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1 Laplace Transform for Derivatives

Last Time: We thoroughly studied Laplace and Inverse Lapansforms
Recall the following formula from a previous lecture

L{f™MY = s"F(s) = 5" f(0) = 8" 2 f1(0) — .. = sf"72(0) = fF0*7D(0). (1)
We will be dealing exclusively with second order differahgquations, so we will need to remem-
ber

L{y}t = sY(s) —y(0) 2
L{y"t = sY(s) = sy(0) —y'(0) ®3)

You should be familiar with the general formula from lectéré.
REMARK: Notice that we must have our initial conditiong at 0 to use Laplace Transforms.

Example 1. Solve the following IVP using Laplace Transforms

y' =5y —6y =5t y(0)=-1 (0)=2 @)
We begin by transforming both sides of the equation:
L{y"} —5L{y'} —6L{y} = 5L{t} 5)
5!
s?Y (s) — sy(0) — 3/(0) — 5sY (s) + 5y(0) — 6Y (s) = = (6)
(s =55 —6)Y(s) +5—-2—-5 = % )
S

As we have already begun doing, now we solve¥dk).
5 7T—s

Yis) = 32(32—53—6)+82—5s—6 ®
3 7T—s5
- s2(s —6)(s+1) * (s—6)(s+1) ©)
54 T7s? — 53

a s2(s—6)(s+1) (10)
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We now have an expression foi(s), which is the Laplace Transform of the solutig(t) to
the initial value problem. We have simplified as much as fdsgiow we need partial fractions
decomposition to take the inverse transform

_A,B_C D
s 82 s—6 s+1°

Y(s) (11)

Multiplying through bys?(s — 6)(s + 1) gives
6+ 7s>+5°=As(s —6)(s+ 1)+ B(s—6)(s+ 1) + Cs*(s + 1) + Ds*(s — 6) (12)

We can find the constant by choosing key values of

s=0: 6 = 6B = B=-1 (13)
s—6: 42 = 2520 = C:é (14)
s=-1: 14 = —7D = A:1—12 (15)
So
VO) = 5@t =g 5ee a9
y(t) = 1—12—t+ée6t—%e_t. a7

EXERCISE: Solve the IVP in the previous example using thenddtof Undetermined Coef-
ficients. Do you get the same thing? Which method took les&¥or

Example 2. Solve the following initial value problem
y" + 2y + 5y = cos(t) — 10¢t, y(0)=0, 7(0)=1 (18)
We begin by transforming the entire equation and solvingfor).

L{y"} +2L{y'} + 5L{y} = L{cos(t)} —10L{t} (19)
s 10

Y () = 5y(0) = (0) + 2V (5) ~ y(O) +5¥(5) = 5o~ 10 (20)
(s*+25+5)Y(s) -1 = 527?—1 - i—g (21)
So we have
] 10 1
Yis) = (2+1)(s>+2s+5) s%(s>+2s+5) - s2+2s+5 (22)
= Yi(s) + Ya(s) + Y3(s). (23)

Now we will have to take inverse transforms. This will requdtoing partial fractions on the first
two pieces.



Let’s start with the first one

s As+ B Cs+D
Yi(s) = = +
(s24+1)(s2+2s+5) s2+1  s2+2s+5

Multiply through by(s? + 1)(s* + 2s + 5)
2 = As(s*+25+5)+ B(s*+25+5)+Cs(s*+1) + D(s* + 1)

(A+C)s* + (2A+ B+ D)s*+ (5A+ 2B+ C)s + (5B + D)

This gives us the following system of equations, which weaol

A+C =0
2A+B+D = 0

SB+D = 0

Thus our first term becomes
1 s 1 1 1 s 1 1
T hs2t1 +1_032+1 58242545 282+2s+5
We will hold off on taking the inverse transform until we selfor Y5.
10 A B Cs+ D

$2(s2+ 25+ 5) _§+s2+s2+28+5

Yi(s)

Ya(s) =

We multiply through bys?(s? + 2s + 5)
—10 = As(s*+25+5)+ B(s* +2s+5) + Cs® + Ds?
(A+C)s* + (2A+ B+ D)s* + (5A+2B)s + 5B
This gives the following system of equations
A+C =0
2A+B+D =0

5B = -10
Thus we have
Y() 41 2 4 S +2 1
§)=—-————— = - .
2 55 s2 582+25+5 5s2+2s+5

Let’s return to our original function

Y(s) = Yi(s) +Ya(s) + Ys(s)

1 s +1 1 +41 2+(1 4) s +(1+2+
- 5s24+1 10s2+1 5s 2 5 5°s24+2s+5 2 5
1 s 1 1 41 2 s 9 1

552+1 1052+1 5s 8 (st 1244 10 +1)2+4
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1)s2+2s+g)
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Now we have to adjust the last two terms to make them suitabldéé inverse transform. Namely,
we need to have + 1 in the numerator of the second to last term, and 2 in the nuoreshthe
last term.

_ls 1 1 41 2 s+1-1 9 1 43)
58241 108241 5s 82 (s+1)24+4 10(s+1)2+4
_ls 1 1 41 2 s+1 19 1 (44)
58241 10s2+1 5s 82 (s+1)2+4 10(s+1)2+4
_ls 1 1 41 2 s+1 19 2 (45)
58241 10s24+1 5s s2 (s+1)24+4 20(s+1)2+4

(46)

So our solution is
1 1 4 19

y(t) = E cos(t) + 10 sin(t) + 5 2t — e ' cos(2t) + %e_t sin(2t). 47)

We could have done both the preceding examples using theothefiJndetermined Coeffi-
cients. In fact, it would have been a lot less work.

The following examples are to be done after learning Section 6.3. Let's do some involving
step functions, which is where Laplace Transforms workigrea

Example 3. Solve the following initial value problem.
y' =y + 6y =2—u(t)e*" y(0)=0 y(0)=0 (48)

As before, we begin by transforming everything. Before wetaa, however, we need to write
the coefficient functionu,(¢) as a function evaluated at- 2.

y' — b5y +6y=2— u2(t)62(t_2) (49)
Now we can transform

L{y"y —5L{y'} +6L{y} = 2L{1} — L{us(t)e**>} (50)
2

s?Y () — sy(0) — ' (0) — 5sY (s) + 5y(0) — 6Y(s) = o e L{e*} (51)
(s> =5s+6)Y(s) = g — 6—288 i 5 (52)
So we end up with
2 s 1
Y = 9629 ¢ 2 (s —3)(s — 2)2 (®3)
= Yi(s) + e *Yy(s). (54)



Since one of the terms has an exponential, we will need tovdédakach term separately. I'll leave
it to you to check the partial fractions.

11 2 1 1
Y, = —— 4= — 55
1(s) 3S+38—3 s— 2 (55)
1 1 1
Y. = _ 56
2(s) =3 s—2 s-2p (56)
Thus we have
11 2 1 1 1 1 1
Y _ = “ o —2s( 57
) =55F35=3 52 "¢ ( s—3+s—2+(s—2)2) (®7)
and taking the inverse transforms
1 2
y(t) — 5 + §63t . e2t + UQ(t) (_63(t—2) + e2(t—2) + (t . 2)62(t_2)) (58)
1 2 .
= 5+ gegt — e uy(t) (—egt_E’ — ¥ty t62t_4) (59)
once we observe thal{ —;} = te".
Example 4. Solve the following initial value problem
y' 44y =8+ tuy(t), y(0)=0, ¢'(0)=0 (60)

We need to first write the coefficient functionof(t) in the formh(t — 4) for some functiorh(t).
So we writeh(t — 4) =t =t — 4 + 4 and concludé(t) = ¢ + 4. So our equation is

Y+ dy =8+ ((t — 4) + 4)ua(t). (61)

Now, we want to Laplace Transform everything.

L{y"y +4L{y} = BL{1} + L{(t —4) + Dua(t)} (62)
s*Y (s) — sy(0) — y/(0) +4Y (s) = % +e B L{t + 4} (63)
(2 + )Y (s) = % s <5_12 + %) (64)
So we have

8 . 1 4

Yis) = s(s2+4) e (32(32 +4) - s(s? + 4)) (65)
8 w 144s

- s(s?2+4) te s2(s?2 +4) (66)
= Yi(s) + e BYa(s). (67)
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where we have consolidated the two fractions being mudtipby the exponential to reduce the
number of partial fraction decompositions we need to comphifter doing partial fractions (leav-
ing the details for you), we have

2 2s
Yi(s) == — 68
1(s) s s244 (68)
and 1 11 1 1
s
Yi(s) = — 4 —— _ _z ) 69
() =St iE T w a1 (69)
SO
2 2s 1 11 s 1 1
Y = - — il [ R - = 70
(5) s s2+4+6 <s+432 s2+4 4s2+4) (70)
2 s 1 11 S 1 2
= -2 il [ R — = 71
s 52+4+6 (s+452 s?2+4 882+4) (1)
(72)

and the solution is

y(#) = 2—2cos(2t) + ua(t) <1 - %(t ) — cos(2(t — 4)) — %sin@(t - 4))) (73)

= 2 —2cos(2t) + uy(t) (it —cos(2t — 8) — % sin(2t — 8)) : (74)

HW 6.2#1, 3, 6, 8, 10, 12, 13, 16, 21, 23



