ENVIRONMENTAL PHYSICS COMPUTER LAB #5:
Pollutant Diffusion

We simulate the diffusion of a pollutant in air. In this lab we will learn about the
Einstein- Smoluchowsky law of diffusion. We will study the diffusion of CO,
molecules in air. Throughout this worksheet | will use S| units (meters,

seconds, kg) but | will not use Mathcad's units which will slow the
computations.

Number of molecules: N, =100

i is the particle index: 1:=0.N-1

j is the time index: J.:= 1000 j=0.J-1
Time is j*At.

At is time interval between collisions

| have estimated this value from the measured At = 58.10 10
value of the diffusion constant and

D = (kgT/m)(At/2) assuming room

temperature.

Start with the N molecules from a random configuration s—106
inside a small cube of side size 1 micron. M

Xi,0 == (rnd(l) —%j.s Vi, 0= (rnd(l) —%j-s zi.0 = (rnd(l) _ %js

The new position of a molecule is X.o,y = Xgg + AX, Ynew = Yog T AY, and z.,,=
Zyq t Az, where Ax=v,At, Ay=v\At, and Az = v At. The velocities v,, v, and v, are
random variables each normally distributed: v~N(meanv,c). This is the
Maxwell-Boltzmann distribution. The variance is 62 = kgT/m and in the absence

of a driving force the mean of v is zero. First we input the Boltzmann constant
(in j/K) the temperature (in K) and the molecular mass for CO, (in kg).

23

kg = 1.381-10° T := 300 m= 73510 %°
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meanvx = 0 meanvy = 0 meanvz = 0

kg T kg T kg T

0X = |—— oy = |— oz = | ——
m m m

ox = 237.418 oy = 237418 oz = 237.418

vXi,j = morm(N, meanvx, 0X);
vyi,j = morm(N,meanvy, oy);

vzj j = rmorm(N, meanvz,0z);

X j+1 Xj,j + vxj,j-At
Yi,j+l | =] Yi,j + Vi j At
Zi,j+1 zi,j +vzj j- At

We approximate the time between collisions to be constant. In reality it is a
random variable following the Poisson (exponential) distribution.

We represent the N molecules in space by using 3D Scatter Plot from the Graph
Palette. From Format Graph 3D, Axes choose for x and y and z the range -10 to
10. We show below the initial configuration, an intermediate configuration and the
final configuration:

onfiguration
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We look next at the motion of the center of mass of the gas.

1 N-1 N-1 N-1

xemj = —-
N

i=0 i=0 i=0

—

Motion of Center of Mass

Xcm yem zem
S ’ S ’ S
Finally we compute the square of the distance between the initial position and the
current position for each molecule:

ISqry,j -= (Xi,j _Xi,0)2+ (Yi,j _Yi,O)z + (Zi,j _Zi,0)2

Then we calculate the mean of the squared distance for the N particles.

1 N-1
meanrsqrj = —-Z rsqry
N B

i=0

According to the diffusion law (discovered independently by Albert Einstein in
1905 and the Polish physicist Smoluchowski) the average of the square of the

displacemnt <r>> increases linearly in time: <r’> = 6*D*t = 6(kgT/m)*t*t, where the
diffusion constant is D = (kgT/m)*t and t is the collision time.
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To compare our numerical simulation to the Einstein-Smoluchowski diffusion law
note that the time is: t = j*At and At = 2t is average time between last and next

collision. For carbon dioxide diffusing in air D = 16.4*10% m?/s. (Source:
Environmental Physics by Boeker, Grondelle page 189).

1 kg-T .
T:=—At Di=——-71 ti .= j-At
2 m
8x10 !
6x10” L
meanrsqrj
o o o —11 V.
6-D-tj 4% 10
210" L 7
0 210"/ 4x10"

Application: How long does it take for the CO, pollutant to
diffuse for a distance of 1cm?

2 2 0.01°
Answer: From <r > = 6Dt we get t = <r >/(6D)=— = 1.016 seconds.

6-16.4-10
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The ideal gas has only kinetic energy:

Ej = %Z [(,3)7+ (w91,3)° + (vzi,5)7

As you have learned in Thermal and Statistical Physics the mean energy of an
ideal gas is: U = 3NkgT/2 and the variance of the energy (energy fluctuation) is

given by the Einstein-Gibbs formula: <AU?> = k3T%C,, For an ideal gas the
isochoric heat capacity is C,, = 3Nkg/2. So the standard deviation is <AU?>"2 =

[kgT23Nkg/2]""2. In the graph below we graph the actual energy E vs time and

on the same graph we plot the mean energy, and mean energy +/- standard
deviation. Note that most points fall inside this confidence interval. In fact for a
large system about 68% of the points should be inside this interval.
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