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An ALU (arithmetic logic unit)

U Let's build an ALU to support trend/ or / add/ sub instructions
» we'll just build a 1 bit ALY and use 32 of them
» and/or is simpler because each bit operates independently
» add/sub is complicated due to ??? (carry & boyrow

U Boolean Algebra & Gates
» Problem: Consider a logic function with three inputs: Aamg] C.

Output D is true if at least one input is true
Output E is true if exactly two inputs are true
Output F is true only if all three inputs are true

» Show the truth table for these three functions.
» Show the Boolean equations for these three functions.
» Show an implementation consisting of inverters, AND, aRdgates.
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An ALU (arithmetic logic unit)

O 1-bitandi andori

operation opja|bjres

a —
result

P

U 3-input implementation (a,b,op)
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A different implementation with:
The Multiplexor

U Selects one of the inputs to be the output, basedconteol
input g

note: we call this a 2-input mux

l even though it has 3 inputs!
Al c S
1 AL
B__~

U Lets build our ALU using a MUX: (1-bit and/or)

B —

S
AT 0 AN
r§ C Latency: 1 gate delay (gd)
B 1 (assuming no MUX delay)
5
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1-bit ALU for Addition

Carryin

a—»

Carryout

U Boolean equation for carryout ??¢,,, = a b + a c,, + b ¢;,
0O Boolean equation for sum??? ~Sum = a xor b xor ¢;,
U Implementation ???

Latency: 2 gds for Cout &
1 gdfor sum

Cleveland State 6 ,
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1-bit ALU for And/Or/Addition

1 How could we build a 1-bit ALU for add, and, and or?

Joddg
\\ carryout

adder has two outputs
What to do with the carryout??? => connect to the
next bit ALU

U How could we build a 32-bit ALU?
7
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Building a 32 bit ALU

a31 —{ Carryl

b31 —>|

Cleveland State
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What about subtraction (a—=b) ?

U Two's complement approach: just negate b and add.
U How do we negate (-b = b*bar+1)?
U A very clever solution:
» b”bar: invert each bit
» +1: carry in to each bit (NO!!) => just carry in teet first bit only

el T~
. and:0
or:l
add/sub:2
+—» Result
and/or/and:0
sub:1
CarryOut
Cleveland State 9 .
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Revisit: 2's or 1's Complement

U Subtraction: a-b (a,b>0)
» Two's Complement
= |If a<b: answer = -(b-a), where (b-a)>0
* a-b = a+(-b) = a+(2b) = 2-(b-a) :
« This is exactly the representation of —(b-a): OK
= |If a>b: answer = (a-b), where (a-b)>0
* a-b = a+(-b) = a+(2b) = (a-b)+2: This is not the representation of (a-b), btis3ust
ignored: OK
» One's Complement
= |f a<b: answer = -(b-a), where (b-a)>0
* a-b = a+(-b) = a+(2b)-1 = 2-(b-a)-1:
« This is exactly the representation of —(b-a): OK
= |If a>b: answer = (a-b), where (a-b)>0
* a-b = a+(-b) = a+(2b)-1= (a-b)+2-1: This is not the representation of (a-b)???
* 2nis justignored, but “-1" must be compensated
« =>ifthere is a carry out from the last digit, abltb the first digit
» 1's complement requires one more addition !!!

10
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and:0
and/or/and:0 or:l

sub:1 add/sub:2

Operation

carryin ‘
|

Carryout

Remember that all AND/OR/ADD
circuits are operating, but it outputs

only the result of the selected operation.

Cleveland State
University
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and/or/and:0
sub:1

and:0
and/or/and:0 or:l
sub:1 add/sub:2

a0 — Carryin
b0 —»| ALUO

Result0

al — Carryin
bl — ALUL
0—> Less

Resultl

a2 —{ Carryin
b2 — ALU2
0—> Less

Resul2

a3l —* Carryln |————— Result31
b31 — ALU3L Set
0—>f Less

Overflow

(discuss “set”,and
11 “less” later)
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What's more

U MIPS instructions

» add/ sub/ and/ or/ lw/ sw/ beq/ bne/ slt/ j/ jr/ ...
U We're covering ALU instructions in Ch.4

» add/ sub/ and/ or

U What other instructions require ALU operations?

PC calculation: PC= PC+4, PC=PC+jump offset
Address calculation: lw $s0, 100($t1)

slt $s0, $s1, $s2: if $s1<$s2, set $s0=1

=> if ($s1-$s2)<0: “subtraction” + some other activities
beq $s0, $s1, label: if $s0=$s1, jump to label

=> if ($s0=$s1)=0: “subtraction” + some other activities

» All inst:
» Lwisw:
» Slt:

» Beg/bne:

Cleveland State
University
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Tailoring the ALU to the MIPS

U Need to support the set-on-less-than instruction (slt)
» remember: sltis an arithmetic instruction
» produces a 1 ifrs < rtand O otherwise
» use subtraction: (a-b) <0 impliesa<b

» => perform subtraction & see which bit??? (sign bit¥/@B)

» =>gset the destination register with the value of MSB!!!

13
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Carryn
|

Supporting slt

U 32-bit result with slt inst.
» 000....0000 or 000...0001
» All other bits =0
» Bit 0 (LSB) = 1 or 0 depending on the = Carryout
comparison (subtraction)
U One more input for operation
» 0:and, 1:or, 2:add/sub, 3:slt
» For (3:slt) operation, “less” input is Carin
selected
= “Less” input for all other bits =0

= “Less” input for LSB = sign bit (MSB) after
the subtraction = “Set” bit

U But how to “sub” circuit (2) operate when -

— Result

we select the “slt” operation (3)
» All circuits are always working Less
» Just need to input as if it is subtract !
operation (binvert=1 & carryin =1) overtow L overton
detection
b.
Cleveland State 14
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and/or/and:0

sub:1
st 1
same
and/or/add‘-o/ Binver carryln Operation .
and:0
w B N
' e IS resulo add/sub:2
Less dt: 3
CarryOu

al — Carryin

Notice that “Set” from w—] A Result
MSB 1-bit ALU is fed to “Less” camyou
input of LSB 1-bit ALU. il

a2 — Carryln

b2 —{ ALU2 Result2
How many gate delays to get r0? * ™ cameu

cl=2qgd

co= aqd S
<r31=63gd | l [
d

o a31 —»{ Carryln |———————> Result31
c32= 649

b31 —» ALU31 Set
0 —> Less Overflow

Thus, r0’ = 63¢gd

15
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Test for equality (BEQ)

U Need to support test for equality

Enegate Operaion
(beq $t5, $t6, $t7) N1
> use subtraction: (a-b) = 0impliesa=b o Eﬁéﬂ fet
» Which means all bits is zero TTT
» “Zero” output signal !!! s il resun

L
00— Less
CarryOul ) Zero
RN

> operation=add/ sub 1 l [
» carryin = 1 ba—| ALl | Resutz

00— Less

> binvert =1 caryou

> Is that all? Then, what? E \—[ l :“d_,
Result31

a31 —{ Carryin

r0-r31 must carry the result o T Al set overfiow
of subtraction (in slt, r0-r31

Do not carry the result of
the subtraction)

16
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Bnegate Operation

1]
zg: ?SIB’[')" Result0 =
Carrgond Supporting MIPSinstructions
il ] «and/or/add/sub
a1—{Camyin| gesus eslt: subtract and output r0 based on
T e = = “set” output from the 1-bit adder of
Caryou W “° the last-bit ALU. R1-r31 is “0”
| l | [ (“less” input)
a2 Caryin| Resurz *beq: subtract and output “zero” flag
e based on all “r" bits

Operation input

'\ ' J [ 0: and
231 —] £arrylln Result31 1: or

b31 —»| ALU31 Set 2: add/sub/beq
R cvertow 3:slt
Binvert input
0: and/or/add
Cleveland State 17 1: sub/beq/slt _
University c.yu9l@csuohio.ed
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Supporting MIPS ISA

U We can build an ALU to support the MIPS instruction set
> key idea: use multiplexor to select the output veaiv
» we can efficiently perform subtraction using twomplement
> we can replicate a 1-bit ALU to produce a 32-bitlAL

U Important points about hardware
» all of the gates are always working (AND/ OR/ ADDSWUB)
» the speed of a gate is affected by the numbermiftinto the gate
» the speed of a circuit is affected by the numbegadés in series

(on the “critical path” or the “deepest level of ic)
U Our primary focus: comprehension, however,

» Clever changes to organization can improve perfocea
(similar to using better algorithms in software)

» we'll look at two examples for addition and muligation

University c.yu91@csuohio.ed




Problem: ripple carry adder is

slow

U Is a 32-bit ALU as fast as a 1-bit
ALU?
U Is there more than one way to do
addition?
» two extremes: ripple carry and sum-
of-products

/

Latency: 1 gd for and/or &

64 gds for add

(63 for r's, 64 for r's & cout’s)

=> “add” limits the ALU performance
Cleveland State 19
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L]

Result0

Result1

Canyin|  pesuitz
ALU2

'::}E>_|>o_> Zzero

ALU3L
Less

R It31
Carryin Ll_._,

Set

Overflow
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Ripple carry adder in 32-bit ALU

Carryin

a—»

+ f—> Sum

b —»

Carryout
Cout:ab+acin+bcin
sum = a xor b xor c¢;,

=> 2 gate del ays (gds)

Carryout

Cleveland State 20
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Carryin Operation
l [ 2 gds from
o Resuo | CAITyin (cO) to
0 caryou carryout (c1)& r0
l [ | 2 gds from
s resn | CAITYIN (€1) to
b1 —+ Caryou carryout (c2) & rl
22—l Carlryl[n 2 gds from
o] ALU2 Result2 carryin (c2) to
carryou carryout (c3) & r2
({17 ”
; : ripples
a31 — Carlryln
b1 —] ALU3L f—————— Result31
Overall 64 gdsfrom

carryin (c0) to
carryout (c31) & r31

c.yu91l@csuohio.ed
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Problem: ripple carry adder is
slow (RCA) cL: Zinput and (9)» Snput or (1
;:.;3»2: 33-input “and” + (22-1)-input “or”

U Can you see the ripple? How could you get rid of the depeg@en
» Remove ci’'s by substitution !!!

C.= bycy + 8,Cy + aghy

C, = Bjo, Fac, + ab, ¢, = f(ai,bi,c0)=3*2+1=7 terms
C; = b,c, + a,c, + ab, = f(ai,bi,c0)=7*2+1=15 terms
C, = bgcy + azcy; + agb, c, = f(ai,bi,c0)=15*2+1=31 terns

O
w
|

Ca1 = D303y + 831C3 + 851Dy
Cy; = f(ai,bi,c0)= “TOO MANY TERMS !'!I'1”

Not feasible! Why?

=> Gate delays ??? (=2) : OK Ck=Ck-1*2+1

= ; ; : C31=2/32-1

=> But, many-input gate is required = 4 billions
(e.g. 100-input and gate)

21
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Carry-lookahead adder (CLA)

O An approach in-between our two extremes
» 64 gds with 2-input “and” + 3-input “or”
» 2 gds with 33-input “and” + @-1)-input “or”

O  Motivation:
»  If we didn't know the value of carry-in, what cowié do?
G = bicp + ac; +ab;
=(@+b)c; + (ajby)

» When would we always generate a carry? g; = a; b; )
» When would we propagate the carry? pp =& *+ b 5-input “and” +
= G =@+h)c; + (ab)=npc; + g 5-input “or”

If p;=1, there always is a carry out
= Ifg;=1, carryout is propagated from the previous stage

O Did we get rid of the ripple?

Cl = go + poco
C, = gy + PiCy C, = gl+p1(g0+p0c0) =g1+plg0+p1lp0cO
C3 = 9> *+ PCy Cy = ...
Cs = g3 * P3Gy c, = g3+p3g2+p3p2gl+p3p2p1g0+p3p2plp0cO (5 terms)
Feasible! Whj/?
Cleveland State 2 .
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4_blt adder: RCA VS CLA This is important because

the next stage can start
whenever c4 is available.

ri's: 7gd
—r3 c4: 8gds

a0-a3, b0-b3, cO

[2 25450
rIO I Irl r2 r3 =(ailxorlbi xlor cil)
cl c2 c3 c4 (ci=aibi+ibiaici)

4+~

(D9 wupnusLEBLD pea

23
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4_blt adder: RCA VS CLA This is important because

the next stage can start
whenever c4 is available.

% | |
a0 al a2 a3 i ri's - 4gd

—r0 —rl —r2
b0 bl b2 b3| c4: 3gdS
p0=a0+b0, g0=a0b0 ¢c1=g0+p0cO r0=adlb0dcO
pl=al+bl, gl=albl c2=f(gi,pi,c0) rl=alllblcl
p2=a2+b2, g2=a2bZ—~ ¢3=f(gi,pi,c0) r2=aZlb2]c2
p3=a3+b3, g3=a3b3 c4=f(gi,pi,c0) r3=a3lb3Jc3
(all done in 1gd) (all done in 2gds) (all done in 1gd)

a0-a3, b0-b3, cO

[+ 2@43gragmvnppuswrnnn clA

po-p3 (pi=ai+bi)’
0B o) But 16-bit CLA is too BIG
10-r3 (ri=ai xor bi xor ci) to implement !!!
c16: 17-input “and” +
17-input “or”
Cleveland State 24 )
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16-bit adder: 16-bit RCA vs (RCA
of CLAs) vs (CLA of CLAs)

a0-al5, b0-b15, cO

/ 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 @ 16-b|t
1 1 1 1 1 1 1 1 1 1 1 1 1 1
cl6

rIO I Irl b r2 b r3I I=(a\ilxorlbi xlor cil) o RCA
cl c2 c3 c4 (ci=aibi+ibiaici)
Cleveland State 25 .
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16-bit adder: 16-bit RCA vs (RCA
of CLAs) vs (CLA of CLAs)

12
a0-3| al2415 ri's: 10gds
B0O-3 —r8-1 p12415 —r12-15 ¢c16: ggds
|
cl6

a0-al5, b0-b15, cO

/ 1 2 3 4 5 6 7 8 @10 11 12 13 14 15 16 17 18 19 20 RCA Of
| | | | | | | | | | | |

pol-plé T T T T T T T T T (p|I:aHl—b|) T T T T T 1 CLA
go-g15 (gi=aibi)
cl-c4 c5-c8 c¢9-cl2 c13-c16 (ci=f(gi,pi,dQyi pi.c4)....)

r0-r3  r4-r7 r8-rll rl2-r15 (ri=ai xor bdxci)

Cleveland State 26
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16-bit adder:

caryin

a0 —>[Carryin
b0 —>| Resulto-3

ALUO
0

P
GOf— g
b3 —| Carry-lookahead uni
Cl
— ci+l

a4 —[ Carryin
b4

Result4-7
b5—> AUz
P1

L fpiv1
b6 —, Gl——|gi+1

ﬁcwz

a8 —»[ Carryin
b8 —| Resultg-11

b9— ALu2
P2|——» pi+2
b10 —»| gi+2

C3

ﬁcwa

a12 —»[ Camyin
b12 —» Result12--15

b3 —» A y3
P3f—— pi+3

b14 —| gi+3

a15 —»| ca

b15 —| ci+4

Carryout

Cleveland State
University

CLA of CLAS

U Could use ripple carry of 4-bit CLA adders
U Better: use the CLA principle again!

27
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16-bit adder: 16-bit RCA vs (RCA

of CLAs) vs (C

a0 a4
bo —10- b4 —r4-

LA of CLASs)

|
a8l alz«15

b8 —r8-11 pighs

| |
cl2 cl6

| 12.15 €16:5gds

=

p0=a0+b0, g0=a0b0
pl=al+bl, gl=albl

P0=p3p2p1p0

> P3=p15p14pl3pl2
pl5=al5+b15, gl5=al5b15  G0=93+p3g2+.

C1=c4=G0+P0c0
C2=c8=f(Gi,Pi,c0)

C3=c12=f(Gi,Pi,c0)
C4=c16=f(Gi,Pi,c0)

(all done in 1gds)

G3=g15+pl5gl4+..

(all done in 2gds)

(all done in 2gds)

a0-al5, b0-b15, cO

/ 1 2 3 4 @6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 CLA Of
-t
p0-p15 (pi=ai+bi) CLA
go-g15 (gi=aibi)
PO-P3 (Pi=f(pi))
G0-G3 (Gi=f(pi,gi))
Cil-C4 (Ci=f(Gi,Pi,c0))c
cl-c4 c5-c16 (ci=f(gi, pi,cOYgi.pi.c4)....)
r0-r3 r4-r15 (ri=ai ?gll XOr Ci)
Cleveland State .
University c.yu91@csuohio.ed
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Carry Look—ahead Adder (CLA)

O Basic quantities and equations
> ag aj by-bis . ¢
» ¢, = ab;, + ac; + bc andr;=a; O b; O c;

O Generation and propagation signals
> Q+1 = albl + alcl + b|C| = (al+b|)cl + (albl) = p|C| + gl
» Wherep;, = a + b, andg, = a;b;

O RCAof CLAs

C; = Uy + PoCy (2 terns)

Cc, =0, + p,Cy C, = gl+p1( go+poco) :91+Plgo+p1pogg (3 ter TTE)

Cy = 0, + P,C, C3 = 0, * Po(91+P190+P1PoCo) zlr:c‘,de;:;ds
= gz+ngl+p2plgo+p2p1pogg (4 terma) Sozb%swrf

C, = 03 + PsiCs Cq = Uz + P3(9,7P291+P2P190*P2P1P6Co)

O5+P302+PsP201tP3P,P190*PsP2P1PoCy (5 terms)
Similarly, ¢; ~ cg dependson p;, g¢; andc,. Sodoes, ~ r,.

Similarly, ¢, ~ ¢,, dependson p;, g; and cg. Sodoesg ~ r,,.
Similarly, ¢,; ~ c¢,; dependson p;, g; andc,,. Sodoes,, ~ I ;.

Cleveland State 29
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16-bit adder: RCA of CLAs

Co Ci2
ag~§ M2
bo~\ ;’15
BN y
Po~Ps P12~ P, Ci2~ Gs
9 ~% G12~Gis
Every fourth carry is “ripple propagated” to the next bit
but other carries are calculated four at a time.
30
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Cleveland State

16-bit adder: CLA of CLAs

O Equations
From above,c, = g3+P30,P3P,91+P3P,P10+PsPP1PeCo = G + PoCo (2 terns)
where, G, = g3+P30,+P3P20:+P3sP2P190 » Py = P3PaPiPg
Similarly, cg=G+P,c, = G+P,c, = G+P,(G+P,c,) = G+P,G+P,P,c, (3 termns)
Cip = G+PyCy = G+P,G+P,P G+P,P,Poc, (4 terns)
Cie = GtPiCy, = G+PG+P;P,G+P;P,P G+PsP,P Poc, (5 terns)

Co 4 12
Ag~§ fo Ay~ M2
bo~ \ k! b,~ BES
Po~Ps_,C~C Pa~Pr G~ G P12~ Pis, €12~ Gs
G~ 0 ~0 Y12 =015
Py~ Pg R Cs Cg Cip Cyg
G~ G

University c.yu9l@csuohio.edu
o] Cmn Result0-3
al —»|
bl —=
a2 —» ALUO
b2 —»| PO pi
BN e
Cll s Carry-lookahead unit
—
33:: Carmyin Result4-7
a5 —»|
EE: | U Can't build a 16 bit adder this way... (too big)
ey S
I - - 0O Could use ripple carry of 4-bit CLA adders
a8 — carfin U Better: use the CLA principle again!
b8 —» Result8-11
]
al0—» ALU2
b10 —» p2l—— pi+2
gﬁ: G2f—> gi+2
e ci+3
]
a12—» Carryin
b12 —»| Result12-15
al3—»
b13 —=
alq —»= ALU3
b14 —» p3f—— pi+3
s oy 0i*3
c4 ci+4
Cleveland Staf&»" 32 )
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ALU Summary

U We can build an ALU to support MIPS addition
U Our focus is on comprehension, not performance
U Real processors use more sophisticated techniques fonatic¢

U Where performance is not critical, hardware descriptioguages allow designers
to comboletelv automate the creation of hardware!

module MIPSALU (ALUctl, A, B, ALUOut, Zero)
input [3:0] ALUctl;

input [31:0] A,8:
output reg [31:01 ALUOut;
output Zero;

assian Zero = (ALUOut=—0); //Zerc is true if ALUOUt is 0; goes anywhere
always @ALUCt], &, B) /freevaluate if these change

case (ALUct])

0: ALUDUE <= &

i ALUOuE <= A
s ALUOut <= A
: ALUOUE <= A -
: ALUOuE <= A

12: ALUOut <= ~(A | B); // result is nor

defaults ALUOUt <= 0; //default to O, should not happen
endcase

- e e

endmodule

AGURE BA.3 A Verilog behavioral definition of a MIPS ALU, This could be synthesized using a medule library cantaining basic arithmetic

Cleveland State 33
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