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Abstract

A new type of algebraic spline is used to derive a filter for smoothing or interpolating discrete data
points. The spline is dependent on control parameters that specify the relative importance of data
fitting and the derivatives of the spline. A general spline of arbitrary order is first formulated using
matrix equations. We then focus on eighth order splines because of the continuity of their first
three derivatives (desirable for motor and robotics applications). The spline’s matrix equations are
rewritten to give a recursive filter that can be implemented in real time for lengthy data sequences.
The filter is low pass with a bandwidth that is dependent on the spline’s control parameters.
Numerical results, including a simple image processing application, show the tradeoffs that can be
achieved using the algebraic splines.
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1 Introduction

Algebraic splines are useful tools for smoothing noisy data or interpolating between data points [1].
Splines have many practical applications, including image processing and robot path planning [4, 9].
An Mth order algebraic spline consists of piecewise continuous Mth order algebraic polynomials
that have continuous derivatives up to order (M —2) or less (depending on the details of the formu-
lation). Higher order splines result in the continuity of higher order derivatives, which is desirable
for many applications (such as robot path planning), but this may result in large oscillations in the
resultant spline.

Cubic splines are popular choices for algebraic splines because they offer a good balance between
simplicity and smoothness [3]. The problem solved by algebraic cubic splines can be stated as
follows. Given the data set f; = f(t;),i € [0,N], with tg < ¢t; < --- < ty, find a piecewise

continuous cubic algebraic function y(t) that satisfies the following criteria.

e The function y(t) has the form

y(t) = yi(t), t e [ti—lati], (Z =1,... ,N) (1)

yi(t) = ait® +bit? + cit + d;

The spline y(t) consists of N piecewise continuous spline segements y;(t) (i = 1,...,N). The

parameters a;, b;, ¢;, and d; are the coefficients of the ith spline segment.

e The second derivatives at the endpoints are constrained to be zero.
y'(to) =y"(tn) =0 (2)

e y(t), ¥/ (t) and y”(t) are continuous functions between ¢y and tx.

e Among all piecewise continuous cubic algebraic polynomials that satisfy the above criteria,



find the one that minimizes the function
a 2 N " 2
J = pilyi— i)’ + t ly"(t)]"dt (3)
i=0 0

where y; = y(t;), and p; allows for individual control of the relative importance of data fitting

at each knot.

In practice the control parameters p; are often constant for all data points, and the data spacing

is often constant so that t; —¢;_y = h (i =1,..., N). In fact it can be shown that the minimization
of
N ) tN )
> iy — fi)* + ) [y (t)]2dt (4)
i=0 0

over all functions y(t) with continuous derivatives up to at least the mth order is solved by an
algebraic spline of order 2m [6, 8, 2, pp. 235ff]. Splines with larger orders or nonalgebraic bases
cannot reduce the cost function below that achieved by the optimal spline of order 2m.

As an alternative to the standard algebraic spline formulation, we propose the use of eighth order
splines. Our eighth order splines are formulated to have continuous derivatives up the third order
and can be optimized with respect to a user-specified combination of their first three derivatives.
Continuous third derivatives are desirable in applications such as robot path planning and motion
trajectories for motors.

Section 2 derives the new type of algebraic spline. The spline formulation depends on the
control parameters p; that specify the importance of data fitting at each knot, and «; parameters
that specify the importance of the spline’s derivatives. The algebraic spline problem can be posed
as a set of matrix equations. Section 3 shows that if all of the p; = p = constant, the spline can
be formulated as a recursive filter, a format that is well suited for large data sets. The bandwidth
of the filter depends on the spline control parameter p and the a; parameters. This recursive

formulation is identical to the matrix formulation except at the endpoints of the data set. Section 4



presents some numerical results, including a simple image processing example. Section 5 offers

some concluding remarks.

2 General Algebraic Splines

This section introduces a new way of formulating algebraic splines as solutions to a particular
optimization problem related to that posed in the previous section. For now we will assume that
the knots are normalized and are equally spaced so that t; =i (i = 0,...,N). We will time-scale
the resulting spline later.

Definition: Let M be a positive even integer. An Mth order algebraic spline y(t) is a function

that satisfies the following criteria:

e The function y(¢) has the form

y(t) = wi(t), t € [tir,t], t=1,...,N) (5)
yi(t) = x(t—ti-1)

M-1
zi(t) = ) ayt®, t€[0,7)

k=0

where T is the normalized length of each spline segment. The spline y(¢) consists of N piece-
wise continuous spline segements y;(t) (i = 1,..., N). The parameters a;;, (k =0,...,M —1)

are the coefficients of the ith spline segment.
o y(t), y(t), ---, y")(t) are continuous functions between ty and ty, where R = M/2 — 1.

e Among all piecewise continuous polynomials that satisfy the above criteria, find the one that

minimizes the function

N tN
J=3pilwi— £+ [ {oaly/ OF + -+ anly P @) | di (6)
=0 Jto



where y; = y(t;) and p; allows for individual control of the importance of data fitting at each
knot. The parameters «; allow the user to control the magnitude of each of the derivatives

of the spline.

It can be seen each x;(t) is a normalized spline segment from ¢ = 0 to ¢ = T". These normalized
segments are then shifted in time to form the y;(¢) spline segments. The y;(t) segments are then
pieced together to form the complete spline function y(t). The function y(¢) has length NT', but it
will be scaled in time later in this section to its desired length. In practice the control parameters
p; = p are often constant for all data points, and the data spacing is often constant so that
ti—tii=h(i=1,.. N).

We require continuity of y(¢) and its first R derivatives at the (N — 1) interior knots. We will
use the notation y; = y(t:), vi = v'(t:), - - yZ(R) = 5B (;). We therefore obtain the following M

constraints from (5).

These M equations can be put together into a single matrix equation as follows.

Yi—-1 i a;o )
Yi a;1
yg—l ;2
Yi =A| @3 (i=1,...,N) (8)
yff Qi M—2
i yZ(R) ] L Qi M—1

The normalized spline segment length 7" must be chosen so that the M x M matrix A is invertible.
The matrix A defines the relationship between the ith spline segment coefficients, and the spline

segment and derivative values at the endpoints of the ith spline segment.



Each normalized spline segment has M coefficients. Since there are N spline segments in the
spline function, we have a total of M N independent variables. The optimization of (6) can be
viewed as an optimization with respect to these M N spline coeflicients, subject to the continuity
constraints of y(t), ¥/ (t), - - -, y®)(t), at the knots. But since the M N spline coeffients are functions
of yi, Yl -+, yi(R) (1=0,...,N) asshown in (8), we can reformulate the problem as an unconstrained

optimization problem with respect to these (R + 1)(/N + 1) parameters. The minimization of (6)

can therefore be solved as

%:Oa (Z:077N)7 (7‘:0717'”’R) (9)
dy;"

This gives us (R + 1)(N + 1) equations to solve for the (R + 1)(N + 1) independent parameters.
Now we note that the integral in the cost (6) can be divided into a sum of smaller integrals.
Further note that if the desired knot spacing is h then, when the spline y(t) is time-scaled from its
normalized length NT to the desired length Nh, the rth derivative is scaled by a factor (7'/h)".
Also, integration of a function from 0 to h is larger than integration from 0 to T" by a factor of h/T.

We can therefore rewrite the cost (6) as follows.

N N T (/7 / T\ 2R-1 ")
NS | {(E)al[yk<t>12+---+(g) arly" <t>}2}dt (10)

N N
= > pilyi— Fi)*+ Dk
i=0 k=1

where the definition of Ji is apparent in the above equation. Realizing that yx(t) is a function

(r)

of y; 7 only for k = i and k = i + 1 we can combine (6), (9), and (10) to obtain the following

minimization criteria.



where 6, = 1 if r =0 and 6§, = 0 if r # 0. This gives us (R + 1)(N + 1) equations to solve for the

(R+ 1)(N + 1) unknowns y;, ¥, -, yZ(R) (i=0,...,N). After we obtain y;, v/, -

use (8) to obtain the optimal spline coefficients.

2.1 Eighth Order Splines

)

(R
Y, we can

For eighth order splines we have M = 8 and R = 3. We therefore require continuity of y(¢) and

its first three derivatives at the (N — 1) interior knots. If we use 7' = 1 as the normalized spline

segment length, we obtain the following eight constraints from (5).

Yi—1

Yi

/
Yi—1

"

Yi—1

"

Yi

$z<0) = a;0

7
zi(1) = an
k=0

2;(0) = ai1
7
ri(1) = Z kaj,
k=1
CL';/(O) = 2@2‘2

7

i (1) =Y k(k — Dag
s

xr

X

(2

7
7(1) = k(k = 1)(k — 2)au
k=3

{//(O) = 6ai3

(12)

These equations can be put together into a single matrix equation as follows.

Yi—1
Yi
/
Yi—1
/
Yi
?Jél— 1
vy
ygli 1

n

Yi

OO OO O ==

0

0

O OO ==

0

SN0 NN O -

0

DO Oy O WO

0 0 0
1 1 1
0 0 0
5 6 7
0 0 0
20 30 42
0 0 0
60 120 210

a;o
a;1
;2
a;3
A4
;5
ai6
a7

=1,...,N) (13)

The 8 x 8 invertible matrix above defines the relationship between the ith spline segment coefficients,

and the spline segment and derivative values at the endpoints of the ith spline segment.



The partial derivatives shown above can be computed analytically with the help of symbolic
math software. When we use symbolic math software to compute (11) with » = 1, 2, and 3, we can

combine the resulting 3(/N + 1) equations to obtain the matrix equation

DY™ 0y =0 (14)
where Y (") is the 3(NV 4 1) x 1 vector
M — [ yor mr 1"
Y = [ Yy e Yy (15)
= [y(’) Yo Yot YUn YUn YN
and Y is the (N + 1) x 1 vector
T

and the D and C matrices are given in the appendix. When we compute (11) with » = 0 we can

combine the resulting N + 1 equations to obtain the matrix equation
EY" 4 LY + PY + PF =0 (17)

where the F'is the (N + 1) x 1 vector

T
F=1|/fo - fn (18)

with f; being the original data points. The F, L, and P matrices are given in the appendix.

Combining (14) and (17) we obtain
v = p-l¢(L+ P - ED™'C)"'PF (19)

which gives us the optimal values of y;, v., ¥/, and y/” (i = 0,...,N) for the spline. Once these

)

values are obtained, they can be used in (8) to obtain the optimal spline coefficients.



2.2 Tradeoffs Between Spline Orders

The procedure of this section can be used to obtain splines of any order M that is positive and even.
In order to solve for the spline, a linear equation with a size proportional to M must be solved.
The computational effort of this process is (in general) proportional to M3. So an increase in M
requires more computation but gives the user more flexibility in optimization and continuity of
higher derivatives. An Mth order spline allows continuous derivatives up to order M /2 —1 and also
allows the user to optimize any derivative up to this order. For M = 8 the spline has continuous and
optimizable derivatives up to the third order. This may be desirable for jerk sensitive applications
such as motor control or robotics. But the benefit of increasing M beyond 8 is questionable. It
may be difficult to find an application where derivatives of order greater than 3 are of any practical
interest.

In this paper we have focused on 8th order splines because of their continuous and optimizable
derivatives up to order 3. We have presented a general approach for spline formulation but have
not implemented higher order splines because of their questionable utility. We have not explored

lower order splines because of their lack of continuity and optimizability of higher order derivatives.

3 Recursive Formulation

Now consider the special case for eighth order splines that p; = p = constant, which is satisfied in

many practical applications of splines. Then, from (14) and (17), we can write

Yk—1

DY 4 DY+ DY 4 Co | g | =0, (k=1,...,N 1) (20)
Yk+1
Yk—1
B\ + B + B [ 2l L 20 || owe |+
Ye+1
2pyr — 2pfr =0, (k=1,...,N - 1) (21)



where the D;, Cs, E;, and L matrices are given in the appendix. These equations can be rearranged

to obtain the equation
Utpp—1 + Vb + Wihpi1 = 2pny, (22)

where the 4 x 4 U, V, and W matrices are given in the appendix, and 1, and 7y are given as

o= |we Yo y%’]T (23)
o= [0 00 fk}T

Taking the z-transform of (22) results in

P(z) = 2p(Uz"' +V +W2)"n(z) (24)

= H(z)n(z)

So the recursive algebraic spline can be viewed as a linear filter with the transfer function matrix
given above. The transfer function from f to yi is the element in the first row and fourth column
of H(z), denoted Hi4(z), and is a function of the parameters h, p, a1, aa, and as. The transfer
function, given in the appendix, has a seventh order numerator and an eighth order denominator.

Figure 1 shows some transfer function magnitudes for h = 1 and various values of p for the
minimum velocity spline {ay, a2, a3} = {1,0,0}, the minimum acceleration spline {a;, as, ag} =
{0,1,0}, and the minimum jerk spline where {a1, a2, a3} = {0,0,1}. As we expect, the algebraic
spline is a low pass filter from the original knot values {f;} to the smoothed knot values {yx}. A
larger value of p means that the difference between the original knot values and the spline knot
values becomes smaller, which means that the bandwidth of the filter increases. If we define the
bandwidth w, of the filter by setting |H (e/#)|? = |H(1)|?/2, then we can derive a plot of bandwidth
as a function of p. This is shown in Figure 2 when A = 1. The relationship between bandwidth and
p is nearly linear on a log-log scale, with the slope dependent on the values of ay, s, and as. This

plot can give a useful guide to the choice of the parameter p for data smoothing problems. For

10



example, a priori knowledge of the spectral content of the original signal or the noise signal can be
used in order to determine a suitable bandwidth for the smoothing filter, and thus determine an

appropriate value for p.

4 Numerical Results

4.1 Smoothing and Interpolation

This section presents some simulation results comparing algebraic splines with various control
parameters. As an example, consider the problem of generating a curve through the arbitrarily
chosen and equally spaced knots {1,5,10,8,1,6} when p = 1 and h = 1. Figure 3 shows the
minimum velocity spline {a, a2, a3} = {1,0,0}, the minimum acceleration spline {a;, as, ag} =
{0,1,0}, and the minimum jerk spline {a1, a2, a3} = {0,0,1}. The sum part of the cost function
is 26.2 for the minimum velocity spline, 31.8 for the minimum acceleration spline, and 29.6 for the
minimum jerk spline. Figure 4 shows the first derivatives of the three splines for this example.
The velocity integral is 15.0 for the minimum velocity spline, 16.1 for the minimum acceleration
spline, and 31.0 for the minimum jerk spline. Figure 5 shows the second derivatives of the three
splines for this example. The acceleration integral is 162 for the minimum velocity spline, 10.0
for the minimum acceleration spline, and 21.4 for the minimum jerk spline. Figure 6 shows the
third derivatives of the three splines for this example. The jerk integral is 28900 for the minimum
velocity spline, 14.9 for the minimum acceleration spline, and 5.47 for the minimum jerk spline.
Now consider the problem of generating an interpolating curve through the knots given in the
previous example. In this case we have to use a larger value of p than before. Figure 7 shows the
algebraic splines when p = 500 and h = 1. The first half of the cost function, Z'fi() pi(yi — fi)?
is equal to 0.001 for the minimum velocity spline, 0.017 for the minimum acceleration spline, and

0.071 for the minimum jerk spline. The velocity integral is 123 for the minimum velocity spline,

11



136 for the minimum acceleration spline, and 148 for the minimum jerk spline. The acceleration
integral is 1500 for the minimum velocity spline, 348 for the minimum acceleration spline, and 445
for the minimum jerk spline. The jerk integral is 234000 for the minimum velocity spline, 1380 for
the minimum acceleration spline, and 581 for the minimum jerk spline.

To get a more general idea of the merits of algebraic splines, we generated 50 sets of random
knots, with six knots in each set. The knot values were generated from a uniform distribution
between 1 and 100. A low value of p was chosen to more clearly illustrate the differences in
performance between the different splines. Table 1 shows the average performance of the splines
for these sets of random knots when p = 0.01.

Note that the commonly used cubic spline is virtually identical in performance to the minimum
acceleration spline. This is to be expected since cubic splines are minimum acceleration splines, as
discussed in Section 1. However, cubic splines are not exactly identical to minimum acceleration
eighth order splines because of a couple of differences. First, eighth order splines have continuous
third derivatives while cubic splines do not have this constraint. Second, cubic splines constrain the

second derivative at the endpoints to zero while eighth order splines do not have this constraint.

4.2 Image Processing

To further investigate the behavior of algebraic splines we applied them to a simple image processing
example. We used a 256 x 256 pixel gray-scale version of the Lenna benchmark image. Each pixel’s
gray-scale was represented with an integer between 0 and 255. We compressed the image with
various compression ratios using a simple decimation approach, and then restored the image using
algebraic splines to interpolate between the data points of the compressed image. Table 2 shows

the peak signal-to-noise ratio (PSNR) that was achieved with the splines for various compression

12



ratios, where PSNR is defined as

PSNR — 201n | —2— (25)
Ve

where e; is the error between the value of the ith original pixel and the ith restored pixel, and N is
the total number of pixels (2562 in this case). We also show in Table 2 the PSNR that was achieved
with cubic splines. As discussed in the previous subsection, cubic splines perform almost identically
to minimum acceleration splines. It appears from Table 2 that minimum velocity splines perform
best for image processing applications. Note that the MPEG committee uses 0.5 dB PSNR as an
informal threshold for improvement that is visible to the human eye [5]. Figure 8 shows close-ups of
Lenna’s right eye in the original image, and in three spline reconstructions after 50% compression
(p = 10). It can be seen that the minimum acceleration spline (and hence the cubic spline) smudges

the image noticably more than the minimum velocity spline, but less than the minimum jerk spline.

5 Conclusion

A general approach to the optimization of algebraic splines has been proposed. The spline can be
optimized with respect to knot errors, velocity, acceleration, jerk, or any combination thereof. This
offers a more general alternative to standard splines for data smoothing and interpolation. The
splines can be formulated in a recursive manner to minimize computation time for long data sets.
Initial results indicate that minimum velocity splines provide better image processing performance
than minimum acceleration or minimum jerk splines. Matlab code that can be used to generate gen-
eral algebraic splines can be found on the internet at http://academic.csuohio.edu/simond/splines.

For future work, orthogonal functions such as trigonometric polynomials [7], Legendre polyno-
mials, and Laguerre polynomials may also provide a good basis for splines in certain problem-specific
circumstances. The minimax property of Chebyshev polynomials has already been used for optimal

control [10]. This might make Chebyshev polynomials an especially attractive alternative for spline

13



functions.
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Appendix

This appendix specifies some of the matrices that are used in this paper. The 3(N 4+ 1) x 3(NV +1)
matrix D that is used in (14) is a block tridiagonal matrix. The (/N + 1) blocks along the diagonal

are computed as

D37D37'”7D37D3 (26)
where the above matrices are given as
- 1200 379 16 600 123 25 4160 820 88 -
77 231 231 1001 2002 9009 7 7 21
2 @1 | 379 100 2 @2 | 123 73 37 @3 | 820 200 23
Dy = —=| %1 w1 9 | T73| 202 o000 wooo0 | T75| 7 7 oo (27)
16 2 4 25 37 1 88 23 8
L 231 99 3465 9009 90090 45045 21 21 63
- 1200 50 2400 32 8320 () 176 -
1001 9009 77 231 7 21
o1 146 a2 200 as 400
50 2 32 5 s 16 g 16
L 9009 45045 231 3465 21 63 -
- 600  _ 123 25 1200 379 16 4160 820 88
1001 2002 9009 77 231 231 7 7 21
D, = 21| _13 @ 37 | L) 379 100 _2 | %) 80 200 _23
3= 2002 9009 90090 3 231 231 99 5 7 7 21
25 37 1 16 _2 _4 88 _23 8
L 9009 90090 45045 231 99 3465 1 21 63

The (N — 1) blocks along the superdiagonal are computed as

97 47 __5 760 181 5 3680 _ 580 52
3003 6006 6006 7 231 231 7 721
D=2 4 7w | %21 1 5 | %) o580 80 5
4= 6006 2574 360360 B3 | 231 T 2T 1386 5 7 7 21
-5 _B_ __1l_ S 5 L 52 _5 _ L1
6006 360360 72072 31 1386 2310 21 21 63
28)
The (N — 1) blocks along the subdiagonal are computed as
97 _ 4 __5 760 _ 181 5 3680 580 52
3003 6006 6006 77 231 231 7 7 21
Dy=21 | 4 7w f %2 a1 5 | L9 580 80 _ 5
2= 6006 2574 360360 B3 | 21 T 2T 1386 5 7 7 21
-5 __1B __1_ S5 5 __1 52 S5 _ L
6006 360360 72072 31 1336 2310 21 21 63
(29)
The 3(N + 1) x (N + 1) matrix C that is used in (14) is a type of block diagonal matrix.
O = dia‘g(017 o 7CN+1) (30)
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Each of the C; matrices is a 3 x 3 matrix. The upper left element of Cy is in the first row and first
column. The upper left element of C; is in the (3i —2)nd row and (i —1)st column for (i = 2,---, N).

The upper left element of Cn41 is in the (3N + 1)st row and (N — 1)st column. The C; matrices

are computed as

R 280 _280 1120 —1120 0
G = % o5 —iy O +% 5 -89 +% 200 —200 O (31)
57—z O T TR 20 _2
&0 -4 8 o _280 120 0 —1120
o= -& & & |+5| -8 W - [+53] 200 400 200
L w0~ n 0 -5 2 0 -2
(i=2,...,N)
(0 3% i 0 280 _2%0 0 1120 —1120
Cnt1 = % 0 —2% 9 +% o -% % +% 0 —200 200
L0 = —mm 0 & -& 0 & -2

The (N 4+ 1) x 3(N + 1) matrix E that is used in (17) is a block tridiagonal matrix. The (N + 1)

blocks along the diagonal are computed as

E~3,E3,"',E3,f-‘73 (32)
where the above matrices are given as
B 9170 211 23 5 @21 280 80 1 as 20
By = 2B & S|+ [ 8R % &+ 120 200 2] (33)
_ @ 46 @2 160 a3
By = [0 45 o]+5[0 % o]+2[0 400 0]
s 271 23 5 @2 280 80 1 a3 20
By = 7[—@ 2 —mhﬁ[—f 50 —ﬁ]+ﬁ[—1120 200 ~Z |

The (N — 1) blocks along the superdiagonal are computed as

_ T 2 23 5 Q2 T 280 80 1 a3 20
Ee= B - 2|+ -8 ]+ 200 2] 3

The (N — 1) blocks along the subdiagonal are computed as

_ o 271 23 5 o2 280 80 1 a3 20
By=—| -3 - 2|t R B w120 200 -3 (39)

16



The (N +1) x (N + 1) matrix L that is used in (17) is a tridiagonal matrix. The (N + 1) elements

along the diagonal are computed as
L172L17"'72L17L1 (36)

where L; is given as
(65} 1400 a9 560 a3
L= 2 22000 D99y
= e T Tt (87)
The (N — 1) elements along the superdiagonal and the (N — 1) elements along the subdiagonal are
all equal to —L1.
The (N +1) x (N +1) matrix P that is used in (17) is a diagonal matrix. The (N + 1) elements

along the diagonal are computed as
200, 2D (38)

where p; is the weight of the spline fit at knot 7 relative to the smoothness criteria as shown in (6).

The U, V, and W matrices used in (22) are given as follows

T2 o1 41 _ 5 280 760 181 5
429 3003 6006 6006 11 7 231 231
o | -2 T T 0 | 80 181 5
1 429 6006 2574 360360 2 33 231 231 1386
Uu = — +— +
h| 5. _ 5 __m 1 B oL 5 _ 5 __1
2574 6006 360360 72072 11 231 1386 2310
_ 400 _211 23 _ 5 560 _280 _80  _ 1
L 429 429 429 2574 11 11 33 11
B 3680 580 52
H20 == = 3
50 80 _5
as —200 - 7 7 21 (39)
RS | 20 52 5 1
3 21 21 63
—2240 —1120 —200 —2%
r 1200 50 2400 32
0 1001 0 9009 0 77 0 231
46 146 160 200
a1 120 0 g0 O a 33 0z 0
v = =L += +
h 0 50 g 2 h 0 32 ) 8
9009 45045 231 3465
2800 46 1120 160
L o T2 0 g O g t2p 0 33 0

17



r 8320 176
0 = 0 37
o3 400 0 4 o0
h5 176 16
0 21 0 63
4480 +2p 0 400 O
T2 o7 AT _ 5 _280 760 _181 5
429 3003 6006 6006 11 7 231 231
_23  _ 41 7 __T73_ _80 18 _ 1 _ 5
W = ﬂ 429 6006 2574 360360 _‘_% 33 231 231 1386 +
- h | -5 _5 _T_ __1_ 25 (S 5 5 R S S B
2574 6006 360360 72072 231 1386 2310
_1400 271 _ 23 5 560 280 80 g9
L 429 429 429 2574 11 11 33
B 3680 580 52
—1120 =7 =% 9
580 80 5
ag | —200 = -7 5
5| _20 52 5 1
3 21 21 63
—2240 1120 —200 2

The element in the first row and fourth column of H(z) in (24) is the transfer function from the
original knot sequence { fi} to the spline values {yx} at the knot times. This transfer function can

be written as
H14(Z) = a1 N1, (z)/‘Dal (Z) + a2 Nia, (Z)/Daz (Z) + a3N1013 (Z)/Das (Z) (40)
where the numerator and denominator terms are given as

7 6 5 4 3 2
Nij(2) = niyrz' +nuez” +nijsz” + nyjaz” +n1jzz” + nijez” + nijiz + najo (41)

Dj(z) = dngS + dj7Z7 + dj626 + dj5Z5 + dj4z4 + dj323 + dj222 + djlz + djo7 (j = a1, 09, 043)

The numerator polynomial coeflicients are given as

a0 = 0 (42)
N1 = N7 = 486ph
N1a,2 = Nia6 = —15840ph
Na,3 = Niay5 = 1993926ph

Niga = 9360960ph
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Nilasd = 0 (43)

Niayl = Nay7 = 17ph?
n1a22 = n1a26 = *4624ph3
Nlay3 = Nlags = 8263ph’

Niaga = 98528ph’

Naz0 = Naz6 = Nlaz7 = 0 (44)
n = = —phb
lasl = Nlaz5 = b
Nag2 =lagd = —26ph°
_ 5
Niaz3 = —66ph

The demonimator polynomial coefficients are given as

da0 = days
dall = da17
dai2 = daye
day3 = days
daya
das0 = dass
Aoyl = day7
day2 = daye
da23 = da25
oo

7 (45)
—25200 + 486ph

—15840ph + 2369332

— 14593040 — 1993926ph

24497802 + 9360960ph

105 (46)
17ph3 — 28560

—4624ph® + 275100

8263ph® — 845040

1196790 + 98528ph?
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doyo = dayg = 120 (47)

dagl = da35 = —720— ph5

dos2 = doza = 1800 — 26ph®

doy3 = —2400 — 66ph®

da37 - da38 =0

The element in the second row and fourth column of H(z) in (24) is the transfer function from

the original knot sequence {fi} to the first spline derivatives {y} } at the knot times. This transfer

function can be written as

Hoy(2) = a1N2q, (2)/Da, (2) + @2Naay (2)/Day (2) + a3N2ay(2)/ Dag (2) (48)

where the denominator polynomials are given above and the numerator terms are given as

7 6 5 4 3
NQj(Z) = N2j7% + n2j562 + n2j52 + n2j42 + n2j32z

The numerator polynomial coeflicients are given as

2010 = N2a1d =

2071 = —N20n7 =
n2a12 = 7”20&16
2013 = —N2ay5 =

N2050 = N2and =

N2a1 = —N2a7 =
n2a22 — _n2a26 -
N2053 = —N2ar5 =

20

+ngjez? + ngj1z + n2jo, (j = a1, a2,a3) (49)

—7686ph
863520ph

—4375182ph

0 (51)
—35ph3
14000ph?

—80815ph?



N2a30 = N2a36 = N2a37 = N2a33 = 0 (52)
5
N2zl = —N2as5 = Oph

N2as2 = —MN2054 = HOph®

The element in the third row and fourth column of H(z) in (24) is the transfer function from the
original knot sequence { fx} to the second spline derivatives {y; } at the knot times. This transfer

function can be written as
H34(2) = 01 N3a,(2)/Day (2) + a2N30,(2) /Doy (2) + @3 Naay (2)/Dag (2) (53)
where the denominator polynomials are given above and the numerator terms are given as
N3j(z) = ngjrz" +n3j62° +najs 2 +nsjaz® + ngjaz® + ngjez? +najz +nsjo, (4 = a1, as, a3) (54)

The numerator polynomial coefficients are given as

ngalo = 0 (55)
N3a11 = N3a17 = 88200ph
N3aq12 = N3a16 = —12479040ph

N3013 = N3a15 = 66218040ph

N3aa = —107654400ph

N3az0 = 0 (56)
N3yl = N3ay7 = —210ph3
N3an2 = N3ans = —23520ph®
N33 = N3ags = 201810ph*

N3aga = —356160ph>
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N3a3z0 = N3az6 = N3az7 = 0
= = —20ph°
N30zl = N3as5 D
= = —40ph°®
N3a32 = N3asz4 D
= 120ph°
N3a33 D

The element in the fourth row and fourth column of H(z) in (24) is the transfer function from

"

the original knot sequence { f;;} to the third spline derivatives {y;’} at the knot times. This transfer

function can be written as

Hys(2) = a1Na, (2)/ Doy (2) + @2Naa, (2) /Doy (2) + @3 Naay (2)/ Dagy (2)

where the denominator polynomials are given above and the numerator terms are given as

(58)

7 6 5 4 3 2 .
Nyj(2) = najrz’ +najez” +najsz” + najaz” + najzz” + najoz” + najiz + najo, (J = a1, a2, a3) (59)

The numerator polynomial coeflicients are given as

N4a10 = Ndaq4 0
N4ai1 = —Nday7 —758520ph
N4a12 = —N4aq6 122663520ph
N4a13 = —Nday5 —243051480ph
N4as0 = Ndans = 0
Ndayl = —TNdayr = 35T0ph®
N4as2 = —Nhas6 = —67200ph*
N3 = —Ndags = 123690ph®
N4az0 = Ndaz3 = Ndaz6 = Ndaz7 = 0

22
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= —N4a35
N4as1

= _n4a34
n40432

23

60ph®

—120ph®
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Min. Vel. Spline

Min. Accel. Spline

Min. Jerk Spline

Cubic Spline

Velocity Integral
Accel. Integral
Jerk Integral
Knot Error Sum

0.381
1.48
203

3720

183
0.228
0.166

3120

1160
473
0.040
2270

183
0.228
0.166

3120

Table 1: Performance of algebraic splines when A = 1 and p = 0.01, averaged over 50 sets of

knots with six knots in each set.

Compression || Min. Vel. Spline | Min. Accel. Spline | Min. Jerk Spline || Cubic Spline
1:2 28.8 27.6 26.6 27.6
1:4 24.3 23.6 22.9 23.6
1:6 22.2 21.7 21.0 21.7
1:8 20.9 20.3 19.7 20.3
Table 2: Image restoration quality (dB of PSNR) of algebraic splines (p = 10).
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Figure 1: Transfer functions of the algebraic spline filters for various values of p when h = 1.

26



Bandwidth {rad / sec)

10

10

min jerk spling

min accel spline

min wel spline

10

10"

10

X 10

1

Walue of p
Figure 2: Bandwidths of the algebraic spline filters as a function of p when h = 1.
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min jerk spline
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Figure 6: Third derivatives of algebraic spline examples (p =1, h
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Figure 7: Algebraic spline examples (p = 500, h = 1).

32



(@) (b)

(C) (d)

Figure 8: Close-ups of Lenna’s right eye — (a) Original image; (b) Minimum velocity spline;
(¢) Minimum acceleration spline (cubic spline); (d) Minimum jerk spline.
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