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Last Time: We studied other Heat Equation problems withotegiother boundary conditions.

1 TheWave Equation

1.1 Derivation of the Wave Equation

Consider a completely flexible string of lengtiand constant density. We will assume that the
string will only undergo relatively small vertical vibratis, so that points do not move from side
to side. An example might be a plucked guitar string. Thus areletu(x, t) be its displacement
from equilibrium at timef. The assumption of complete flexibility means that the mm$orce is
tangent to the string, and the string itself provides ncstasice to bending. This means the tension
force only depends on the slope of the string.

Take a small piece of string going fromto = + Az. Let O(z,t) be the angle from the
horizontal of the string. Our goal is to use Newton’s Secoad &' = ma to describe the motion.
What forces are acting on this piece of string?

(a) Tension pulling to the right, which has magnitue: + Az, ¢) and acts at an angle 6f(x +
Az, t) from the horizontal.

(b) Tension pulling to the left, which has magnitufiéz, ¢) and acts at an angle 6f(x,t) from
the horizontal.

(c) Any external forces, which we denote byz, ).

Initially, we will assume that’(z, t) = 0. The length of the string is essentially(Ax)? + (Au)2,
so the vertical component of Newton’s Law says that

oV (Ax)? + (Au)uy(z,t) = T(x + Az, t)sin(O(z + Az, t)) — T(x,t)sin(0(z, ). (1)

Dividing by Ax and taking the limit ag\xz — 0, we get

PV 1+ (ug)?uy(x,t) = %[T(z,t) sin(©(z, t))]. 2

We assumed our vibrations were relatively small. This mehasO(z,t) is very close to zero.
As a resultsin(©(x,t)) = tan(©(x,t)). Moreover,tan(©(x,t)) is just the slope of the string
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ug(z,t). We conclude, sinc®(x, t) is small, thatu,(x, t) is also very small. The above equation
becomes

puy(x,t) = (T(x, t)uy(x,t)),. 3)
We have not used the horizontal component of Newton’s LawSigice we assume there are only

vertical vibrations, our tiny piece of string can only mowartically. Thus the net horizontal force
is zero.

T(x+ Ax,t)cos(O(x + Ax,t)) — T(x,t) cos(O(z,t)) = 0. 4)
Dividing by Ax and taking the limit ag\z — oo yields
0

SinceO(z, t) is very close to zera;os(O(x, t)) is close to one. thus we have tr%t(x, t) is close
to zero. Sdl’(z, t) is constant along the string, and independent.diVe will also assume that
is independent of. Then Equation®?) becomes the one-dimensional wave equation

Uy = Uy (6)

wherec? = %.

1.2 TheHomogeneous Dirichlet Problem

Now that we have derived the wave equation, we can use SepaadtVariables to obtain basic
solutions. We will consider homogeneous Dirichlet comatsi, but if we had homogeneous Neu-
mann conditions the same techniques would give us a solufioewave equation is second order
in ¢, unlike the heat equation which was first ordet.itwe will need to initial conditions in order
to obtain a solution, one for the initial displacement areldther for the initial speed.

The relevant wave equation problem we will study is

2

Uy = C Uy (7)
u(0,t) = wu(l,t) =0 (8)
u(x, O) = f('r)v ut('rv O) = g(l’) (9)

The physical interpretation of the boundary conditionshist the ends of the string are fixed in
place. They might be attached to guitar pegs.
We start by assuming our solution has the form

u(z,t) = X(x)T(t). (10)

Plugging this into the equation gives

T' ()X () = AT () X" (). (12)
Separating variables, we have
Xl/ Tl/
X T A (12)
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where is a constant. This gives a pair of ODEs

T +ANT = 0 (13)
X"+XX = 0. (14)

The boundary conditions transform into
u(0,t) = X(0)T(t)=0 = X(0)=0 (15)
u(l,t) = X(O)T@#) =0 = X() =0. (16)

This is the same boundary value problem that we saw for thisslgeiation and thus the eigenvalues
and eigenfunctions are

nm
o= () (17)
Xo(x) = sin(27) (18)
l
forn = 1,2, ... The first ODE ?) is then
T 4+ (#)ZT —0, (19)
and since the coefficient @f is clearly positive this has a general solution
t t
T.(t) = A, Cos(mzc ) + B, sin(mrc ) (20)
There is no reason to think either of these are zero, so we gmdth separated solutions
t t
Up (2, t) = {An Cos(mzc )+ By, sin(?)] n(?) (21)
and the general solution is
nmct . NTx
u(z,t) = Z [A cos( ) + By, sin(—— 7 )} sm(T). (22)

We can directly apply our first initial condition, but to agphe second we will need to differentiate
with respect ta. This gives us

> nme . nmct nme nmct . nTx
ut(x,t)—;{—TAnsm( l )+TBncos( l )} SID(T) (23)
Plugging in the initial condition then yields the pair of efjons
> nwx
= = A, sin(—— 24
u(z,0) = f(x) Z sin(—-) (24)
nmw
u(x,0) = ;—l  sin( mm)‘ (25)
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These are both Fourier Sine series. The first is directly thaiEr Since series fof (z) on (0, ).
The second equation is the Fourier Sine serieg o) on (0, [) with a slightly messy coefficient.
The Euler-Fourier formulas then tell us that

A, = / f(z) sin( mm: (26)
?Bn = —/ g(z) sin(mlm)dx (27)
A, = / f(x)sin(—— mrx (28)

. N
B, = n—7rc i g( ) sin(—— l )dx. (29)

1.3 Examples

Example 1. Find the solution (displacementz, t)) for the problem of an elastic string of length
whose ends are held fixed. The string has no initial velocity:{ 0) = 0) from an initial position

£ o<t
u(z,0) = f(z) =41 L<az<3t (30)

4(L-z) 3L
-7 T <srsl

By the formulas above we see if we separate variables we haveltowing equation fof”

T + (CZW)ZT —0 (31)
with the general solution
T,(t) = A, Cos(m;:t) + B, 81n(n726t) (32)

since the initial speed is zero, we fifit(0) = 0 and thusB,, = 0. Therefore the general solution
IS

t) = i A, cos(nzd) sin(nzx). (33)

n=1

where the coefficients are the Fourier Sine coefficient§(oj. So

A, = / f(z)sin mrx) (34)
LA gg nmT 3L/4 nmwT LAl — 4z nmwT
= — — sin(——)dz + / sin dr + / sin dz | (35)
L[/o L (L> L/4 (L> spa L (L>
sin(T) + sin(227)
= 8 2,2 (36)
n’m



Thus the displacement of the string will be

> sin(%T) + sin(227) nwet, . nmx
u(x,t):—zz — 1~ cos( 7 ) sin( T ).

(37)
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Example 2. Find the solution (displacemeafz, t)) for the problem of an elastic string of length
whose ends are held fixed. The string has no initial velocityx(, 0) = 0) from an initial position

8z(L — x)?

u(@,0) = f(2) = ——F5— (38)

By the formulas above we see if we separate variables we haveltowing equation fof”

T" + (%)% =0 (39)

with the general solution

nmct nmct

To(t) = A, cos( 7 ) + B, sin( T

). (40)

since the initial speed is zero, we fifid(0) = 0 and thusB,, = 0. Therefore the general solution
is
nmwx

u(x,t):ZAncos(”T)sm( ). (41)

where the coefficients are the Fourier Sine coefficient§oj. So

2 L
A, = E/o f(x) sin(n%)dx (42)
2 (F8x(L—1x)* . nnx
- E/O ( T3 ) sin( 7 )dx (43)
2
= 32“*5@ Integrate By Parts (44)
nem
Thus the displacement of the string will be
2 o= 2 t
u(z,t) = 3—3 il co:(mr) Cos(nﬂc )sin(mm). (45)
T n L L

Example 3. Problem 12 is a great exercise.

HW 10.7 # 4a, 5a, 7a, 8a, 12

Go through the Separation of Variables it will be importantExams.



