
with the corresponding joint angles at the knots (obtained
by inverse kinematics). There is currently no other literature
which discusses optimum robot path planning through a given
set of knots. So these knots were chosen somewhat arbitrar-
ily to represent what might be a typical task for an industria]
robot. The length of the path was fixed at 30 seconds. In
this section five different types of TSs are computed: nominal
splines (no optimization), minimum jerk splines, minimum en-
ergy splines, minimum jerk splines with nonzero (four degree)
knot tolerances, and minimum energy splines with nongero
(four degree) knot tolerances. ‘

Cartesian Joint

* " i _Knots {(meters) Angles

Knot Number x Yy 1 2
1 v2/2 [} 45 | -90
2 v2/2 | v/2/4 )| 64| -T8
3 VZ/4 | V272 || 101 | -78
4 (] -1 e0 (]
5 —v2/4 | V2/2 ™ 76
6 —v2/2 | vV2/4 || 116 | 78
7 ~v2/2 0|l 135 { 90

Table I: Seven Cartesian and Joint Space Knots

Hildreth’s algorithm was used for the minimum jerk trajec-
tory with nonzero knot tolerances. Since Hildreth’s algorithm
is iterative in nature, it could theoretically take an infinite
number of iterations before convergence is achieved. Therefore,
some error ye in the solution is allowed. Once Hildreth’s algo-
rithm achieves a solution with knot errors within +(y:.1: -+ ye),
the algorithm is considered to have converged. The allowable
error y, was chosen to be 0.1 degrees. So the actual allowable
knot tolerances were 4.1 degrees, while the parameters yoti
were fixed at four degrees..

For the minimum energy trajectories, Powell’s method of -

nonlinear parameter optimiration was implemented on a DEC
Vax 8820. Powell’s method was used to perform (n — 1)
separate 3P-dimensional minimiration problems, as indicated
in (19). The number of knots is (1 + 1), and the number of
joints is P-(two for the manipulator considered in this sec-
tion). The weighting matrix R of (15) was taken to be the
identity matrix. The algorithm was considered to have con-
verged when the objective function decreased by less than 0.5
percent. The additional minimization with respect to the knot
angles {for the case of minimum energy with nonzero knot tol-
erances) was considered to have converged when the knot angle
under consideration changed by less than 0.5 degreces.
The resulting trajectories are shown in [4, 14]. A compari-




Type of Trigonometric Spline
Minimum Jerk Minimum Energy
Zero Knot | Nonzero Knot | Zero Knot | Nonzero Knot
Nominal | Tolerance Tolerance Tolerance Tolerance

Joint 1 Jerk 1.453 0.2229 0.1741 1.608 2.355
Joint 2 Jerk 2.351 0.8190 0.4028 2.342 1.278
Energy 27341 3674 3021 557 507
Computational {| 760 flops 767 flops 2.7 sec 55 sec 390 sec
Effort :

* Table II: Objective Functions and VAX 8820 Computational Effort for Trigonometric Splines

son of the varions objective functions is given in Table II. The
pumbers in Table II are radians? /second® for the jerk objective
function, and (Newton-meter)?-seconds for the energy objec-
tive function. Note from Table II the sizeable improvement
in the encrgy objective function when optimization is used.
Even the minimum jerk splines improve the energy consump-
tion by a factor of five or six when compared to the nominal
splines. -This indicates that the minimization of jerk is a big
step towards the minimisation of energy. In contrast, the use
of minimmm cnergy splines does not result in any imptovement
of the jerk objective function when compared to the nominal
splines.
~Table II shows that the introduction of nonzero knot tol-
erances results in a decrease of the objective function under
. ‘consideration. This is as expected. The optimisation algo-
rithm is given more free parameters, and this results in better
performance.. '

. Table 1I also shows the computational effort which was re-
quired for each spline. The nominal spline and minimum jerk
splines have closed-form solutions, and so their computation ef-
fort can be measured in flops (floating point operations). The
other splines in Table Il require iterative solutions, and so their
computational effort is measured in CPU time on a Vax 8820
computer. It has been shown that the computational effort
increases linearly with the number of knots [5].

V Conclusion

1t has been shown that the use of trigonometric splines for
robot path planning is amenable to path optimization subject
to user-specified knot tolerances. The knots may be chosen
to'avoid obstacles. So the robot path may not need to path
. exnactly through the knots, but rather near the knots. This pos-
;... sibility makes optimization subject to user specified knot toler-
- ances a desirable feature of a path planning method. The ob-
. jective function under consideration can decrease significantly
if the knot tolerances are used wisely. The optimization proce-
dures presented in this paper are iterative, and thus cannot be
performed in real time. But if the objective function is min-
immm jerk subject to knot tolerances, then the optimization
problem reduces to a quadratic programming problem with
lmeu constraints. This is a well known problem, and there
are several ways of solving it.
1f the objective function includes the dynamics of the robot,
thgn the optimization problem must be solved using an itera-
tive method due to the nonlinearity of robot dynamics. But
the decoupled nature of TS segments means that the optimiza-
tion problexn can be split into many smaller subproblems (one

for each knot). This decreases the computational effort by a
significant amount. The simulation results of this paper in-
dicate that the minimization of an energy objective function
can result in a decrease of enexrgy by a factor of 25 or more.
This would result in less wear and tear on the robot, and lower
power requirements. Both of these results would be attractive
to robot users. ‘
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