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Abstract

For linear dynamic systems with white process and measurement noise, the Kalman filter is known
to be the minimum variance linear state estimator. In the case that the random quantities are
Gaussian, then the Kalman filter is the minimim variance state estimator. However, in the appli-
cation of Kalman filters known signal information is often either ignored or dealt with heuristically.
For instance, state variable constraints (which may be based on physical considerations) are often
neglected because they do not fit easily into the structure of the optimal filter. Previous work by the
authors demonstrated an analytic method of incorporating deterministic state equality constraints
in the Kalman filter. This paper extends that work to develop the properties of Kalman filters in the
presence of statistical state constraints. That is, given a linear system such that the expected values

of the state variables satisfy some linear equality, we can constrain the Kalman filter estimates to sat-



isfy those constraints. This results in a family of constrained filters with each member parameterized
by a weighting matrix. This paper derives several interesting properties of the constrained Kalman
filters.
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1. Introduction

For linear dynamic systems with white process and measurement noise, the Kalman filter is known
to be the minimum variance linear state estimator. In the case that the random quantities are
Gaussian, then the Kalman filter is the minimim variance state estimator [1]. However, in the
application of Kalman filters there is often known model or signal information that is either ignored
or dealt with heuristically [2]. One method for incorporating state equality constraints includes
reduction of the system model parameterization [3]. This approach can be used for deterministic
state constraints but cannot be used for statistical constraints. Another disadvantage associated
with model reduction is the loss of the natural form and structure of the state equations. Other
researchers have treated state constraints as perfect measurements [4, 5. However, this method
has disadvantages. First, it increases the dimension of the problem, which results in increased
computational effort. Second, it results in a singular covariance matrix in the Kalman filter, which
causes numerical problems [6, p. 249],[7, p. 365].

There is often a need to impose state constraints in practical control and state estimation
applications. For example, parameter equality and inequality constraints were applied in [8, 9]
for electronic muscle stimulation for neuroprosthetic systems to restore motion to individuals with
spinal cord injuries and other paralyzing disorders.

A method based on [10] for incorporating deterministic state constraints has recently been
proposed by the authors for the Kalman filter [11]. This involves the projection of the unconstrained
state estimate onto the constraint surface. In this paper we consider constraints on the expected
values of the state variables. That is, the state constraints are statistical rather than deterministic.

In this case we can project the unconstrained estimate onto the constraint surface as in [11]. The



constrained filters in [11] are therefore identical to the constrained filters used in the present paper.
However, the properties of the constrained estimate are different than those in [11] because the
state constraints are statistical rather than deterministic.

In this paper we derive the properties of the constrained Kalman filter when the underlying
system is subject to statistical state constraints. We show that each member of the family of
constrained filters is unbiased. We also show that one particular constrained filter has a covariance
that is smaller than the covariance of the unconstrained filter. However, the error covariance of the
constrained filter is larger than the error covariance of the unconstrained filter. We also derive in
this paper the particular constrained filter that has the smallest possible covariance.

Section 2 presents a review of the standard discrete time Kalman filter. Some important
properties of the Kalman filter that will be used later in this paper are also reviewed. Section 3
discusses the extension of the Kalman filter to statistical state equality constraints. Section 4
derives the properties of the Kalman filter subject to statistical state constraints. Section 5 shows
how the variance of the unconstrained filter can be computed recursively, which is an important
practical aspect of the constrained filters. Section 6 presents a simple scalar example that illustrates
the theory, and Section 7 provides some concluding remarks.

Since the filters subject to statistical constraints are identical to the filters subject to determin-
istic constraints, this paper does not present any simulation studies. Readers who are interested in

simulation results are directed to earlier work on deterministic constraints [11].

2. Kalman Filtering

This section reviews standard (unconstrained) state estimation via the Kalman filter and some
important properties of the filter that will be used later in this paper. The results and notation

are taken from [1]. Consider the discrete linear time-invariant system given by:

Tpr1 = Axp+ Bup 4+ wy (1)

y = Czp+eg



where k is the time index, x is the state vector, u is the known control input, y is the measurement,
and {wy} and {e;} are noise input sequences. The problem is to find an estimate #;11 of zj 1
given the measurements {yo,y1, -, yx}. We will use the symbol Y} to denote the column vector
that contains the measurements {yo, y1,- -, yx}. We assume that the following standard conditions

are satisifed:

Elzo] = o (2)
Elwy) = Ele] = 0
E[(x0 — To)(z0 — T0)"] = %o
Elwgwy,] = Qb
Elexel] = Rbpm
Elwgel] = Elzgel] = 0
Blopwy] = 0 (k<m)

where E[] is the expectation operator, Z is the expected value of x, and 6y, is the Kronecker delta
function (6x,, = 1 if k = m, 0 otherwise). @ and R are positive semidefinite covariance matrices.
In general, Q and R could be time-varying, but for notational convenience we will assume in this

paper that they are constant. The Kalman filter equations are given by:

K, = A% CT(Cs T +Rr)™? (3)
Ty = ATy + Bug + Kip(yr — Ciy)

Ser1 = (ASp — K CE) AT +Q

where the filter is initialized with &g = Z¢, and ¥ given above. It can be shown [1] that the Kalman
filter has several attractive properties. For instance, if xg, {wy}, and {er} are jointly Gaussian,
the Kalman filter estimate 2541 is the conditional mean of xpy; given the measurements Yy; i.e.,
Zp41 = Elrg41|Yx). Evenif xg, {wy}, and {e} are not jointly Gaussian, the Kalman filter estimate
is the best affine estimator given the measurements Yj; i.e., of all estimates of xj,1 that are of the

form FYy + g (where F is a constant matrix and g is a constant vector), the Kalman filter estimate



is the one that minimizes the variance of the estimation error. It can be shown [1, pp. 92 fI.] that

the Kalman filter estimate (i.e., the minimum variance estimate) can be given by:
~ = o -1 =
Thi1 = Tht1 = T + Day Xy (Ve — Vi) (4)

where T, is the mean of z;41, X,y is the covariance matrix of z341 and Y}, X, is the covariance
matrix of Y, and T, is the conditional mean of xpy; given the measurements Y;. In addition,
from [1, p. 93] we know that if z¢, {wy}, and {er} are jointly Gaussian, then the Kalman filter
estimate Zj11 and Y are jointly Gaussian, in which case £y is conditionally Gaussian given Y.

The conditional probability density function of xy1 given Y} is then given by:

exp[—(Tp41 — i’k+1)TE;;11($k+1 — Tpt1)/2]
(27)"/2| S g |1/

P(ap|Ye) = (5)

where n is the dimension of z, ¥;; is the covariance of the Kalman filter estimation error at
time k 4 1, and the Kalman filter estimate is that value of x;; that maximizes the conditional
probability density function P(xg41|Y%). Even if zg, {wy}, and {ey} are not jointly Gaussian, the

covariance of the Kalman filter estimation error is given by:

2l<:+1 = Ecc:c - Exyzggjzyx (6)

3. Constrained Kalman Filtering

This section reviews the extension of the well known results of the previous sections to cases where
there are known linear equality constraints among the expected values of the state components.
Consider the dynamic system of (1) where we are given the additional statistical state equality
constraint:

Dz = dy, (7)

This is a constraint on Ty = E(xy), the a priori expected value of x. D is a known full rank s x n
matrix, s is the number of constraints, n is the number of state variables, s < n, and dj is a known
vector. If D is not full rank that means we have redundant state constraints. In that case we can

simply remove linearly dependent rows from D (i.e., remove redundant state constraints) until D is



full rank. In general, D can be time-varying, but to simplify the notation we assume in this paper
that D is constant.

We can incorporate the above constraint in the Kalman filter by requiring that the constrained
state estimate, denoted as Z, satisfy:

Dy = dy, (8)

That is, we require satisfaction of the constraint pointwise on the sample path of {Zy}. This
is a sufficient but not necessary condition that the statistical state constraint specified in (7) be
satisfied by the state estimate. This is exactly how we incorporate deterministic state constraints
(Dx = di) in the Kalman filter [11]. Therefore, the optimal filter subject to statistical state
constraints is exactly the same as the optimal filter subject to deterministic state constraints.

The constrained Kalman filter, as shown in [11], can be given by:
#(W) = & — W' DT(DW ' DT) N (Diy, — dy) (9)

where I is the unconstrained Kalman filter estimate and W is a symmetric positive definite
weighting matrix. A constrained state estimate Z; (V') can be derived for any symmetric positive
definite weighting matrix W. Several special cases of the weighting matrix W can be derived as
shown in [11]. If the constrained Kalman filter is derived using a maximum probability approach,
then W = X! If the constrained filter is derived using a mean square minimization method,
then W = [. If the constrained filter is derived using a projection method, then W can be any
symmetric positive definite matrix, chosen to weight the difference between & and Z(W). Hence, (9)
is a general form of a class of constrained Kalman filters. With the selection of different weighting
matrices W, different statistical properties can be derived as shown in the next section.

Note that (3) and (9) can be combined to obtain:
Fr1(W) = Afy + Buy + Ki(yp — Cy) — W' DT (DW'DT) 1 (Ddjys — dypy1)  (10)

However, this combination of the update equation and constraint equation cannot be used to

directly update Z, because the right hand side contains terms at time k£ + 1, as well as k.



4. Properties of the Statistically Constrained Filter

This section derives various properties of the constrained state estimate (9) when the system satisfies

the constraint (7). In this section we drop the time subscript k for notational convenience.

Theorem 1 Assuming that the weighting matrix W is independent of x and T, each member of

the class of constrained state estimates is unbiased. That is, Elx — z(W)] = 0.

Proof: From (9) we obtain:
zt—iW)=z -2+ W DT (DOW D)"Y Di - d) (11)
Taking the expected value of both sides gives:

Elz —&(W)] = Elz—i]+W 'DT(DW D)"Y DE[#] — d) (12)

= 0

where the last equality comes from combining (7) with the fact that & is known to be unbiased.
QED
This is the same as Theorem 1 in [11] but the proof is different.

At this point we will define V' as the covariance of the unconstrained filter estimate. That is:
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Note that V is not the covariance of the error of the estimate; rather, V is the covariance of the
estimate. Since V is a covariance, we know that it is nonsingular. Similarly, we define V as the

covariance of the constrained filter estimate:
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Note that V(W) is a function of the weighting matrix W that is used in (9). The error covariances

of the unconstrained and constrained state estimate is given as:

SW) = Bl@W) - 2)@W) - )']

Note that a recursive formula for ¥ is given in (3).

(15)

Theorem 2 If we set W =V~1in (9) to obtain the constrained state estimate then the covariance

of #(V~1) is less than the covariance of &. That is, V(V—') =V —VDT(DVDT)"'DV. However,

the error covariance of j(fffl) is greater than the error covariance of & by the same amount. That

is, 2(V" 1 =2+ VDT (DVDT)"1DV.

Proof: For ease of notation, we will use # to indicate Z(V '), and ¥ to indicate 2(V ') in

this proof. First we prove that the covariance of Z is less than the covariance of . If W = V‘l,

we see from (9) that:

= & —VvDT(DVDT)"Y(Di —d)
= & —-vDT(DVvDT) Dz + VDT (DVDT)td

= - Mz+ Nd

where N = VDT(DVDT)~! and M = ND. We next obtain:

v

=

)(& —2)")
E[(# — M&+ Nd —Z)(& — M@ + Nd — 2)1]

=

B[ -

E[i"i"T} — E[@@T]MT + E[i‘}dTNT _ E[@}%T

~ME[23"] + ME[#2TIMT — ME[2)d"NT + ME[#])7"

+NdE[#T] — NdE[z"|MT + Ndd"N" — Ndi"
—ZE[RT) + 2E[ETIMT — 3d"NT + 73"

Ty +---+Tis

(16)



where the definitions of the 16 terms 7T} through T'¢ are apparent from the above equation. Recalling
that & = = Z, we see that Ty+Tio = 0. Recalling that DZ = d, we see that D& = d. We therefore
obtain:

T10 +T11 =0 (18)

Since & = & we can see that T3 + Ti6 = 0 and T3 + T15 = 0. Next we compute:

hW+1, =V (19)
Ts+Ty = —MV
Ty+Ty = —VMT

Te+Tr = MVMT
Combining the above calculations with (17) gives:
V=V-MV-VM"+MVM" (20)
Now note that the last two terms in the above equation can be written as:
—vMT +mvMT = —vDT(DVDT)"'DV +vDT(DVDT)1DVDT(DVDT) 1DV (21)
= 0
Combining this with (20) gives:
V = V-MV (22)
= V-vDT(DVDT) "DV

But the rightmost term in the above equation is positive semidefinite since V is a covariance matrix
and D is full rank.
Now we prove that the error covariance of 7 is greater than the error covariance of Z. From (16)

we see that:

i=4—Mi+ Nd (23)



From this we can obtain:

£ = Bl - )@ -2)7] (24)
= E[(& - M#+ Nd—2)(3 — Mé+ Nd — z)7]
= EBlii" - 22T MT + 2d" NT — &2
—MaaT + MaaTMT — Mad"NT + MaaT
+NdiT — NdzTMT + Ndd"NT — Ndz™
—22T 4 2T MT — 2d"NT + 227

= Th'+1To+---+T6

where the T; terms (i = 1,---,16) are apparent from the above equation. Since E(&) = E(x), we

see that T3 + 175 = 0. For the same reason, we see that Ty + T12 = 0. We can also see that:

Tio+T11 = 0 (25)
h+1T, = 0
To+Tyy = 0
To+Ts = 0

Ts+Tr = MVMT

Now we define the estimation error as:

With this definition we compute the sum:

Ts+Tie = —EziT]+ ElzaT] (27)
= —EBl@+ ")+ El(@+ )& +e)
— —E[#47) - BT + E[227) + Eled”]
+E[i€"] + Elee"]

= E[2"] + Elec”]

10



= 0+ Elee’]

= X
Combining these calculations with (24) gives us the result:

> = 4+ MvMT (28)
= 2+ vDT" (VD" 'DVDT(DVDT) DV

= 2+ vDT' (VD" 'DV

But the rightmost term in the above equation is positive semidefinite since V is a covariance matrix
and D is full rank.

QED

The previous theorem shows that for the constrained Kalman filter $(V 1) is greater than %
by the same amount that f/(f/'*l) is less than V. The use of the constrained filter decreases the
accuracy of the estimation but it reduces the variance of the estimation. The unbiased constrained
filter may therefore be attractive in state feedback control applications where it is desirable to limit
changes in the control signal. The constrained filter will also give better performance in cases where
it is known a priori that the true state has deterministic constraints [11].

The previous theorem shows the constrast between the statistically constrained filter and the
deterministically constrained filter [11]. For deterministic constraints the error covariance of the
constrained filter is smaller than that of the unconstrained filter. However, for statistical constraints

the error covariance of the constrained filter is larger than that of the unconstrained filter.

Theorem 3 If we set W = V! in (9) to obtain the constrained state estimate £(V~'), then
the trace of the covariance of :i’(V_l) 1s less than the trace of the covariance of &. That is,
trace(V (V™)) < trace(V ). Similarly, if we set W = I in (9) to obtain the constrained state

estimate Z(I), then the trace of the covariance of Z(I) is less than the trace of the covariance of &.

That is, trace(V(I)) < trace(V ).

11



Proof: If W = V! the result is apparent from (22). If W = I, we see from (9) that:
#I) = &—-DT(DDT) Y (Di —d) (29)
= #-DT(DD"Y 'Di+ DT(DDT)1d

Following the proof of the first part of the previous theorem we can derive:

V(I)=V —HV —VH" + HVHT (30)
where the symmetric matrix H is given by:

H=D"(DD")"'D (31)
For two equally-dimensioned square matrices F and F we know that Trace(E) = Trace(ET),

Trace(E + F) = Trace(F) + Trace(F), and Trace(E'F) = Trace(F'E). We therefore obtain:

Trace(V(I)) = Trace HV —VHT + HVHT) (32)

= Trace — HV + HV)

(V —

— Trace(V — HV —VHT + HHTV)
(V—-HV

(V—HV)

Both H and V are positive definite, so Trace(H V) is positive. We therefore conclude that
Trace(V (I)) < Trace(V) (33)
as the theorem states.
QED
This theorem shows a similarity between the constrained filters for deterministic and statistical

state constraints [11]. Both types of constraints result in a constrained filter with a smaller estimate

covariance than the unconstrained filter.

Theorem 4 Setting W =V~ in (9) results in the constrained state estimate (V). This is the
minimum variance constrained state estimate among all constrained state estimates T(W'). That

is, V(V=1) < V(W) for all positive definite symmetric W .

12



Proof: First we note that with a general weighting matrix W the variance of the constrained
state estimate can be written as:
V(W) = El@W)-i(W))@Ww)—z(W))"] (34)
= El@-w DT Ow D" 'Di+ W DT (DW D) rd — 3)(-- )]

After several lines of algebraic manipulation we obtain:

viw) = V-w DT ow DT 'pv —vDT (DWW DTt pw! (35)
+w DT (ow-tpT)~1 DV DT (DW DTyt pWw!
Now replace W with V1 in the above equation to obtain:
vivh = v-vDT' (VD" 'DV - VDT (DVDT) DV (36)
+v DT (pvDT)"'DVDT(DVDT) 1DV
= V-vDT(bvDT) DV
Subtracting V (V1) from V(W) results in:
viw)-viwv—YH = wipT(ow D" pvDT(Dw-DT) "' pw! (37)
—w-'D"(pw-'D")"'DV — vDT(DW'DT) 'DWw !
+vDT(DVDT)"'DV
= JJT
where J is given by:
J=w=D"(Dw~'DT)"Y(DVD")/? - VDT (DVDT)/? (38)

The square root of a matrix F' is a matrix G such that F' = GGT. If F is positive definite, then G
always exists and is invertible. If F' is symmetric then a symmetric G exists. Since V(W) —V (V1)
is of the form JJ7, we know that V(W) — V(V~1) is positive semidefinite, which proves that
VIV <V(W).

QED

13



5. Recursive Computation of 1%

The previous section shows that setting W = V-1in (9) results in several attractive properties of

the constrained Kalman filter. This section shows how V can be computed recursively. Note that:

A

Vv

=l

E((& - 2)(2 - 2)"] (39)

| — &3

ElzzT
El(z—e)(z— )T - E(x — e)E(z — )T
E(z2T) — BE(ex”) — E(xe") + E(ee’) — 227 + ze’ + ez’ — e’

V+Y—a-al

where we have used the fact that € = 0, and « and V are defined as:

Note that « can be written as:

a = E(ex?) (40)
V = El@z-2)(z—2)7]
a = E(ex!) (41)
= Ble(@+¢)7]
= Blec")
= %

where we have used the projection theorem. V is therefore given as:

V=v-x (42)

We can obtain a recursive formula for V' as follows:

Vis1 = El(@p1 — Tg1) (@1 — Trgr)] (43)

= E[(A(J:k — i’k) + B(uk — Q_Lk) + wg — U_Jk)(A(xk — fk) + B(uk — ’L_Lk) + wg — u_)k)T}

= AE[(wy — zk)(xe — 21) AT + E[(wy, — wi) (wy — wp,) "]

= AV AT +Q

14



We combine (42) with the recursive formula for V' and the recursive formula for ¥ in (3) to obtain

a recursive computation for V.

6. Example

This section presents a simple example to illustrate the theory of this paper. Consider the scalar

System:
1
Thtl = 5Tk + wg (44)
Y = TpTeg
zg = 0
o = 0

ex ~ N(0O,R), R=1

The steady state covariance of the unconstrained estimation error can be derived as:

V2-1

Y= 5 (45)
The steady state covariance of the state can be derived as:
V=4/3 (46)
The steady state covariance of the unconstrained filter estimate is derived from (42) as:
vV = V- (47)

It can be seen that the expected value of the state is zero for all time. Therefore, in the constraint
Dz, = dj, the D matrix is equal to one, and the dj, vector is equal to zero. Therefore the constrained

state estimate is computed as:

i = ap—WDT(DW'DT) YDy — dy) (48)

15



= & -WI Wy

Note that in this simple example the constrained estimate is independent of the weighting matrix

W. The covariance of the constrained state estimate is derived from (14) as:

Vo= Bl@-2) (49)
— E[(0-0)
=0

This is consistent with Theorem 2, which states that:

V = V-vDT(DVvD")"'DV (50)
= 0
Clearly the trace of V is less than the trace of V, which illustrates Theorem 3. Since T = 0, the

error covariance of the constrained estimate is equal to the covariance of the state:

S = Bl (51)

This is consistent with Theorem 2, which states that:

> = 2+ vDT(DvDT)'DV (52)
= L4V
=V

— 43

7. Conclusion

We have presented a method for incorporating linear statistical state equality constraints in the

Kalman filter. We obtained a family of constrained filters with each member parameterized by a

16



weighting matrix. We showed that each constrained filter in this family is unbiased. We also showed
that, for a particular member of the family of constrained filters, the covariance of the constrained
filter is smaller than the covariance of the unconstrained filter. However, the error covariance of the
constrained filter is larger than the error covariance of the unconstrained filter. Finally, we derived
the particular constrained filter that has the smallest possible covariance.

If we have nonlinear constraints they can easily be linearized in a manner similar to [11].
If we have inequality constraints the methods of this paper can be extended in a manner similar
to [12]. Since the statistically constrained filter is identical in its formulation to the deterministically
constrained filter we do not show simulation results here. Readers who are interested in simulation

results and Matlab source code are referred to [11, 12].

References

[1] B. Anderson & J. Moore, Optimal filtering (Englewood Cliffs, New Jersey: Prentice Hall,
1979).

[2] D. Massicotte, R. Morawski, & A. Barwicz, Incorporation of a positivity constraint into a
Kalman-filter-based algorithm for correction of spectrometric data, IEEE Transactions on

Instrumentation and Measurement 44(1), February 1995, 2-7.

3] W. Wen & H. Durrant-Whyte, Model-based multi-sensor data fusion, IEEE International
Conference on Robotics and Automation, Nice, France, 1992, 1720-1726.

[4] S. Hayward, Constrained Kalman filter for least-squares estimation of time-varying beamform-
ing weights, in J. McWhirter & I. Proudler (Eds.), Mathematics in Signal Processing, IV (New
York, NY: Oxford University Press, 1998) 113-125.

[5] J. Porrill, Optimal combination and constraints for geometrical sensor data, International

Journal of Robotics Research 7(6), December 1988, 66-77.

17



[6]

[10]

[11]

[12]

P. Maybeck, Stochastic models, estimation, and control — volume 1 (New York, NY: Academic

Press, 1979).
R. Stengel, Optimal control and estimation (New York, NY: Dover Publications, 1994).

T. Chia, P. Chow, & H. Chizeck, Recursive Parameter identification of constrained systems: an
application to electrically stimulated muscle, IEFE Transactions on Biomedical Engineering

38(5), May 1991, 429-442,

W. Timmons, P. Katona, V. Chankong, & H. Chizeck, Parameter constrained adaptive control,

Industrial and Engineering Chemistry Research 36(11), November 1997, 4894-4905.

T. Chia, Parameter identification and state estimation of constrained systems, doctoral diss.,

Case Western Reserve University, Cleveland, OH, 1985.

D. Simon & T. Chia, Kalman filtering with state equality constraints, IEEFE Transactions on
Aerospace and FElectronic Systems, 39(1), January 2002, 128-136.

D. Simon & D.L. Simon, Aircraft turbofan engine health estimation using constrained Kalman

filtering, Journal of Engineering for Gas Turbines and Power, in print.

18



