Ch.34 Mean-Value Analysis

® Analysis of QNMs (Queueing Network Models)
— Operational Laws
— Asymptotic Bounds
— Balanced Job Bounds

— Mean value Analysis

® MVA (Mean-value Analysis)
— Single service center with open arrivals (M/M/1)
— Open QNM
— Closed QNM
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Single Service Center (M/M/1)

Derived Quantities
— U()=ID=1IS,

What will be the response time?
— R(1)=27?

Given Ry(l)
— number of jobs in the system Q,(l ) = R,(I ) (Little’s Law)

Given Q(I)
— Rl )=my service + queueing delay (service time for jobs ahead of me)
=S.+Q,()S;
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Single Service Center (cont’d)

® Response time is
~ R()=S+Q()S,
=S, +IR()S,
=R (1)=S/(1-18)
=S/(1-U())

® Queue length
(including one in service)
- Q) =1Ry()
=1 (S, +Q,()S)
= Q()=18/(1-18)

=U(H)/d-Ui(l))
* N =r/(1-r) 0 0.1 0203 0.4 0.[5J 0.6 0.7 0.8 0.9 1.0

CYU@ICU.AC.KR



Open QNM

® On arrival at the 1-th device,

— The job sees Q. jobs ahead (including the one in service)

— Device queue length : Q,(1 ) =U,(I )/(1-U(1))
— Device response time : R.(I ) = S/(1-U(l ))

— For delay centers,
e R()=S§,
e Q()=RX,=SXV,=XD =U()<I

® Entire system
~ N=Q,+Q,+...+Qy
=X R, +X,R,+ ... + X,,R,,= XR
=R=V R+ V,R,+ ...+ VR,
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MVA for Closed QNM

® Basic relation Why not N ? - consider when there is only‘one customer

— R(N)=my servic geuetng delay (service time for jobsiahead of me)
=S, + Q(N-1)S;
— Then, how to get Q,(N-1) ?

® Recursive algorithm
— Set Q,(0)=0 for all devices (1)
- R(1)=S,+Q,0)S,
R(1)=V,R,(1)+ V,R(1)+ ... + V,R,(])
X(1)=N/[R(N)+Z] = 1/[R(1)+Z]
Q(D=X;(DR(1)=X(1)V;Ri(1)

- R(2)=S,+Q,1)S,
CYU@ICU.ACKR and repeat the above calculations until the desired population N




MVA for Closed QONM (cont’d)

® Question: CPU, Disk A & Disk B
Depy =2, D,=3, Dy =1
— N=0
® Qcpy=Qy=Qz=0

- N=1
Repu = Scpu(1+ Qepy)=0.125(1+0)=0.125
R, =S,(1+ Q,)=0.3(1+0)=0.3
R, = Sy(1+ Qp)= 0.2(1+0)=0.2
R=RpyVeputRAVAT RV

=0.125%16+0.3*%10+0.2*5=6

X=N/(R+Z)=1/(6+4)=0.1
Qcpy =XRpyVpy =0.1%0.125%16=0.2
Q, =XR,V,=0.1*0.3*¥10=0.3
Qp =XR;V;=0.1%0.2%5=0.1
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MVA for Closed QONM (cont’d)

® Question: (continued)
— N=2
Ry = Sepu(1+ Qepy) = 0.125(1+0.2) = 0.15
R, =S,(1+Q,) = 0.3(1+0.3) = 0.39
R, = Sy(1+ Q) = 0.2(1+0.1) = 0.22
R=R o,V pu ™R, Vit RyVy = 0.15%16+0.39%10+0.22*5 = 7.4
X=N/(R+Z)=2/(7.4+4) = 0.175
Qepu =XRepyVepy = 0.175%0.15%16 =0.421
Q, =XR,V, = 0.175%0.39%10 = 0.684
Qy = XR,V,, = 0.175%0.22*5=0.193
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MVA for Closed QONM (cont’d)
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MVA for Closed QONM (cont’d)

System Throughput

JE——
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Approximate MVA

® MVA (Mean Value Analysis)
— Applicable only if the network is a product form queucingmetwork
=> 1t must satisfy the assumptions (Denning and Buzen)
: job flow balance, one-step behavior, device homogeneity
A recursive algorithm, which is time consuming : O(MN)
R(0) > R(1) > ... > R(N)

® Approximate MVA
— Schweitzer’s approximation (1979)
R(N-1) -=> R(N) -> R(N-1) -> R(N) ... until converges
— Assume that the queue length (at each device) increases proportionally as
# jobs increases (in the network) => Q,(N)/N=c (constant for all N)

Q(N-1)/(N-1) = Q(N)/N or Q;(N-1)=Q;(N) (N-1)/N
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Approximate MVA (cont’'d)

® Approximate MVA : Schweitzer’s approximation
- Q(N-1)=Q;(N) (N-1)/N

— MVA algorithm can written as
R,(N)=S;(1+Q,(N-1))
= S;(1+ Q;(N) (N-1)/N)
X(N)=N/(Z+R)
=N/(Z+V, R, (N)+V,R,(N) + ... +V[R,,(N))
Q,(N)=X(N)VR{(N)

— Calculate new Q,(N) repeatedly, and stop when it converges
with the initial guess values for Q, = N/M for all 1 (1=1,2,...,M)
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Approximate MVA (cont’'d)

® Question: CPU, Disk A & Disk B

— Iteration 0
e Qupy=0Q,=Qz=N/M=20/3=6.667
— Iteration 1
e Ry =Scpu(1+ Qepy)= 0.125(1+6.667)=0.958
R, =S,(1+ Q,)=0.3(1+6.667)=2.300
R, = Sy(1+ Q,)= 0.2(1+6.667)=1.533
R=RpyVeputRAVAT RV
=0.958*16+2.300*10+1.533*5=46
X=N/(R+Z)= 20/(46+4)=0.40
Qcpy =XRpyVepy = 0.40%0.958%16=6.133
Q, =XR,V,=0.40*2.300%¥10=9.200
Qp =XR;V;=0.40%1.533*5=3.067

mmax
= max{[6.667-6.133,|6.667-9.2001,|6.667-3.067|}

=3.6
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Approximate MVA (cont’'d)
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Approximate MVA (cont’'d)

® Questions
— Does it converge ?
— How accurate is it ?
- Q,+Q,+... + Q=N atevery iteration ?

® Answers

— Converges quickly in practice

— Small errors (5-10%) in practice

- Q, +Q, +... + Qy <N : Where are the rest of the customers ?
e X(N)=N/(Z+R)

=N/(Z+V,R,(N)+V,R,(N)+ ... +V,R,,(N))

e QN=X(N)VR,N)
o Q +Q,+...+Qy=NI(Z+VR,N)+V,R,N)+.) * (V,R,N)+V,R,(N)+...) <N
e At delay center, Q,(N)=X(N)V.R,(N)=X(N)V.Z
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Exact & Approximate MVA

® Compare the two tables
— Why they are different ? (not the same as textbook)

— Even though throughput approaches steady-state value in a few steps but
not the queue lengths => “when to stop” is important

ueue length

—— Exact MVA
Approximate MVA
(after 5 itcrations)

Number of users Number of users
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* Multiple Class QNM

® Why do we have multiple classes of customers ?
— Sometimes distinct customers have different behaviors
— With single class QNM, they are averaged into a single number

— It will be more accurate if those differences are reflected

® So, what’s changed ?
— Separate input & output measures per class
— Input : arrival rate per class
— Output : response time per class

® Study on
— Fundamental Laws
— Asymptotic Bounds
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Fundamental Laws

» Little’s Law still valid
chi o Xc Dc,i
N, =X R,

=100
_ * Example

U

gslow,l
fast, 1
slow,2 XblOW D slow,2
=0.5*1.2=60%
=X..D

fast,2 fast *— fast,2

=0.25*1=25%

U UblOW 2 UfastqZ
;10“ — 8 5 %

slow 3= U

Qslow 1 Xblowalow 1
,10“ = = XowDslow.1 (delay center)

=1 = 0.5 * 100=50

What will be the bottleneck center ?
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Fundamental Laws (cont’d)

e
Nk
Os
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slow,2

slow,3

1‘ ast,3

slow, 4

fist 4

* Example
U
UfastqZ
U,=U

slow,2 =0.5*1.2=60%
=0.25*1=25%
slow,2 * Ufastqz = 85%
slow,3 =0.5*%0.7=35%
fast3 0.25 * 2 =50%
2= Ugows T Upgs = 85%

slow,3 fast,3

dows = 0.5 % 1.3=65%
fea = 0.25 % 1=25%
2= U T UtastqZ =90%

2 slow,2

What is the bottleneck center ?




Asymptotic Bounds

® Bounds come from Bottleneck Analysis
~ U,=XD, => X£1/D

=> X =X, + Xpq £ 727
=> Uy = Xtow Dstows T Xast Phas
=13*X,  +1*X. £1

slow fast

max

£ 1 (bottleneck device)

Are we done ?

0.77=1/1.3
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Asymptotic Bounds (cont’'d)

=0.25 and X
+ Uy, = 0.25%1.2+0.4%1 = 70%

+ Upys = 0.25%0.7+0.4%2 = 97.5%
+ Upyq = 0.25%1.3+0.4%1 = 72.5%

® Whatif X
- U,=U
- U;=U0
- U,=U

fas—0-4 ?

slow,2 fast,2
slow,3

slow,4

Now, the bottleneck device 1s 3 !!!

U; = X ow Paiows T Xgagt D

slow slow,3 fast — fast,3 £1

=0.7*X., +2*X_. £1

slow fast

0.77=1/1.3 1.43=1/0.7
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