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Abstract

Parshin’s symbols and residues, and Newton polyhedra
Ivan Soprounov

Doctor of Philosophy, 2002

Graduate Department of Mathematics

University of Toronto

We introduce a new approach to the study of systems of algebraic equations whose
Newton polyhedra have sufficiently general relative locations, based on the theory of
tame symbols and residues due to Parshin.

We give a new explicit description of combinatorial coefficients, which are geo-
metric invariants that reflect the relative location of a collection of n convex compact
polyhedra in R™. Combinatorial coefficients are one of the main ingredients in Kho-
vanskii’s recent result on the product of the roots of a system of n algebraic equations
in (C*)™ whose Newton polyhedra have sufficiently general relative locations, and in
the Gelfond-Khovanskii formula for the sum of the Grothendieck residues over the
roots of such systems. Our description puts the combinatorial coefficient into the
framework of Parshin’s theory.

We consider Parshin’s theory of residues and tame symbols on toroidal varieties.
It turns out to be more explicit than the general theory, and it is enriched with the
combinatorics inherited from toroidal varieties. Our description of the combinatorial
coefficients is essential for the proof of our main results on residues and symbols

on toroidal varieties. They provide a uniform explanation of both the Khovanskii
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and Gelfond-Khovanskii formulae in terms of the theory of symbols and residues
on toroidal varieties, and extend them to the case of an algebraically closed field of

arbitrary characteristic.
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Introduction

0.1 Overview

Let X be a smooth complex projective curve and w a meromorphic 1-form on X. In
an open neighborhood of each point x € X we can write

w=fydt, f(t) = YA

i>N

where t is a local parameter at . The coefficient A_; of the above series does not
depend on the choice of parameter ¢ and is called the residue of w at . The residue is
non-zero only at the finitely many points ¥ C X where w has a pole. The well-known
residue formula says that the sum of the residues of w over all points of X is zero:

Zresww =0.

zeX

Indeed, the residue at x € ¥ is equal to the integral of w over any sufficiently small
cycle enclosing z, divided by 27i. In the complement X \ ¥ the form w is closed and
the sum of the cycles is homologous to zero, thus, the residue formula follows from
the Stokes theorem.

Although this proof is topological, the residue itself can be defined purely alge-
braically and one can give an algebraic proof of the residue formula which works over

any algebraically closed field (see for example [Se|, p.15).

Now let f1, f2 be two rational functions on X. At each point x € X consider the

main terms in the Laurent expansion of f; and fs:

flzcltal—f-..., fQZCQtQ2+...,



where t is a local parameter at x, and a; € Z is the order of f; at . The non-zero

number
<f1,f2>z — (_1)a1azciL2C;a1

is called Weil’s tame symbol of fi, fo at x. Clearly the tame symbol is 1 unless z is
in the support of the divisor of f; or fo. André Weil proved that the product of the

tame symbols over all points of the curve X is equal to one ([Se|, p.35):

H<f17f2>:1: =1

zeX

This statement is known as Weil’s reciprocity and it appears to be a multiplicative

analog of the residue formula.

The tame symbol takes its origin in the classical Legendre and Hilbert symbol from
the Gauss reciprocity law. One-dimensional symbols and residues were used in the
work of Serre on local field theory and the theory of adeles [Se|. In higher dimensions
A. Grothendieck was the first to introduce the residue map (see [Hal). Following
Serre’s approach A. Parshin constructed multidimensional local field theory where he
used Grothendieck’s ideas to generalize the tame symbol and the residue (see [P1, P2,
F-P| and also works of V. G. Lomadze [Lo]). Let X be an n-dimensional algebraic
variety over an algebraically closed field k. At each complete flag of irreducible

subvarieties

F: X()CX1C"'CX¢L,1CX,

Parshin defines the tame symbol (fi,..., foi1)r € k* of n + 1 rational functions
fis-- -, fnr1 on X. Similarly, at each complete flag F' he defines the residue respw € k
of a rational n-form w on X.! Parshin’s tame symbol and residue satisfy not one but
many reciprocity laws, when you fix all subvarieties X; in the flag I’ except one, say
X;, and take the product (sum) over all possible irreducible subvarieties X; in the

1-th slot of the flag. We discuss this in the appendix.

! Another approach was taken by E. Kunz and J. Lipman who considered the residue map on
local cohomology groups [Ku, Li]. A. Beilinson showed in [Be] how to get Parshin’s residue using a
generalization of J. Tate construction [Ta]. See also works of A. Yekutieli and P. Sastry [Ye, Sa-Ye].



Surprisingly the tame symbols appeared in a recent result of the theory of Newton
polyhedra. A few years ago, A. Khovanskii found the generalized Vieta formula for
the product of the roots of a system of n algebraic equations. He considered a system

of algebraic equations in the algebraic n-torus (C*)"

P(z)=---=P,(z) =0, x e (C)", (0.1.1)
where the P; are Laurent polynomials whose Newton polyhedra A; have sufficiently
general relative locations.

In [Kh1] A. Khovanskii proves that the value of a character x : (C*)" — C* at
the product of the roots of the system (0.1.1) is equal to

H [Pla s 7Pn7 X]E;l)nC(A)?
AeA

where the product runs over the vertices A of the Minkowski sum A = A+ -+ A,,.
The definition of the number [Py, ..., P,, x]4 is similar to the one of Parshin’s tame
symbol. The numbers ¢(A) are geometric invariants that reflect the combinatorics of
the relative position of the polyhedra Aq,..., A, in space, and are defined topologi-

cally as a local degree of a certain real map.

Remarkably, the product of roots formula turned out to be the multiplicative
analog of the formula for the sum of the Grothendieck residues of a rational n-form
w = %dwl A -+ ANdzx, (Q a Laurent polynomial) over the roots of (0.1.1) due to
O. Gelfond and A. Khovanskii. In [G-Kh] they showed that this sum is equal to

Z (—1)"c(A)resy w,

AeA
where again the sum is taken over the vertices A of A = Ay +--- 4+ A, and resyw

is given explicitly in terms of the coefficients of the P; and Q.
This formula was proved using similar topological arguments as in the 1-dimensional

residue formula.

In [Kh1] A. Khovanskii asks: Can these two results be explained in the framework
of the theory of Parshin’s symbols and residues? If yes, what would be the analog of

the combinatorial coefficient ¢(A)?



In the thesis we answer these questions.

1. We give an algebraic description of the combinatorial coefficient as a number of
complete flags (counted with certain signs) of orbit closures on an affine toric variety,
thus putting the combinatorial coefficient in the framework of Parshin’s theory.

As a byproduct this gave us a new formula for the combinatorial coefficient as a
number of certain flags of faces of A = A; 4+ --- + A,,, counted with signs. So far

there has been no explicit combinatorial formula for the combinatorial coefficient?.

2. Let X be a normal variety and D a closed codimension 1 subset of X such that
in a formal neighborhood of each point the pair (X, D) is formally locally isomorphic
to a pair (X,, X, \ T), where X, is an affine toric variety and X, \ T is the closure
of the codimension 1 orbits. It turns out that the tame symbol of rational functions
on X with divisors in D, and the residue of a rational form on X with poles in D
have a very explicit form. This, along with the above mentioned description of the
combinatorial coefficient, results in a certain reciprocity law for the symbol (residue)

at zero-dimensional intersections of components of D (Theorem 0.2.2).

3. This result applied to the toric compactification associated with A provides a
uniform algebraic proof for both the Khovanskii product of roots formula and the
Gelfond-Khovanskii sum of residues formula. Moreover, this proof extends these

results to algebraically closed fields of arbitrary characteristic.?

Finally a few words about the notations we use. Throughout the text k is always
an algebraically closed field. A variety is a reduced separated scheme of finite type

over k, a subvariety is a reduced subscheme. Also T denotes the algebraic n-torus

2In a special case of so-called inductively expanded collections of convex polyhedra such a formula
was found by O. Gelfond in [G]. Using this formula she obtained a new formula for the mixed volume
of such collections of polyhedra.

3In a series of papers [B-M1, B-M2, B-M3] J.-L. Brylinski and D. A. McLaughlin gave a topo-
logical construction for the tame symbol based on Deligne’s proof of Weil’s reciprocity. Recently
A. Khovanskii found a new simpler topological description of the tame symbol [Kh2]. The existence
of a topological description of the tame symbol provides a uniform topological explanation for the
product of roots formula and the sum of residues formula.



over k, T = (k*)", and M = Homyy 4ps(T, k) the abelian rank n group of characters
of T. By X, we always denote the affine toric variety Spec[o N M] associated with a

rational convex polyhedral cone 0 C M ® R.

0.2 Summary of the results

Let X be a normal n-dimensional variety over an algebraically closed field k. Let
D be a closed subset of X whose irreducible components are normal codimension 1
subvarieties. We say that the pair (X, D) is toroidal if at each point z € X, (X, D, x)
is formally locally isomorphic to (X,, X, \ T, zo), where X, is an n-dimensional affine
toric variety corresponding to a rational convex cone o, X, \ T is the closure of
codimension 1 orbits under the action of the algebraic n-torus T = (k*)", and xg is
a point on X,.

Consider the n-form wy = dm—;? /ARERWAN df—n", where (z1,...,z,) are coordinates in T.
This form is invariant under monomial transformations u;, = z{"" ... 2% Q = (¢;;) €
GL(n,Z) if det Q = 1, and changes sign otherwise. Also a choice of coordinates in T
defines an orientation of the space of characters, and hence of o. This orientation is
preserved under monomial transformations if det () = 1 and changes otherwise. We
call (X,,xg,wp) an equipped local model of X at x, meaning that the form wy is fixed

and o is oriented accordingly.

Definition 0.2.1. The symbol [f1, ..., fus1] of n+ 1 ordered monomials

fi=caz", ¢ €k*, a;=(an,...,am) €L", 2" =21 . xpr, 1<i<n+1

. n

is the non-zero element of k defined by

n+1

i ] = (CDP T 70,

=1

where A; is the determinant of the matrix obtained from A = (a;;) by eliminating
its i-th row, and B =), >

i<i aikajkAfj, where Afj is the determinant of the matrix



obtained from A by eliminating its i-th and j-th rows and its k-th column (the

determinant of an empty matrix is assumed to be 1).

Invariance. The symbol is invariant under translations x — Ax. Under mono-
mial transformations u = 29, Q € GL(n,Z) the symbol gets raised to the power of
det Q. It is also multiplicative and multiplicatively skew-symmetric in fi,..., f,i1

(see Proposition 2.1.1).

Definition 0.2.2. Let ¢ be a convex rational cone in R™ with apex 0. It defines an
algebra A of formal power series > A\,2%, a € 0 NZ". Consider a differential n-form

w:f(x)%/v--/\”?—nn,where

n

f(z) =ab Z A, A€k, x =o' apm, beZ" (0.2.1)
a€oNZ™
is the product of a monomial and a series from A. The toric residue of w is the

constant term A_p of the above series.

Invariance. The residue is invariant under translations x; — ¢;x;, where ¢; € A*
are invertible power series. It is also invariant under monomial transformations that

preserve the form wy and changes sign otherwise.

Let (X, D) be toroidal. Suppose z € X is an isolated intersection of compo-
nents of D. Then in an equipped local model (X,,xo,wy) at z, the point z( is a
0-dimensional orbit, and the cone ¢ has an apex. Consider a rational function f on
X the support of whose divisor is in D. Then the image of f in the equipped local
model (X, g, wp) is the product of a monomial cx® and a regular invertible function
Q< (/9\)2@0 with ¢(zg) = 1. We call this monomial the leading monomial of f at x.

The leading monomial is defined up to monomial transformations.

Definition 0.2.3. Let (X, D) be toroidal and x an isolated point of intersection of
components of D. Define the toric symbol [f1, ..., fui1s at x of n+1 rational functions
fi,- oy fus1 € k(X) with the support of their divisors in D to be the symbol of the

leading monomials of fi,..., f,11 at z.



Invariance. The toric symbol is the same for any two equipped local models that
correspond to an isomorphism preserving the form wy, and is reciprocal otherwise.
Also it is multiplicative and skew-symmetric in fi,..., foi1.

Now let w be a rational n-form on X which is regular in X \ D. Then the image
of w in a local model at an isolated intersection x of components of D can be written

as fwg, where f is a formal power series as in (0.2.1).

Definition 0.2.4. Let (X, D) be toroidal and z an isolated point of intersection of
components of D. Define the toric residue res® w at z of a rational n-form w which

is regular in X \ D to be the toric residue of its image in a local model at z.

Invariance. The toric residue is the same for any two equipped local models that

correspond to an isomorphism preserving the form wy, and changes sign otherwise.

The following definition comes from the theory of Newton polyhedra.

Definition 0.2.5. Let ¢ C R” be a convex polyhedral cone with apex A. Suppose
the boundary of ¢ is covered by n closed sets Dy, ..., D,, each D; is a union of faces
of o, such that Dy N---N D, = {A}. A continuous map f : ¢ — R" is called a
characteristic map of the covering if for every 1 < ¢ < n the i-th component f; of f
is non-negative and is equal to zero precisely on D;. All characteristic maps map o
to the positive octant R” such that f~'(0) = {4} and they are homotopy equivalent
within this class. Fix orientations of o and R’,. The local degree of the germ of the
restriction of a characteristic map to the boundary f : (9o, A) — (OR",0) is called

the combinatorial coefficient of the covering D+, ..., D, of o.

The sign of the combinatorial coefficient depends on the choice of orientations of o
and R?. Also it is skew-symmetric in Dy, ..., D,.

The following theorem provides a combinatorial description of the combinatorial
coefficient.

Fix an orientation of the cone 0. Let A =0q C --- C 0, = 0 be a complete flag

of faces of 0. Let (ey,...,e,) be an ordered set of vectors such that e; begins at oy
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and points strictly inside o;. Then we say that the flag has positive sign if (eq, ..., e,)

gives positive oriented frame for o and negative sign otherwise.

Theorem 0.2.1. The combinatorial coefficient of a covering o = Dy U ---U D,
Dyn---N D, ={A} is equal to the number of all complete flags

A=0¢oC---Cop_q Co,
counted with signs, where o; s a common face of exactly D;y1, ..., D, of dimension i.

Now we will translate the definition of the combinatorial coefficient to our situa-

tion.

Definition 0.2.6. Let (X, D) be toroidal. Suppose D is a union of closed subsets
Dy, ..., D, of pure codimension 1, such that all components of Dy N --- N D,, are
O-dimensional. Let x € X be an isolated intersection of components of D. Then in
an equipped local model (X, xg,wp) at z, the sets Dy, ..., D, define a covering of the
boundary of the cone . The combinatorial coefficient of this covering of o is called

the combinatorial coefficient of the covering Dy, ..., D, at x. We denote it by c¢(z).

Invariance. The combinatorial coefficient at x is the same for any two equipped local
models at x that correspond to an automorphism of T that preserves the form wy,
and changes sign otherwise. Also it is skew-symmetric in Dy, ..., D,.

As it follows from above the number

[fla cee 7fn+1];(m)

no longer depends on the choice of equipped local model at x. We will call this number
the toric symbol of fi,..., far1 at x associated with the covering Dy,...,D,. It is
multiplicative in fi, ..., f,.1 and multiplicatively skew-symmetric in both f1, ..., f,11
and Dy,...,D,. Also there is a relation between the toric symbol associated with a
covering and Parshin’s tame symbol (Proposition 2.3.2).

Similarly, the number

c(x) res, w
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does not depend on the choice of equipped local model at z. We call it toric residue

of w at x associated with the covering D+, ..., D,. It is linear in w and skew-symmetric
in Dl,...,Dn.

Next we formulate the main result.

Theorem 0.2.2. Let X be a complete normal n-dimensional variety over an alge-
braically closed field k, and D a closed subset of X such that (X, D) is toroidal.

Assume that

D=DyU---UD,, dim(D;nN---ND,)=0, D;=D;UD! 1<i<n

Y

where D; and DY are disjoint pure codimension 1 subsets of D; , 1 < i < n. We

have 2™ finite closed subsets of X :
Sy,=FEi1N---NE,, E;=D.orD! 1<i<n, 1<k<2"
Then

1. (Reciprocity for the toric symbol.) Let fi, ..., fni1 be any n+1 rational functions

on X the supports of whose divisors are in D. Then the following 2™ numbers

are equal:
(st (-pisan
(T feed®) == (T U k)
€Sy TESon
where [f1,. .., foi1]e @S the toric symbol of fi, ..., fur1 at x, c(x) is the combi-

natorial coefficient at x, and | S| is the number of D! in the definition of Sy. If
for some k, Sk is empty then the corresponding product by definition equals 1.

2. (Reciprocity for the toric residue.) Let w be any rational n-form on X which is
reqular in X \ D. Then the following 2™ numbers are equal:

(—1)1l Z clz)restw = - = (—1)1%n] Z c(x) rest w,

€S xE€Son

where rest w is the toric residue at x. If for some k, Sy is empty then the

corresponding sum by definition equals 0.
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The proof of the theorem uses the description of the combinatorial coefficient
(Theorem 0.2.1 above) and one of Parshin’s reciprocity laws. In the case of the
symbol, this law can be reduced to Weil’s reciprocity law for a compact curve.* In

the case of the residue, it can be reduced to the residue formula for a compact curve.

0.3 Applications

Consider a system of n algebraic equations in the algebraic torus T = (k*)", k alge-
braically closed:
P(z)=---=P,(r)=0, z€T (0.3.1)

where the P; are Laurent polynomials with Newton polyhedra A;. We assume that
neither of P; is a monomial, hence, neither of A; is a point.

Let Aq,...,A, be convex compact polyhedra in R"™. Every linear functional &
on R defines a collection of faces Fﬁ, ..., I'¢ of the polyhedra such that the restriction

of £ on A; achieves its maximum precisely at Ff.

Definition 0.3.1. The polyhedra A4, ..., A, are called developed if none of them is

a point and for each non-zero £ at least one of the faces Fﬁ, ..., ¢ is a vertex.

Let A be the Minkowski sum of Aq,...,A,. Then every face I' C A has a unique

decomposition as a sum of faces
'=Iy+---+T,, wherel;, CA;,, i=1,...,n. (0.3.2)

If Ay,..., A, are developed then A has dimension n and in the decomposition of
every proper face of A at least one summand is a vertex. In this case for each A € A

we can define the combinatorial coefficient ¢(A) as follows.

Definition 0.3.2. Let 04 be the cone with apex A generated by the faces of A that

contain A. Then the boundary of o, is covered by the closed sets Dy, ..., D,,, where

4According to A. Parshin the composition of n boundary maps from Milnor K-theory allows to
represent the n-dimensional tame symbol as a certain product of 1-dimensional Weil’s tame symbols.
We discuss this in Appendix A.
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D; is the union of all facets of o4 generated by those facets of A whose i-th summand
in the decomposition (0.3.2) is a vertex. The combinatorial coefficient of this covering

is called the combinatorial coefficient c(A) of the vertex A € A.

If in the system (0.3.1) the polyhedra Ay, ..., A, are developed then the roots of
the system are isolated. Denote by p(Pi, ..., P,) the product of the roots of (0.3.1)
counting multiplicities. The product is a point in T. To locate it we fix a character

X : T — k*. In coordinates (x1,...,x,) it is represented by a monomial ™, m € Z".

Definition 0.3.3. The symbol of Pi,..., P, and a character x at a vertex A € A
is the symbol of n + 1 monomials [Py(A;)z?, ..., P,(A,)z, 2™], where x = 2™,
A=A +---+ A, is the decomposition of A, and P;(A;) is the coefficient of z¢ in P;.
We denote it by [P, ..., Py, X]a.

The following theorem was proved by A. Khovanskii in the case when k = C
(see [Kh1]). It is a consequence of our reciprocity for the toric symbol from Theo-

rem 0.2.2.

Theorem 0.3.1. Suppose the Newton polyhedra Ay, ..., A, of the system (0.53.1) are
developed. Then the value of a character x at the product p(P,. .., P,) of the roots
of the system is given by

c(A
X(p(Pr .., P)) = TP Pax],
AeA

where the product is taken over all vertices A of the polyhedron A = Ay + -+ + A,

and c(A) is the combinatorial coefficient at A.

Now we will give an additive analog of Theorem 0.3.1.
Let P be a Laurent polynomial with Newton polyhedron A(P), and A a vertex
of A(P). The constant term of the Laurent polynomial P = P/(P(A)z*) equals 1.

Thus we get a well-defined power series

=1+(1-P)+(1-P)*+.... (0.3.3)

v
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Definition 0.3.4. Let ) be a Laurent polynomial. The formal product of the series
(0.3.3) and the Laurent polynomial Q/(P(A)x?) is called the Laurent series of Q/P
at the vertex A € A(P).

Definition 0.3.5. The residue resqw at a vertex A € A(P) of a rational n-form

W= % (% JARERW dx—") is the constant term of the Laurent series of /P at A.
1 In

Theorem 0.3.2. Suppose the Newton polyhedra A+, ..., A, of the system (0.3.1) are
developed. Then the sum of the values of a Laurent polynomial R over the roots of

the system counting multiplicities is given by

3 u(@)R(z) = (1" Y e(A)resa (M JpE A %> ,

P ... P T x
AcA 1 n 1 n

where the sum is taken over all vertices A of the polyhedron A = A +---+ A, Jp is
the Jacobian of the polynomial map P = (P, ..., P,), and c(A) is the combinatorial
coefficient at A.

This theorem was proved by O. Gelfond and A. Khovanskii for k£ = C (see [G-Kh]).

It is a consequence of our reciprocity for toric residue from Theorem 0.2.2.



Chapter 1
Degree of polyhedral maps

In this chapter we give an explicit description of the degree of a map of polyhedral
sets defined by some combinatorial data. A polyhedral set is a finite union of convex
compact polyhedra intersecting in faces. Let X;, X5 be two polyhedral sets and
S(X1), S(X3) be the corresponding partially ordered sets of their faces. A continuous
map f : X; — Xy is called polyhedral if it corresponds to some map ¢ : S(X;) —
S(X3) of partially ordered sets, i.e. the image of each face I" of X; under f lies in the
face ¢(I") of X5 (but not in a proper subface of ¢(I")) and the image of every subface
of T" lies in a subface of ¢(I).

For any map ¢ : S(X;) — S(X») there exists a polyhedral map f: X; — X, and
all such maps f are homotopy equivalent in the class of polyhedral maps associated
with ¢. Thus ¢ defines a homotopy class of polyhedral maps (Proposition 1.1.1).

If X1, X5 are oriented and the n-th homology group of X, is 1-dimensional then
for every map ¢ : S(X;) — S(Xs) the degree is defined on the group of n-cycles
on X;. We give an explicit description of the degree in terms of the combinatorial

data ¢ (Theorem 1.2.1).

One of the application of this description of the degree is a formula for the com-
binatorial coefficient of a collection of n convex polyhedra in R™. The combinatorial
coefficients reflect the combinatorics of the relative position of the polyhedra in space.

They first appeared in the result of Gelfond and Khovanskii [G-Kh] where they found

15
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the sum of the Grothendieck residues over the zeroes of a system of algebraic equa-
tions in (C\ 0)" whose Newton polyhedra have generic relative locations. Despite its
name the combinatorial coefficient is defined topologically as a local degree of certain
map. In Theorem 1.3.3 we give a purely combinatorial formula for it.

Similar construction appears in the definition of the combinatorial coefficient of a
covering of the boundary of a convex polyhedral cone with an apex. The description
of the combinatorial coefficient as a number of certain flags of faces of the cone
(Theorem 1.3.1) is essential for the proof of our main results contained in Chapters 2

and 3.

1.1 Polyhedral maps

A polyhedral set is a finite union of convex compact polyhedra intersecting in faces.
We will assume that all the polyhedra are embedded in the Euclidean space of some big
dimension. Then a polyhedral set is a topological space with the topology inherited
from the topology of the Euclidean space. Let X be a polyhedral set and S(X) be
the set of all faces of all polyhedra appearing in X. The set S(X) is a finite partially
ordered set by inclusion. A maximal chain in S(X) is a complete flag of faces of some
polyhedron in X.

Let X1, X5 be two polyhedral sets and S(X), S(X3) the corresponding partially
ordered sets of their faces. Consider a map ¢ : S(X;) — S(X2) that preserves the

partial ordering. A continuous map
f:Xi—=X
is called polyhedral associated with ¢ if
1. the image of every face I' € S(X3) lies in ¢(I'), but not in a proper subface
of ¢(I');

2. the image of every subface I C T lies in the subface ¢(I"”) of ¢(I'), but not in
a proper subface of ¢(I").
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For any map ¢ : S(X;) — S(X») that respects the partial ordering we can con-
struct a polyhedral map f : X; — X, associated with it. Moreover all such maps will

be homotopy equivalent within the class of polyhedral sets associated with ¢.

Proposition 1.1.1. Each map ¢ : S(X1) — S(Xa) that respects the partial ordering
defines a homotopy class of polyhedral maps f : X1 — Xo.

Proof. First by a map of partially ordered sets ¢ : S(X;) — S(X3) we construct a
continuous piecewise linear map f : X; — X5 associated with ¢.

Let us recall the construction of barycentric subdivision of a polyhedral set X.
First we divide each 1-dimensional face by adding a vertex strictly inside it. Then
we divide each 2-dimensional face by adding a vertex strictly inside it and connecting
this vertex with all the other vertices of this face, and so on. Finally we obtain a
subdivision of X into simplices. Note that there is one-to-one correspondence between
the set of all simplices of the subdivision and the set of all chains in S(X).

Let us fix barycentric subdivisions of X; and X5. Consider a k-dimensional simplex
AF in the subdivision of X;. It corresponds to a chain 'y C --- C T}, in S(X}).
Let ¢(Tg) C -+ C ¢(T'x) be its image. It corresponds to a unique simplex in the
subdivision of X, which we denote by ¢(A¥). There is a unique linear map between
two simplices that maps vertices of one simplex to the prescribed vertices of the
other simplex. Thus we get a map f : X; — X, that sends each simplex AF to
the corresponding simplex ¢(A*). Clearly this map agrees on the common faces of
simplices of the subdivision and hence is continuous piecewise linear.

Now suppose f, g are two polyhedral maps associated with ¢. Then for each
0 <t <1themap f; = (1 —1t)f1 +1tfsis also associated with ¢. Indeed, every point x
of a face I' in X is mapped to a point f;(z) on the segment joining fi(x) and fo(z).
Since both fi(z), fa(z) belong to ¢(I'), fi(z) also does. O
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1.2 Flags and degree of polyhedral maps

Let X be a polyhedral set. Suppose that all faces in X are oriented. In that case we
say that X is oriented.

Let X be an oriented polyhedral set. Let F' be a complete flag of faces of X,
i.e. a maximal chain of elements of S(X), F': Ty C --- C I',. With the flag F
we associate an ordered set of vectors (ey,...,e,), where e; begins at 'y and points
strictly inside I';. Then we say that F' has positive sign if (eq,...,e,) gives a positive
oriented frame for I',, and negative sign otherwise. It is easy to check that the sign
does not depend on the choice of vectors eq,...,e,.

Let f : X; — X5 be a continuous map between two oriented polyhedral sets
Xy and X,. Assume that X, is an n-dimensional connected compact manifold up
to codimension two. The latter means that X5 is a union of oriented n-dimensional
convex compact polyhedra intersecting in faces such that each (n — 1)-dimensional
face belongs to exactly two n-dimensional faces; every two n-dimensional faces can
be joined by a path of n-dimensional faces intersecting in faces of dimension n — 1;
and the total boundary of X, is zero (i.e. the sum of all n-dimensional faces taken
with their orientations is a cycle). Under these assumptions the degree of f is defined
on the group of n-cycles on X;. Every n-cycle on X; has a form 6 = > ¢,I',, where
I',, is an n-dimensional polyhedron in Xj.

Let f: X; — X, be a polyhedral map associated with ¢ : S(X;) — S(X3). Let §
be an n-cycle on X;. For each complete flag G : Ay C --- C A, of faces of X, define
the set ¢;'(Q) of all complete flags F': Ty C --- C ', in the support of § such that
o) =A; for all 0 <i < n.

Theorem 1.2.1. Let f: X; — X5 be a polyhedral map associated with ¢ : S(X;) —
S(X3). Fiz a positive complete flag G : Ay C -+ C A, in Xo. Then the degree of f
on an n-cycle § = Y c,Ty is equal to the number of flags in ¢;'(G); each flag that

appears in 'y, is counted c, or —c, times in accordance with the sign of this flag.

Proof. By Proposition 1.1.1 we can choose any function in the homotopy class defined



19

by ¢. We take f to be the piecewise linear function constructed in the proof of
Proposition 1.1.1. Then f can be viewed as a simplicial map between two simplicial
complexes. Let A" be any positive oriented n-dimensional simplex in X5. Then the
value of the degree of f on 6 = > ¢,y is the number of all n-dimensional simlices
in all I',’s that are mapped to A"™; each simplex that appears in I', being counted
Co times with either sign plus if f preserves its orientation or sign minus otherwise.
But the n-dimensional simplex A™ in X, defines a unique positive complete flag of
faces of X5 and every its preimage defines a unique complete flag in the support of ¢,

positive if f preserves its orientation and negative otherwise. [

1.3 Combinatorial coefficient

In this section we apply Theorem 1.2.1 to get a description of the combinatorial

coefficient as a number of flags of faces counted with signs.

1.3.1 Local case

Consider an n-dimensional convex polyhedral cone ¢ C R™ with apex A. We orient
o in accordance with a fixed orientation of R™.

Let Dq,..., D,,, m <n be distinct non-empty closed subsets of o, each set is the
union of some facets of . Suppose that they cover the boundary of o, and if n =m

there is no face of ¢ that is covered by all of them, except the vertex A:
Jdo=DyU---UD,,, ifn=mthen D;N---ND,={A}. (1.3.1)

A continuous map

fio—R"

is called a characteristic map of the covering (1.3.1) if for each 1 < ¢ < n the i-th
component f; of f is non-negative and vanishes precisely on those faces of o that

belong to D;. It is easy to see that all characteristic maps map the boundary of o
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to the boundary of the positive octant R’} such that f~1(0) C {A}, and they are

homotopy equivalent within the class of such maps.

Definition 1.3.1. The local degree of the germ of the restriction of a characteristic
map to the boundary

f:(00,A) — (ORY,0)
is called the combinatorial coefficient of the covering (1.3.1).

Clearly, the combinatorial coefficient is zero unless m = n. In the case when
m = n Theorem 1.2.1 provides us with a description of the combinatorial coefficient
as the number of certain complete flags of faces of o, counted with signs.

Denote by S(o) the set of all faces of o and by S(R?) the set of all faces of the
positive octant R’. Define a map ¢ : S(¢) — S(R") by putting

L o(1) =Ry N{y;, ==y, =0} if 7 is a common face of exactly D;,,...D;,,
1<y <n;
2. ¢(0) =R7.

It is easy to check that ¢ is a map of partially ordered sets.
As before for any complete flag G: v C -+ - C v, of faces of R"} define the preimage
of G under ¢ as the set of all complete flags o9 C -+ C 0, such that ¢(o;) = ;.

Theorem 1.3.1. The combinatorial coefficient of a covering
do=DyU---UD,, Din---ND,={A}

s equal to the number of all flags counted with signs in the preimage of any complete
positive flag G under ¢.

In particular, the combinatorial coefficient is equal to the number of all complete
flags

ogC---Cop_1 Co,

counted with signs, where o; is a common face of exactly D;y1, ..., D, of dimension i.
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Proof. To be able to use Theorem 1.2.1 we have to “compactify” our cones o and
R?. To do this we consider a pyramid A4 with the vertex A and the base Dy which
is a cross section of o by a generic hyperplane. The closed subsets Dq,..., D, of ¢
induce closed subsets of A, that are unions of its faces. We will denote them by
D, ..., D, as well. Consider the standard n-dimensional simplex defined in R™*!
by yo+yi +---+y, =1, y; > 0. Let A" be the image of this simplex under the
projection 7 : R"*! — R™ to the last n coordinates yi,...,1,. We assume that the
orientation of A™ is given by the order of vy, ..., yn.

The map ¢ induces the following map (which we will also denote by ¢) between

the two sets of faces of A4 and A™:

L o) = A"n7n({y;, = -+ = v, = 0}), if I" is a common face of exactly
Di17"-7Dika OSZZ Sna

2. H(Ay) = A",

Clearly this map is a map of partially ordered sets.
Now it remains to apply Theorem 1.2.1 for the cycle OA 4 and a positive flag of

faces of A™ containing the origin, e.g. for the flag

{yl:...:yn:()}C{y2:~--:yn:0}c"'C{ynZO}CAn'
O

Remark 1.3.1. Note that if we choose negative G then we will get minus the combi-
natorial coefficient. Since there are n! complete flags in R” we get n! formulae for
the combinatorial coefficient. Since a choice of a complete flag G corresponds to an
order of Dy,..., D, we can say that the combinatorial coefficient is skew-symmetric

in D17...,Dn.

1.3.2 Global case

We will recall the definition of the combinatorial coefficient for a collection of n convex

compact polyhedra in R™. Then as an application of Theorem 1.2.1 we will obtain a
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combinatorial formula for it.
Let Aq,..., A, be a collection of convex compact polyhedra in R". Every linear
functional ¢ on R™ defines a collection of faces I‘%, ..., T¢ of the polyhedra such that

the restriction of £ on A; achieves its maximum precisely at Ff.

Definition 1.3.2. The polyhedra Ay, ..., A, are called developed if none of them is

a point and for each non-zero ¢ at least one of the faces F%, ..., ¢ is a vertex.

Let A be the Minkowski sum of Ay, ..., A, i.e.
A:{x1++xn | szAz}CRn

It is not hard to see that A is a convex compact polyhedron as well. Every face ' C A

has a unique representation as a sum of faces
r=ry+---4r,, wherel'; CA;,, i=1,...,n. (1.3.2)

The representation (1.3.2) is called the decomposition of the face I', and the face
I'; C A, is called the i-th summand of the decomposition.

A face I' C A is called locked if in the decomposition of I' at least one summand
is a vertex. A vertex A of A is called critical if all the proper faces of A that contain
A are locked.

Note that if the polyhedra Ay, ..., A, are developed then the Minkowski sum A
is n-dimensional and each vertex A of A is critical.

Now we will define the combinatorial coefficient at a critical vertex A € A. Con-

sider a map
f:A—R"

whose i-th component f; is non-negative and vanishes precisely on the faces I' C A
whose i-th summand is a vertex. Such maps are called characteristic. Since all
proper faces of A that contain A are locked f maps the boundary of A about A to
the boundary of the positive octant and f~'(0) = {A}. All characteristic maps are

homotopy equivalent within the class of such maps.
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Definition 1.3.3. The combinatorial coefficient ¢(A) of A is the local degree of the

germ of the restriction of a characteristic map to the boundary

f:(0A,A) — (ORY,0).

The combinatorial coefficient depends on the orientation of R™ and the order of
the polyhedra Ay, ... A,.

We are going to show that any characteristic map in fact corresponds to a covering
of a certain cone as described in the local case (see Section 1.3.1).

Let A be a critical point of A. Consider the cone o4 with apex A generated by
the faces of A containing A. For each 1 <1 < n define the set D; to be the union of
all facets of o4 generated by those facets of A whose i-th summand is a vertex. The

following simple statement shows that the sets D; are well-defined.

Proposition 1.3.2. Let I" be a face of A whose i-th summand is a vertex. Then

every face of I' has the same property.

Since the vertex A is critical, the boundary of o4 is covered by the closed sets
Dy, ..., D,, and hence the local degree of f : (0A, A) — (OR™, 0) is the combinatorial
coefficient of the covering (see Definition 1.3.1). Therefore, we get the following

formula for the combinatorial coefficient of a critical vertex.

Theorem 1.3.3. Let Aq,..., A, be a collection of convex polyhedra in R™, A their
Minkowski sum. Let A be a critical vertex of A. Denote by D; the union of all facets
I' of A containing A whose i-th summand in the decomposition I' =11 4+ ---+ 1T, is
a verter. Then the combinatorial coefficient c(A) at A is equal to the number of all
complete flags

A=TycIhyc---cl',_1 CA,

counted with signs, where I'; is a common face of exactly D;y1, ..., D, of dimension i.



Chapter 2
Toric symbol

In this chapter we define the toric symbol and prove the reciprocity for the toric
symbol on toroidal varieties.

We start with considering the case of an n-dimensional affine toric variety X,
which has a 0-dimensional orbit under the action of the algebraic n-torus T. We
define the toric symbol [fi, ..., fu11] of n+ 1 rational functions on X, the support of
whose divisors is in X, \T. Next let (X, D) be a toroidal pair (see Section 2.3.1). Then
locally in a formal neighborhood of a 0-dimensional intersection point of components
of D the variety X looks like an affine toric variety with a O-dimensional orbit. This
allows us to define the toric symbol [f1,..., fut1]. at such “fixed” points = of X.

Now assume that the components of D are divided into n sets, where n is the di-
mension of X. Thus D = D,U---UD,, and assume that D;N---ND,, is O-dimensional.
At each point of intersection x € Dy N ---N D, we define the combinatorial coeffi-
cient ¢(x). As we have already seen in Chapter 1 it can be described as the number
of certain flags of components of D and their intersections. This gives a connection
between the number [fi, ..., fnﬂ]fc(z) and Parshin’s tame symbol. On the other hand
it is very symmetric with respect to Dy,..., D,. These observations along with the
multidimensional analog of Weil’s reciprocity are the essentials of the proof of our

reciprocity for the toric symbol.

24
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2.1 Symbol of monomials

Definition 2.1.1. Consider an ordered collection of n + 1 monomials in n variables

with coeflicients in a field k:

cxt = cait . oakn g ek, a; = (an,...,0i) €EZ", 1<i<n+1.

. n

Let A = (a;j) € M,11,(Z) be the matrix whose rows are the vectors of exponents a;.

Then the symbol of n + 1 monomials is the non-zero element of k defined by

n+1 )
[clxala s 7Cn+1xan+1] = (_1)3 H Cgil)HlAia
i=1

where A; is the determinant of the matrix obtained from A by eliminating its i-th

B=) > amady,
k

1<j

row, and

where Afj is the determinant of the matrix obtained from A by eliminating its i-th

and j-th rows and its k-th column.

Proposition 2.1.1. Let f; = ¢;x%, 1 <1 < n+ 1, be monomials. The symbol has
the following properties:

1. (Multiplicativity) Suppose f; is a product of two monomials f; = flf!'. Then
oo L fanl = o flo s fanl U o faas
2. (Multiplicative skew-symmetry)

[fla--'7fi7"'>fj7"'7fn+l]:[fla"'?fja"'afia'"7fn+1]_1;

3. (Invariance)

(i) Let u = 2% be a monomial change of coordinates, i.e.

w =zt oaln Q= (gy;) € GL(n, Z).
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Then
[.fla - 7.fn+1] = [fb SRR fn+1]detQ>

where f; = cu® = ;%9 and f; = c;x%.

(ii) Let y = Az be a translation, i.e. y; = \jx;, Ny € k*, 1 <i<n. Then

[f{7"'7f7/1+1] = [fla-"afn+l]7

where f] = c;y® = c; A%z and f; = c;x™.

Proof. Modulo the sign (—1) all the properties follow easily from the properties of
the determinant.

To take care of the sign we give an invariant description of B, following [Kh1].

Consider B as a Z/27Z-valued function of the rows ay, ..., a,;; of the matrix A. It is
easy to see that B = B(ay,. .., a,11) is multilinear and its value on each collection of
n+1 standard vectors (e;,, ..., e;, ) is 0 if more than two of the vectors e;,,...,e;, .,

coincide; and 1 otherwise.

Now define a function B’ = B'(a4,...,a,+1) to be 0 if the rank of (ai,...,an+1)
is less than n; and Ay + --- + \,41 + 1 mod 2 if the vectors aq,...,a, 1 satisfy a
(unique) non-trivial relation Aja;+- - -+ \yy1a,11 = 0. The function B’ is multilinear
and on each collection (e;,...,e;,,,) the functions B’ and B take the same value.
Therefore B = B’, in particular, B is symmetric and invariant under non-degenerate

transformations. O

2.2 Toric symbol on affine toric varieties

In this section we consider an affine toric variety X, over an algebraically closed field
k, associated with a convex rational polyhedral cone o in R”. We will assume that o
has apex 0, so X, has a fixed orbit of the action of the torus.

We will define the toric symbol [fi, ..., fui1] of n+1 rational functions f1,. .., fri1

on X, with supports of their divisors in X, \ T. To do this for each rational function
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we define its leading monomial and then use the definition of the previous section.
As we will show the toric symbol almost coincides with Parshin’s tame symbol at a

complete flag of orbit closures on X, (see Proposition 2.2.1).

We will start with necessary definitions from the theory of toric varieties. Let
T = (k™)™ be the n-dimensional algebraic torus over an algebraically closed field k.
Let M = Homgg 4p5(T, k) be the group of characters of T. It is an abelian group of
rank n. Denote Mr = M ®7z R the corresponding real n-dimensional vector space.
The choice of coordinates in T defines isomorphisms M = 7Z" and Mr = R". Auto-

morphisms of T correspond to monomial changes of coordinates
w =¥ =zt ol Q= (q;;) € GL(n,Z). (2.2.1)

Let o be a convex rational polyhedral cone of dimension n in Mg. Then it defines

an affine toric variety

X, = Spec k[o N M],

where k[o N M] is the semigroup algebra of the semigroup o N M. It contains T as
a dense open subset T = Spec k[M] — X,. The action of T on itself extends to the
action of T on X,. The orbits of the action are the tori of closed subsets X, C X,,

where 7 is a face of . We will assume that o has an apex, so X, has a closed orbit

Zg.
Consider a form
e
T Iy
where x4, ..., x, are coordinates in T. Note that under monomial changes of coordi-

nates (2.2.1) the form wy is preserved if det @ = 1 and changes sign if det Q@ = —1.
Therefore, wy provides an analog of orientation on X,.

Furthermore, the choice of coordinates in T defines an orientation of M = R™.
A monomial change of coordinates (2.2.1) defines an isomorphism Rg : Mg — Mg,
where Rg is the right multiplication by the matrix (). It preserves the orientation
of Mg if and only if det @ = 1. Therefore, the orientation of Mg and hence of o is

uniquely determined by the form wy.
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Definition 2.2.1. We will write (X, 29, wo) meaning that X, is an affine toric variety
corresponding to a cone ¢ with an apex, with closed orbit x(, and fixed form wy. We
also assume that the cone o has orientation defined by wy. We will call (X, zo,wo)

an equipped toric variety with closed orbit.

Now we pass to the definition of the toric symbol on affine toric varieties.
Let O x,.zo D€ the completion of the local ring of zy on X, K its field of fractions.
Consider f € K, the support of whose divisor lies in X, \ T. Let zi,...,z, be

coordinates in T. Then we can write

f=ca®¢, cek™, z®=2x".. . 20" a; €EZ,

where ¢ € @)X(MO satisfies ¢(xg) = 1.
Definition 2.2.2. The monomial cz® above is called the leading monomial of f.

Now we can define the toric symbol of n + 1 functions fi,..., f,41 € K, the
supports of whose divisors lie in X, \ T, as the symbol of their leading monomials.
Although the leading monomial depends on the choice of coordinates in T, it follows
from Proposition 2.1.1 that the toric symbol is well-defined on the equipped toric

variety (X,,xo,wp).

Definition 2.2.3. Let (X,, o, wy) be an equipped toric variety with closed orbit z.
Let fi1,..., for1 € K with the support of their divisors in X, \ T. Then their toric

symbol [f1, ..., fnt1] is the symbol of the their leading monomials.

By Proposition 2.1.1 the toric symbol is multiplicative and multiplicatively skew-

symmetric.

As it follows from Proposition 2.1.1 the toric symbol is reciprocal under coordinate
changes in T that change the sign of wy. On the other hand Parshin’s symbol is defined
intrinsically without referring to coordinates (see Appendix A). The relation between

Parshin’s symbol and the toric symbol is given in the following proposition.
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Let us recall one definition from Chapter 1. Fix the orientation of the cone o

given by the choice of wy. Let F, be a complete flag of faces of o:
F,: 0=09Co1C---Co0,_q1 Co,=o0.

Let (eq,...,e,) be an ordered set of vectors such that e; begins at oy and points
strictly inside o;. Then we say that F, has positive sign if (eq, ..., e,) gives a positive
oriented frame for o and negative sign otherwise.

Now let F' be a complete flag of orbit closures on X, corresponding to a complete
flag F, of faces of 0. We say that F' has positive (negative) sign in accordance with

the sign of F,. We put sgn F' =1 (sgn F' = —1) if F' has positive (negative) sign.

Proposition 2.2.1. Let (X,, xg,wq) be an equipped toric variety with closed orbit xy.
Then for any n+ 1 functions fi,..., far1 € K with the support of their divisors in
X, \ T we have

oo far)r = [fry s fan]®

where (f1,..., far1)F is Parshin’s symbol at a complete flag F' of orbit closures and

sgn F' 1s the sign of F.
Proof. Let F be a complete flag of orbit closures in X,.
F: zpwCcXyC---CX,,.1CX,=X
and let F, be the corresponding flag of faces of o:
F,: 0=09Co1C---Co0,_q Co,=o0.

Let x4, ..., z, be coordinates in T, M = Z". Inside each o;, 1 < i < n choose a lattice
point ¢; € Z" at the unit integer distance from o, ;. Let u; = % be a monomial
change of coordinates in T. Then the rational functions u; = 2%, 1 < ¢ < n give
a system of local parameters corresponding to F' (see Appendix A). Therefore by

Appendix A, Remark A.1.1, and by Proposition 2.1.1

<f1a ) fn+1>F = [Cluklv S acn+1ukn+1] - [Clxkla s 7Cn+1$kn+1]detQ7
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where Q = (qi,...,q,) and c;z¥ is the leading monomial of f;. It remains to note
that det ) = sgn F.
O

2.3 Reciprocity for the toric symbol on toroidal

varieties

In this section we consider varieties that locally at each point look like an affine toric
variety. We will define the toric symbol at “fixed” points in a similar way as we did
for toric varieties, and prove one of our main results, the reciprocity for the toric

symbol.

2.3.1 Toroidal pair

We recall the definition of a toroidal pair. Let X be a normal n-dimensional variety
over an algebraically closed field k. Let D be a closed subset of X every irreducible
component of which is a codimension 1 normal subvariety of X. We say that the
pair (X, D) is toroidal® if for every closed point x € X there exists an n-dimensional
torus T, an affine toric variety X, corresponding to a rational convex n-dimensional
cone o, and a point zg in X,, such that (X, D, z) is formally locally isomorphic to
(Xy, X5 \ T, z0). The latter means the isomorphism of the formal completions of the
local rings

OX,a: = OXU,J:(N

such that the image of the ideal of D is mapped to the image of the ideal of X, \ T.
We call (X,,zo) a local model of (X, D) at x. As before consider the n-form

dx dx
wO:_l/\.../\_”’
X L,

n [TE] such pair (X, D) is called a toroidal embedding without self-intersections.
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where (x1,...,x,) are coordinates in T. We call (X, xo,wy) an equipped local model
of X at x.
Let D = |J,c; £ be the decomposition of D into irreducible components. The

components of the sets (),c; £ \ Uz‘g ; Ei, where J C I, are non-singular and define a
stratification of X ([TE], p. 57). In particular X \ D is non-singular. The components
of (), £ are normal and are the closures of the strata. Furthermore, for each z € X
the closures of strata which contain x correspond formally to the closures of the orbits
in a local model (X,,zg) at x.

We denote by St;(X) the set of all i-dimensional strata, and by St;(X) the set of
the closures of the i-dimensional strata. Note that if € Sto(X) then in every local
model (X,,zo) at x the cone o has an apex and z, is the closed orbit in X,.

Before we define the toric symbol, let us describe what coordinate transformations

relate different local models at a point z € X.

Proposition 2.3.1. Let (X, D) be a toroidal pair, x € Sto(X). Then for any two

local models (X4, x0) and (X!, ) at z, every isomorphism
T OX[,,xo = OXO,/,mE)

that maps the image of the ideal of X, \ T to the image of the ideal of X, \ T', is

induced by a change of coordinates of the form
Y = gt xding @€ (5)X(mx0, Q = (¢;j) € GL(n,Z),
where xq,...,x, and yy,...,y, are coordinates in the tori T and T', respectively.

Proof. Let X(z) be the union of all strata Z whose closure Z contains . Define
the group M(x) of the Cartier divisors on ¥(z), supported on 3(xz) N D and the
subsemigroup M (z) of effective divisors. For each local model (X,, x¢) at x, M (x) is
canonically isomorphic to the group of characters M of X,, and M(z), is canonically
isomorphic to the semigroup o N M ([TE], p. 61). Therefore the semigroups o N M
and ¢’ N M’ are isomorphic. In a system of coordinates x1,...,x, and yi,...,y, it

corresponds to a monomial transformation y = 29, Q € GL(n,Z).
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To describe all isomorphisms 7 : (/Q\XU@O = @XU,% it suffices to describe all au-
tomorphisms « of @Xa,xo that fix the orbits of X,. Let x1,...,x, be coordinates
in T. Then the ring @XJ@O can be identified with the ring of all formal power series
in xy,...,x, whose Newton diagram lies in ¢ N M, where M is identified with Z".
Denote this ring by A. Let S be a multiplicative subset of A consisting of all elements
¢x®, where a € 0 N M and ¢ is an invertible element of A. Then for every automor-
phism «a, a(S) C S. Indeed, since « fixes the orbits of X,, it maps every ideal (%)
to itself. Thus a(z®) = ¢z, for some invertible ¢. Therefore, o induces an automor-
phism «ag of the localization Ag. Note that x1,...,z, € Ag, since the elements of
o N M generate M as a group. Therefore, for each 1 <1i < n, ag(z;) = ¢;x;, for some
invertible ¢;.

Conversely, every map x; — ¢;z;, 1 < i < n, ¢; € A* defines an automorphism
a of A, which fixes the orbits. Indeed, for every element f € A, f = > A.2¢,
a € onNM,put

alf) = D) Aoz, o' = b (2.3.1)

ac€onNM

This is a well-defined power series. To see this note that since ¢ has an apex it lies
strictly inside a half-space supported by some hyperplane. Each monomial has its
height with respect to the hyperplane and there are only finitely many monomials
whose height is no greater than a fixed number. Therefore, the coefficient of each
monomial x° of the series (2.3.1) is defined by finitely many series A\ ¢%z®, where the
height of a is at most the height of b.

Since all the monomials in the series (2.3.1) belong to the semigroup o N M, the
series define an element of A. It is easy to check that « is in fact a homomorphism.

Also it is clearly invertible. O

2.3.2 Toric symbol

Definition 2.3.1. Let f1,..., f,41 be rational functions on X with support of their
divisors in D. Define the toric symbol [fi,..., fos1]e at a point x € Sto(X) to be
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the toric symbol of the images of fi,..., fo1 in an equipped local model (X, zo,wp)

at x.

Remark 2.3.1. Invariance. Let (X,/, x(,w)) and (X,», x(,w]) be two equipped local
models at x. Let 7 : @XJ,% = @Xaumg be an isomorphism of the corresponding
formal completions of the local rings. For a rational function f on X the support
of whose divisor lies in D, consider its images f’ and f” in the two equipped local
models. Then according to Proposition 2.3.1 the leading monomials of f" and f” are
related by a composition of a monomial transformation and a translation: x; — \;x%,
Ai = ¢i(xp). Therefore, by Proposition 2.1.1 the toric symbol is the same for the
two equipped local models if 7m(w)) = wj, and is reciprocal otherwise. Also it is
multiplicative and multiplicatively skew-symmetric in fi,..., f,41. Note that the

invariance of the choice of local model also follows from Proposition 2.2.1.

2.3.3 Toric symbol and covering

Definition 2.3.2. Let (X, D) be a toroidal pair. We say that (Dq,...,D,) is a
reasonable covering of D if

D=D,U---UD,,

where each D; is the union of some irreducible components of D, and
Din---ND, CSty(X).

Let (Dy,...,D,) be a reasonable covering of D. Then at each = € Sto(X) we get
a covering of the boundary of the cone o with apex A in an equipped local model
(X4, o, wp) at x. Indeed, each facet of o corresponds to the closure of a codimension 1
orbit in X, thus, to a component of D containing = (see Section 2.3.1). Therefore
the boundary of o is covered by closed subsets D7 ,..., D7 , each Df being the union
of all facets that correspond to components of D lying in D;,. Also, if m = n then
D n---N D7 = {A}, otherwise the intersection Dy N --- N D, would contain a

component of positive dimension, which contradicts D; N --- N D,, C Sto(X).
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Now we can define the combinatorial coefficient of the covering Dy, ..., D, at each

point x € Sto(X) using Definition 1.3.1 of Chapter 1.

Definition 2.3.3. Let (X, D) be toroidal and (Dy,...,D,) a reasonable covering
of D. Then for a point x € Sto(X) the combinatorial coefficient of the covering at
is the combinatorial coefficient of the covering of ¢ in an equipped local model at x,

corresponding to the covering (Dy, ..., D,). We denote it by c¢(z).

Remark 2.3.2. Invariance. It follows from Remark 1.3.1 that the combinatorial
coefficient is the same for any two equipped local models that correspond to an
automorphism of T that preserves the form wy, and changes sign otherwise. Also it
is skew-symmetric in Dy, ..., D,.

In the next definition we introduce the toric symbol associated with a reasonable
covering of D. This toric symbol becomes independent of the choice of wy in an

equipped local model.

Definition 2.3.4. Let (X, D) be toroidal, (Dy,...,D,) a reasonable covering of D,
and = € Sto(X). For n + 1 rational functions fi,..., f,41 on X with the support of
their divisors in D define the toric symbol at x associated with the covering to be the

c¢(z)-th power of the toric symbol: [f1,..., fml];(x).

Remark 2.3.3. Invariance. It follows from Remark 2.3.1 and Remark 2.3.2 that the
toric symbol associated with the covering is already independent of the choice of wq

in an equipped local model at x. Furthermore, it is multiplicatively skew-symmetric
in both fi,..., fur1 and Dy, ..., D,.

Now we will give a relation between the toric symbol associated with a covering
and Parshin’s tame symbol. Consider the stratification defined by the irreducible
components of D (see Section 2.3.1). Let Z be a stratum. We say that the closure Z

has signature {iy,...,im} it Z C Dy N---N D, and m is maximal.

Proposition 2.3.2. Let (X, D) be toroidal and (Dy,...,D,) a reasonable covering
of D. For x € Sto(X) let F(x) be the set of all complete flags

r=XoCX;C---CX, 1 CJX,
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where X; € St;(X) is a stratum closure of signature {i +1,...,n}, 0 <i<n—1.
Then for any n+1 rational functions fi, ..., fanr1 with the support of their divisors

in D we have

[flw").fn-l-l](a:c(x) = H <f17"'7fn+1>F7

FeF(z)

where we assume that if F(x) is empty then the product is 1.

Proof. Since the definition of the toric symbol and Parshin’s tame symbol are local
we can pass to a local model at . The statement then follows from Proposition 2.2.1

and Theorem 1.3.1. O

2.3.4 Main theorem

Theorem 2.3.3. Let X be a complete normal n-dimensional variety over an alge-
braically closed field k, and D a closed subset of X such that the pair (X, D) is
toroidal.

Let (D, ...,D,) be a reasonable covering of D such that each D; is a disjoint

union of two closed subsets of pure codimension 1:
D=DyU---UD,, Din---ND, CSte(X), D;=D.UD! 1<i<n. (23.2)
We get 2" disjoint finite closed subsets of X :
Sy=G N---NG,, where G;=D:orD! 1<i<n, 1<k<2"

Then for any n + 1 rational functions fi,..., fpe1 on X with supports of their

divisors in D the following 2" numbers are equal:

(-nlsi] (-pian!
(H [fl,...,fw];(“"‘)) == ( 11 [fl,...,fn+1]g<f”>> (2.3.3)
zeSt TESon ’
where [f1,. .., fat1le denotes the toric symbol of f1,..., fas1 at x, c(x) is the combi-

natorial coefficient at x, and |Sk| is the number of D} in the definition of Sk.
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Proof. Because of the symmetry it is sufficient to prove the equality for any two sets
Si=Din---NnD;N---ND) and Se=D;N---ND/N---ND),.

Since the toric symbol associated with the covering is multiplicatively skew-symmetric

in Dy,...,D, we may assume that i =1, so
Si=DiNDy---ND) and Sy =D{ND,---NDj.

We have to show that
IT Ui ol = 1.

r€S1US2

Let ¥ be the union of all components Y € St;(X) with signature {2',...,n'}. It
follows from Proposition 2.3.2 that if x € S; U S5 does not lie on any component
of & then the toric symbol [f1, ..., fas1]o™ is 1. On the other hand, by (2.3.2) the
signature of every point x € Sto(X) N X is either

{2/,...,n'}, or {1,2',....n}, or {172/, ..., n'}.

In the first case [fi, ..., fn+1]§(x) = 1, again by Proposition 2.3.2. In the second case
r € S7 and in the third x € S5. Therefore, we have

I @ = T e fanlS™ (2.3.4)

x€S1USs 2E€Sto(X)NX

Now consider a component Y of ¥, and a point y € Y. Let F(y,Y) denote the

set of all complete flags
yCYCXQC---CXn,ch,

where X;, 2 < i < n — 1 is the closure of an ¢-dimensional stratum with signature

{(i+1),...,n'}. Denote

<f1>--~7fn+1>y,Y: H <f17"'?fn+1>F7

FeF(y,Y)
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and we assume that (f1,..., fat1)yy = 1 if F(y,Y) is empty. Then by Proposi-
tion 2.3.2 for each x € Sto(X) N X we have

o Junts =TT (o fa)e = [T Faii o (23.5)

FeF(x) Yoz

where the product on the right hand side runs over all components Y of ¥ contain-
ing x.

On the other hand, by the first Parshin’s reciprocity law (see Appendix A, Theo-
rem A.3.2)

H<f1) s 7fn+1>yCYCX2C'-~CXn71CX = 17

yey

where the product is taken over all points y € Y. Thus

H<f17 ooy far)yy = L

yey

Note that (f1,..., fat1)yy Is trivial for all points y not lying in Sto(X), so we can

assume that y € Sto(X) NY. We have

H <f17 <. 7fn+1>y,Y =1 (236)

yESto(X)NY

Combining (2.3.4), (2.3.5) and (2.3.6) we get

[T e fonls® =TT e S =
T€S51US2 TESt(X)NS
1T T ey = ] IT o farday =1
zE€St(X)NT Y3z YCX  z€Sto(X)NY



Chapter 3

Toric residue

Let (X, D) be a toroidal pair. We consider rational n-forms w on X which are regular

in X \ D. As in the case of the toric symbol we use a local model to define the toric

T

» w at each O-dimensional intersection = of components of D.

residue res

Let D = D, U---UD, be a covering of D by n sets, each D; being a union of
components of D such that D;N---N D, is O-dimensional. We show that the number
c(z)rest w (where c(x) is the combinatorial coefficient at x) is independent of the
choice of a local model at x. Then we prove the reciprocity for the toric residue. The
proof is based on the description of ¢(x) given in Chapter 1 and a relation between
the toric residue and Parshin’s residue (Proposition 3.2.2). The latter allows us to

reduce the proof to the 1-dimensional residue formula.

3.1 Toric residue on toroidal varieties

As before we consider an n-dimensional normal variety X over an algebraically closed
field k& and a closed subset D of X such that (X, D) form a toroidal pair.

First we will define the toric residue for a local model at a point z € X. Let
(X5, o, wp) be an n-dimensional affine toric variety corresponding to a rational convex
cone ¢ with an apex, xq is the closed orbit, and wy = dx—:”ll /ARERWA df—n", where z1,..., 2,
is a coordinate system for the torus T (see Chapter 2).

Let A = (’A)Xmmo be the completion of the local ring of ¢y on X,, B = Ag the

38
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localization of A by the multiplicative subgroup S of all monomials. We consider the
B-algebra Q7 of differential n-forms that are regular in T and the A-algebra Q7 of
regular differential n-forms.

If z1,...,2, is a coordinate system for T we can identify every element f of B

with a formal power series

f(z) =2° Z A2, beZ".

aconNZn™
Let w € Q. Then we can write
dx dx
w=f— N A —2
I Ty

for some f € B.

Definition 3.1.1. The toric residue of a differential n-form w € % is the constant

term A_, in the formal power series of f. We denote it by res” w.

We have the following properties of the toric residue.

Proposition 3.1.1. Consider a differential n-form w € Q. Then

T

~

. If w s exact then res" w = 0;
2. If w e QY then res’w =0;

3. For any uy,...,u, € B

du du
res” mi/\ A —= =0,
1 U™
unless allm; =1, 1 <i < n;
4. The toric residue is independent of the choice of a coordinate system x1,...,xT,;

5. The toric residue is invariant under monomial transformations x — x@

Q € GL(n,Z) up to a factor det Q.



40

Proof. ' 1. Let w = dn. Without loss of generality we can assume that
n:gdml/\---/\d/x?i/\---/\dxn.

Then

Let g =), Az Then

- ag .fL'a
(—1) 1%% s dn = Z ai)\afxl Ty, a=(ag,. .., ap).
! a: a;7#0 v

Clearly the constant term of the last series is zero.
2. Let u; = %, a; € 0 NZ" be n regular functions, such that duq, ..., du, are linearly
independent. Then for every w € Q%

dx dx
w= fduy N\--- Ndu, = fdx™ N--- Ndx"" = fm”1+"'+“"—l Ao N —2,
a1 Tn

where f € A. Clearly, the constant term of fz® ™ T ig zero.

3. First assume that char(k) = 0. Suppose m; # 1. Then

du du —1)=t . du du; du
mi/\.../\ m": iuzl m; mi/\.../\ mi/\.../\ m” ,
Uy umn 1—m Uy y umn

and the statement follows from part 1. In case of arbitrary characteristic note that
the toric residue is a polynomial function in finitely many coefficients of the series
Uy, ..., u, € B*. This function is independent of the characteristic and vanishes when
the characteristic is zero. Therefore it is identically zero?.
4. Let uq,...,u, be another coordinate system for T. Then u; = ¢;z;, where ¢; € A*.
Consider w € Q%. Then

duq du,,

w= f) A S
Uy Up,

!The proof of parts 1, 3 and 4 is similar to the one given in [F-P] for Parshin’s residue.
2Similar argument appears in [Se], p. 21.
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and the residue with respect to (uq,...,u,) is
resq(rulv_wun) w =Xy, where f(u Z A%, a €Z"™.

On the other hand by part 3 the residue of w with respect to (z1,...,z,) is equal to

d du,
DA A A (3.1.1)

I”GSEI‘
51 Un

_ T
L1y Tn )w - I‘GS(

T1,...,T
Now for each 1 <3 <n
= ¢ +

Us ¢i € '

Thus opening brackets in (3.1.1) we get

dx dx
res'(Exl,...,:cn) w = res?xl,,. )\O:C—ll A - n 4 Z res L) Wi = Ao,
where in w; at least one of is replaced by ¢7 It is easy to check that the residue

of every w; is zero. For instance, let ¢ =) p1a2%, a € 0 N Z™. Then

do dxg da:n dxn
— N— A N— = a aSE — /\
¢1 (bl Z tH Ty,

Clearly ¢;* > . a1ftex® belongs to A and has zero constant term.
5. It follows from the fact that if t; = 2%, ¢; € Z" then

dt dt,, d dx,,
LA A—:(dtQ)ﬂA A

tl tn Tn
and the observation that monomial transformations do not change the constant term
of a series. O

Now let (X, D) be toroidal, w a rational n-form on X, regular in X \ D. For each

point z € Sto(X) we define the toric residue of w as follows.

Definition 3.1.2. The toric residue of a rational n-form w regular in X \ D at a

point & € Sto(X) is the toric residue of its image in a local model at z. We denote it

T
by res, w.
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Remark 3.1.1. Invariance. As it follows from Proposition 2.3.1 and Proposition 3.1.1
the toric residue is the same for any two equipped local models that are related by

an isomorphism preserving the form wy and changes sign otherwise.

3.2 Parshin’s residue and toric residue

In this section we will give a relation between Parshin’s residue and the toric residue.
Let (X,, xo,wp) be an equipped n-dimensional affine toric variety corresponding to
a rational convex cone ¢ with an apex, x is the closed orbit. We consider a complete

flag of orbit closures in X,:
F: LC(]CX1C“'CX”,1CX”IXU.

As before we assume that the cone o is oriented in accordance with the choice of
wp. Thus the sign sgn I of the flag F' is defined (see the definition before Proposi-
tion 2.2.1). We have the following proposition.

Proposition 3.2.1. Let (X,,xo,wy) be an equipped affine toric variety with closed

orbit xg. Then for any n-form w regular in T we have
_ T
respw = sgn Fres” w,

where resgp w is Parshin’s residue at a complete flag F' of orbit closures, sgn F' is the

sign of ', and res” w is the toric residue.

Proof. We repeat the arguments of the proof of Proposition 2.2.1. Consider a com-

plete flag of orbit closures in X,

F l’oCXlC"‘CXn,lCXnIXO-
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and let F, be the corresponding flag of faces of o:
F, 0=09pCo1C---Co,1 Co,=o0.

Let x4, ..., 2, be coordinates in T, M = Z". Inside each 0;, 1 <7 < n choose a lattice
point ¢; € Z™ at the unit integer distance from o; ;. Then ¢; = 2% is a monomial

change of coordinates in T. By Proposition 3.1.1

dt dt,,
det Qres” w = resT]”(t)t—1 ARERWN <
1 n

On the other hand the rational functions t; = 2%, 1 <11 < n give a system of local
parameters corresponding to F' (see Appendix A). Therefore, by the definition of

Parshin’s residue (see Definition A.2.1)
respw = const term f(¢) = det Qres’ w.

It remains to note that det @ = sgn F. OJ

Now let (X, D) be a toroidal pair. We recall the definition of a reasonable covering

of D and the combinatorial coefficient associated with it.

Definition 3.2.1. Let (X, D) be a toroidal pair. We say that (Di,...,D,) is a
reasonable covering of D if

D=DyU---UD,,
where each D; is a union of some irreducible components of D, and
Din---ND, CSty(X).

Let (D4, ..., D,) be a reasonable covering of D. Then at each = € Sto(X) we get
a covering of the boundary of the cone ¢ in an equipped local model (X,, g, wp) at

(see Section 2.3.3).
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Definition 3.2.2. Let (X, D) be toroidal and (Dy,...,D,) a reasonable covering
of D. Then for a point x € Sto(X) the combinatorial coefficient of the covering at
is the combinatorial coefficient of the covering of ¢ in an equipped local model at z,

corresponding to the covering (Dy, ..., D,). We denote it by ¢(z).

Remark 3.2.1. Invariance. It follows from Remark 1.3.1 that the combinatorial
coefficient is the same for any two equipped local models that correspond to an
automorphism of T that preserves the form wy, and changes sign otherwise. Also it
is skew-symmetric in Dy, ..., D,.

In the next definition we introduce the toric residue associated with a reasonable
covering of D. This toric residue becomes independent of the choice of wy in an
equipped local model.

Definition 3.2.3. Let (X, D) be toroidal, (Dy,...,D,) a reasonable covering of D,
and x € Sto(X). For a rational n-form w on X regular in X \ D define the toric
residue at x associated with the covering to be the ¢(x)-th multiple of the toric residue:
c(z) rest w.

Remark 3.2.2. Invariance. It follows from Remark 3.1.1 and Remark 3.2.1 that the
toric residue associated with the covering is already independent of the choice of wq

in an equipped local model at x. Furthermore, it is skew-symmetric in Dy, ..., D,.

Now we will give a relation between the toric residue associated with a covering and
Parshin’s residue. Consider the stratification defined by the irreducible components
of D (see Section 2.3.1). Let Z be a stratum. We say that the closure Z has signature
{i1, ... in}if ZC D;;N---N D, and m is maximal.

Proposition 3.2.2. Let (X, D) be toroidal and (Dy,...,D,) a reasonable covering
of D. For x € Sto(X) let F(x) be the set of all complete flags

r=XoCX;C---CX, 1 CJX,
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where X; € St;(X) is a stratum closure of signature {i +1,...,n}, 0 <i<n—1.

Then for any rational n-form reqular in X \ D we have

c(x) rest w = Z resg w,

FeF(x)

where we assume that if F(x) is empty then the sum is 0.

Proof. Since the definition of the toric residue and Parshin’s residue are local we can
pass to a local model at . The statement then follows from Proposition 3.2.1 and

Theorem 1.3.1. O

3.3 Reciprocity for the toric residue on toroidal
varieties

Theorem 3.3.1. Let X be a complete normal n-dimensional variety over an alge-
braically closed field k, and D a closed subset of X such that the pair (X, D) is
toroidal.

Let (Dy,...,D,) be a reasonable covering of D such that each D; is a disjoint

union of two closed subsets of pure codimension 1:
D=DyU---UD,, Din---ND, CSty(X), D;,=D;uD! 1<i<n. (3.3.1)
We get 2" disjoint finite closed subsets of X :
Sy=GiN---NG,, where G;=D:orD! 1<i<n, 1<k<2"

Then for any rational n-form w on X, reqular in X \ D, the following 2™ numbers

are equal:

(—1) Z c(z)restw = -+ = (1)1 Z c(x) ress w,

TEST TESon
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where rest w denotes the toric residue of w at x, c(x) is the combinatorial coefficient

at x, and |Sk| is the number of D! in the definition of Sk.

Proof. The proof essentially repeats the arguments of the proof of Theorem 2.3.3,
Chapter 2.

As before it is enough to prove the equality for the two sets
Sy =DiNDy---ND, and Sy =D/ND,---ND,.

We have to show that

Z c(x) resy w = 0.

z€S1USs

Let X be the union of all components Y € St;(X) with signature {2/,... ,n'}. Tt
follows from Proposition 3.2.2 that if x € S; U .S, does not lie on any component of X
then the the toric residue ¢(z) rest w is 0. On the other hand, by (3.3.1) the signature

of every point x € Sto(X) N X is either

{2/,...,n'}, or {1",2', ... .n"}, or {17,2/,... ) n'}.

T
x

In the first case ¢(z)res, w = 0, again by Proposition 3.2.2. In the second case = € S}

and in the third x € S5. Therefore, we have
Z c(x) rest w = Z c(x) res, w. (3.3.2)
z€S1US> TESto(X)NT
Now consider a component Y of ¥, and a point y € Y. Let F(y,Y) denote the

set of all complete flags

yCY CXyCo C Xy CX,
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where X;, 2 < i < n — 1 is the closure of an i-dimensional stratum with signature
{(i +1),...,n'}. Denote
res,y w = Z resp w,
FeF(yY)
and we assume that res,y w = 0 if F(y,Y) is empty. Then by Proposition 3.2.2 for
each z € Sto(X) N3 we have
c(x) rest w = Z respw = Z res, y w, (3.3.3)
FeF(z) Yoz
where the sum on the right hand side runs over all components Y of ¥ containing x.
On the other hand, by the first Parshin’s reciprocity law (see Appendix A, Theo-
rem A.3.4)

E resycyc)(bc...cxnilc}( w = 0,
yey

where the sum is taken over all points y € Y. Thus
Z resyy w = 0.
yey
Note that res,y w is trivial for all points y not lying in Sto(X), so we can assume
that y € Sto(X) NY. We have
Z resyy w = 0. (3.3.4)
yESto(X)NY

Combining (3.3.2), (3.3.3) and (3.3.4) we get

Z c(x)rest w = Z c(x) rest w =

reS1US2 €St (X)NX
g E respy w = 5 E resgy w = 0.
z€Stp(X)NE Yoz YCY  z€Sto(X)NY



Chapter 4

Applications. Systems of equations

In this chapter we consider a system of n Laurent polynomials Py (z) = --- = P,(z) =
0, z € T = (k*)". We assume that the Newton polyhedra of the P; have sufficiently
general mutual locations. Recently A. Khovanskii [Khl] found a formula for the
product of the roots of such a system (for £ = C). Also O. Gelfond and A. Khovanskii
|G-Kh] obtained a formula for the sum of the values of a Laurent polynomial over the
roots of such a system (for k = C).

We apply the main results of Chapter 2 and 3 (Theorem 2.3.3, Theorem 3.3.1) to
give a uniform proof of the above mentioned results and extend them to the case of

arbitrary algebraically closed field k.

4.1 Product of roots

Let P(z) be a Laurent polynomial in n variables z1,...,z, with coefficients in an

algebraically closed field k:

P(x)=> P(V)a¥, P(V)ek "=z  alr, V=(vn,. . v,)€L"
\%

The Newton polyhedron A(P) of P is the convex hull in R™ of points V' for which
P(V) #0.

48
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Consider a system of n algebraic equations in the algebraic torus T = (k*)™:
P(x)=---=P,(x)=0, x€T, (4.1.1)

where the P; are Laurent polynomials with Newton polyhedra A;. We assume that
none of the P; is a monomial (otherwise the solution set is empty), hence, none of the
A; is a point.

Assume that the polyhedra Ay, ..., A, are developed (see Chapter 1, Section 1.3.2,
Definition 1.3.2). Then the solution set of the system (4.1.1) consists of isolated points
only, which we call the roots of the system, each root with some multiplicity. We want
to find the product of the roots of the system counting multiplicities. This product
is a point in T which we denote by p(Pi, ..., P,). To locate it we find the value of
every character x : T — k™ at p(Py,...,P,). In coordinates (z1,...,x,) a character

is represented by a monomial

My, m

X(x1, .o my) =2 oo =2 m=(my,...,m,) €ZL".

Definition 4.1.1. ' The symbol of Pi,..., P, and a character x = ™ at a vertex
A € A is the symbol of n + 1 monomials [Py(A;)z4, ..., P,(A,)z%", 2™], where
A=A +---+ A, is the decomposition of A, and P;(A;) is the coefficient of z¢ in P;.

We denote it by [P, ..., Py, X]a-

The goal of this section is to prove the following formula for the product of the
roots of the system (4.1.1) in the case when Ay, ..., A, are developed.
Theorem 4.1.1. Suppose the Newton polyhedra Ay, ..., A, of the system (4.1.1) are
developed. Then the value of a character x at the product p(P,. .., P,) of the roots

of the system is given by

X(p(PhaPn)) = H[Pl,...,Pn,X]z(A),

AeA

!This definition is due to A. Khovanskii ([Kh1]). In fact, the number defined in [Kh1] coincides

with ours after raising it to the power of (—1)".
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where the product is taken over all vertices A of the polyhedron A = Ay + -+ A,

and c(A) is the combinatorial coefficient at A.

Remark 4.1.1. This theorem was proved by A. Khovanskii in the case of £ = C
in [Kh1]. Our proof uses the main result of Chapter 2 and works for an arbitrary

algebraically closed field k.

Proof. First we will show that it is sufficient to prove the theorem for a generic system
with given Newton polyhedra. Consider an N-dimensional space of all coefficients of
the system, where N is the number of all lattice points inside and on the boundary of
all the Newton polyhedra Ay, ..., A,. Let U be an open subset defined by the condi-
tion that the coefficients of the vertices of the polyhedra are non-zero. Then since the
polyhedra are developed the number of the roots of the system counting multiplici-
ties is the same for all points in U. The number x(p(P4, ..., P,)) being a symmetric
function of all the roots of the system is a rational function in U of the coefficients of
the system. On the other hand, the product of the symbols [Py, ..., P,, x]a is, clearly,
a rational function of the coefficients of the system, and is regular in U. Assume now
that we proved the formula for all systems in an open algebraic subset W C U. But
two rational functions that coincide on an open algebraic subset W C U coincide
everywhere, thus we get the required result.

Let X be the complete toric variety associated with the polyhedron A (see for
example [Da]). Let D be the closure of all codimension 1 orbits in X. Denote by Z;
the closure of the zero locus P, = 0in X, and let Z = Z; U---U Z,. By the above
arguments we can assume that all the components of Z intersect transversally and
the intersection of each component of Z with D is also transversal. In this case the

pair (X, D U Z) is toroidal.
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Now we will define a covering of D U Z. Each irreducible component of D cor-
responds to a facet of A. Recall that each facet I' of A has a unique decomposition

into the sum of faces
r=ry+---+7T,, wherel, CA;, i1=1,...,n. (4.1.2)

Denote by D; the union of all components that correspond to those facets whose i-th
summand in the decomposition (4.1.2) is a vertex. Since the polyhedra Ay,... A,

are developed the sets Dy, ..., D, define a covering of D. Consider a covering
DUZ=(DyUZ)U---U(D,UZ,).

By the transversality assumption and since the intersection Dy N ---N D,, consists of
fixed orbits only, the covering is reasonable (see Chapter 2, Definition 2.3.2). Next

we will show that it satisfies the condition of Theorem 2.3.3: D; N Z; = @.

Lemma 4.1.2. For every1 <i<n, D;NZ; = &.

Proof. Let E be a component of D;. Then E is the union of some orbits of X. By the
definition of D; each such orbit O corresponds to a face I' of A whose i-th summand is
a vertex A;. Thus for each linear functional £ such that £ restricted to A achieves its
maximum at I', the main term of P;(#¢) as t — oo is the monomial cté(49). Therefore

oOnz, =2. [

Now we apply Theorem 2.3.3 to get
H [Pla'-an?X];(x) = H [Pla"'7Pn7X]§c_1)nC(m)'
T€Z1NNZn z€D1N-NDy,
It remains to notice that for each transversal intersection x of components of

Z the combinatorial coefficient c(z) = 1 and [Py,..., Py, x]. = x(2)Y"#®) (see
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Appendix A, Example A.1.1). Also for a point x € Dy N ---N D, the toric symbol
[P1, ..., Py, x]e coincides with [Py, ..., P,, x]a, where A is the corresponding vertex

of A, and ¢(x) = ¢(A), by definition. O

4.2 Sum of residues

In this section we compute the sum of the values of a Laurent polynomial over the

roots of a system of n algebraic equations in the algebraic torus T = (k*)™:
P(x)=---=P,(x)=0, x€T, (4.2.1)

where the P, are Laurent polynomials with Newton polyhedra A;. As before we

assume that the polyhedra A; are developed.

The following definitions are due to A. Khovanskii and O. Gelfond [G-Kh]. Let P
be a Laurent polynomial with Newton polygon A(P). For any Laurent polynomial @)
define the Laurent series of the rational function /P at a vertex A of A(P) in the
following way.

Let P(A) be the coefficient in P of the monomial x* corresponding to a vertex
A € A(P). Then the constant term of the Laurent polynomial P’ = P/(P(A)x?)

equals 1. Thus we can write

1
F:1+(1—P’)+(1—P’)2+.... (4.2.2)
Note that each monomial appears only in a finite number of terms (1 — P’)* and, thus,
the coefficient of each monomial of this series is well-defined.

The formal product of the series (4.2.2) and the Laurent polynomial Q/(P(A)x4)

is called the Laurent series of Q/P at the vertex A € A(P).

Definition 4.2.1. The residue resqw at a vertex A € A(P) of a rational n-form

w = % (dxﬂ JARERWA dx—”) is the constant term of the Laurent series of QQ/P at A.
1 Tn
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Theorem 4.2.1. If Ay, ..., A, are developed then the sum of the values of any Lau-
rent polynomial R over the roots of the system counting multiplicities is given by
S n(a) i) = (1" 3 elyress (TR S A p ),
T AeA
where the sum is taken over all vertices A of the polyhedron A = A +---+ A, Jp is
the Jacobian of the polynomial map P = (Py,..., P,), and c(A) is the combinatorial

coefficient at A.

Remark 4.2.1. This theorem was proved by O. Gelfond and A. Khovanskii in the
case of k = C in [G-Kh]. Their proof is topological, whereas our proof uses the main

result of Chapter 2 and works for an arbitrary algebraically closed field k.

Proof. Let X be the complete toric variety associated with the polyhedron A (see for
example [Da]). Let D be the closure of all codimension 1 orbits in X. Denote by Z;
the closure of the zero locus P, =0in X, and let Z = Z;U---U Z,,. As in the proof
of Theorem 4.1.1 it is enough to prove the theorem for a generic system with given
Newton polyhedra, since the sum of the values of a Laurent polynomial over the roots
of the system is a rational function of the coefficients of the system. Thus we can
assume that all the components of Z intersect transversally and the intersection of
each component of Z with D is also transversal. In this case the pair (X, D U Z) is
toroidal.

As before we define a covering of DU Z
buZ=(DyuZzZ)U---U(D,UZ,),

where D; is the union of all components of D that correspond to those facets I' of

A whose ¢-th summand in the decomposition I' = I'y + --- + ', I'; C A, is a
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vertex. This is a reasonable covering and it satisfies the condition of Theorem 3.3.1:
D;NZ; = & (see Lemma 4.1.2).
Now we apply Theorem 3.3.1 to the form w = R% ARRRWA % to get
Z c(x)rest w = (—1)" Z c(x) res, w.
T€Z1N---NZy zeD1N---NDy,
It remains to notice that for each transversal intersection x of components of
Z the combinatorial coefficient c¢(z) = 1 and rest w = u(z)R(z) (see Appendix A,

Example A.2.1). Also for a point € Dy N ---N D, ¢(x) = ¢(A) and

r1...2,R _ dzx dz
rest w = resy <17an—1/\~~~/\—">,

x Pl.Pn T e

where A € A is the vertex corresponding to the fixed orbit x.



Appendix A

Parshin’s Reciprocity Laws

Here we recall the definition of Parshin’s tame symbol and residue for an arbitrary
algebraic variety X over an algebraically closed field. We formulate Parshin’s reci-
procity laws (Theorem A.3.1, Theorem A.3.1) and give a proof of the first reciprocity
(Theorem A.3.2,Theorem A.3.4) that we used in the proof of our main results (Theo-
rem 2.3.3 of Chapter 2 and Theorem 3.3.1 of Chapter 3). We also remark that unlike
the general case, the reciprocity laws for toroidal pairs follow immediately from the

geometric properties of convex cones.

A.1 Parshin’s tame symbol

Let X be a complete algebraic variety over an algebraically closed field k.

Consider a complete flag of irreducible subvarieties of X:

F: XoCX1C"'CXn,1CXn:X. (All)

95
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Let Y denote the normalization of Y. We have the following commutative diagram:

X, D Xpo1 D Xp2 D - - DX (A.1.2)
YTH D Xgl_l
721_1 D X2,
722_2 »)
o Xy
where for each i = 1...n, X . (v; depends on vq,...,v;_1) are the irreducible sub-

varieties of the normalization X' 41 Which are mapped to X,,_;.

For each fixed collection v = (vy,...,1,), define a system of local parameters
(u1,...,uy), as follows. On the normalization X, there exists an open subset where
the codimension 1 subvariety X', has a local equation u,. In general, for every
i=0...n—1, let u,_; be alocal equation (in some open subset) of the codimension 1
subvariety X"+ X ..

Next, for every rational function f on X define its order (aq, ..., a,), correspond-

ing to v. The definition is by induction.

First let a,, be the order of f along X' ,. We can write

f=fr Oy q, € Z

n

Let f("~1 be the restriction of f~ on X** |, and a,_; be the order of this restriction

along X?

n—2

f(n—l) _ f(n—2)uan—1 = Z,

n—1 "

and so on. Finally,

fO = fOya 4 €7, (A.1.3)

where a; is the order of f() at X",
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Definition A.1.1. Let fi,..., f,+1 be rational functions on X. Fix a complete flag
F of irreducible subvarieties (A.1.1). For each collection v let (a;, ..., a:,), be the
order of f; corresponding to v. Denote A = (a;;) € M,11xn(Z). We have the following

non-zero element of k:

n+1

(fr,o s fari)o = (=1)° < H fi(_l)iHA") (x), (A.1.4)

i=1

where A; is the determinant of the matrix obtained from A by eliminating its i-th

row, and

B = Z Z aikajkAfj,
k

1<j

where Afj is the determinant of the matrix obtained from A by eliminating its i-th
and j-th rows and its k-th column. Define Parshin’s tame symbol of fi,..., f,i1 at

the flag F' to be the product

<f17 s 7f7‘b+1>F - H<f1’ s 7fn+1>11~

v
Note that the order of the rational function inside the large brackets in (A.1.4)
is (0,...,0), hence, its value at = makes sense and is not zero.

Remark A.1.1. Let us associate with every rational function f on X a monomial

cui' ... ul", where uy,...,u, are local parameters, (ai,...,a,), is the order of f
corresponding to v, and ¢ = f©(X}"). Then the number (fi,..., fni1), in the
definition is the symbol of the corresponding n 4+ 1 monomials (see Definition 2.1.1).
Parshin’s tame symbol does not depend on the choice of local parameters (uy, . . ., u,),.

It is multiplicative and skew-symmetric (compare to Proposition 2.1.1).

Example A.1.1. Let fy,...,f, be rational functions on an algebraic variety X,
whose zero loci { f; = 0} intersect transversely at a non-singular point = € X. Denote

by Z; the irreducible component of {f; = 0} that contains x.
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Let h be a rational function on X invertible in an open neighborhood of x. Then

(Fiy s s h)p = h(z) D",

where

F $:X0CX1C"‘CXn_1CX7 X,:Zl_HﬂﬂZn,
and g = pq ..., is the product of the multiplicities pu; of f; along Z;.

Indeed, for the system of local parameters at x we can choose the local equations
of Z; at x. For the flag F' the last row of the matrix A is zero and the first n rows
form a lower triangular matrix with the multiplicities p; on the diagonal. Therefore,
Apir =p1...pp and A; =0, 1 < j < n. It is also not hard to see that B = 0 (for

example one can use the description of B given in the proof of Proposition 2.1.1).

A.2 Parshin’s residue

As before let X be a complete algebraic variety over an algebraically closed field k,

and I’ a complete flag of irreducible subvarieties of X:
F X()CX1C"‘CXR71CX”:X. (A21)

For a fixed collection v let (uq,...,u,), be a system of local parameters, as before.
Consider a rational differential n-form on X. Let @ be the image of w on the

normalization X of X. The rational function u, is a local equation of X', C X at

a generic point of X ;. At a generic point of X', the differentials duy, ..., du, are

linearly independent, and we can write
w= fduy N\--- Ndu,, where f= Z fi,ulm.
in>Nn

The restriction of the form f_jdu; A--- Au,_; onto X, makes sense and gives us a

rational (n — 1)-form w,_; on X" ,. Continuing in this way we arrive at a sequence
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of rational (n — 7)-forms w,_; on X, ., ¢« = 1,...,n, the last one being a number

n—i’

wo = f_1,..—1 at the point X;". Note that this number is the coeflicient of the series

f - Z Z T Z fihu-,inu? v ui{z) fil,...,in € k;

in>Nn ip_1>Np_1(in) 11>N1(i2,0.050n)
where we identify f with an element of the field k((uq1))...((u,)). (Here K((t))

denotes the field of the Laurent power series in ¢ with coefficients in a field K.)
Definition A.2.1. Let w be a rational n-form on X. Fix a complete flag F of

irreducible subvarieties (A.2.1). For each collection v, let res, w denote the number

f-1,..,—1 constructed above. Then Parshin’s residue resp w at the flag F' is the sum

respw = E res, w.

v

Parshin’s residue does not depend on the choice of local parameters (uq, ..., u,),
(see [F-P]). The proof of this statement is similar to the proof we gave for the

invariance of the toric residue in Proposition 3.1.1, Chapter 3.

Example A.2.1. Let fi,...,f, be rational functions on an algebraic variety X,
whose zero loci { f; = 0} intersect transversely at a non-singular point z € X. Denote
by Z; the irreducible component of {f; = 0} that contains x.

Let h be a rational function on X regular in an open neighborhood of x. Then

esp hdf—fl1 . % = ph(z),

where

F ZE:X()CXlC"'CXn_lCX, XZ:ZZHﬂﬂZn,

and (= g ... iy, is the product of the multiplicities u; of f; along Z;.

Indeed, for the system of local parameters at x we can choose the local equations

u; of Z; at x. Then

d df,, dut* dukn d du,,
rethi...i:reth 1211... IL” :reth,ul...,unﬂ/\~~/\i
fl fn Uy Un" Uy Up,

= h(x)p.
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A.3 Reciprocity Laws

Now we will formulate Parshin’s reciprocity laws for the tame symbol and the residue.
We will give a proof of one of the reciprocity laws, the one we used in the proof of

the main theorem. We start with the reciprocity for the symbol.

Theorem A.3.1. Let X be a complete n-dimensional algebraic variety over an alge-

braically closed field k. Fiz a partial flag of irreducible subvarieties
XoC---CX,C---CX,=X,
where X; is omitted. Then for any n + 1 rational functions fi,..., fny1 on X

H(flv"'afn+1>F = ]-7

X;

where the product is taken over all irreducible subvarieties X; that complete the flag
F: X0C"'CXZ',1CXZ'CXZ'+1C“‘CXn:X,

and the product is finite.

This theorem was first proved by A. Parshin (see [F-P]). J.-P. Brylinski and
D. A. McLaughlin provided a proof that uses Deligne cohomology [B-M1, B-M2,
B-M3]. In the proof of our main results we use the reciprocity law in the case when
1 = 0. For the sake of completeness we give a sketch of the proof of this reciprocity

law.

Theorem A.3.2. Let X be a complete irreducible n-dimensional algebraic variety
over an algebraically closed field k. Fix a partial flag of irreducible subvarieties
Xy C---C X, =X. Then for any n + 1 rational functions fi,..., fnr1 on X

H <f17 s 7fn+1>X0CX1C“'CXn = 17

Xo€X1

and the product is finite.
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Proof. Following [F-P] we reduce the proof to Weil’s reciprocity law ([Se]). We use
induction. If dim X = 1 the statement is Weil’s reciprocity law for the curve X; = X.

Suppose dim X = n. Consider the commutative diagram (A.1.2). Fix a collection
v=(v1,...,vpn). Let (uy,...,u,), be a system of parameters corresponding to v and
a; = (@1, . .., a;p), the order of f; corresponding to v. Put A = (a;;) € Mi1)xn(Z).

For each 14 let f* be the restriction of fiu,*" to X;',. Then

n+1
4 1% Tv v —1)ntktle,
Froeeosfurt) = GO TLU o fa) G e (A.3.1)

k=1

/
where B = Y. _. aina;, A}

i, as before A7, is the determinant of the matrix obtained

i<j
from A by eliminating its i-th and j-th rows and its n-th column, and v' = (va, ..., v,).
To see this note that (fi,..., fni1), is defined similarly to the determinant using

“cofactor expansion” along the first column in the (n + 1) x (n + 1) matrix

fl ai Q1n

St Gnynn oo Gupan
but instead of multiplying f; by the corresponding cofactor we raise f; to the power of
the cofactor. The formula (A.3.1) is then the analog of the cofactor expansion along
the last column.

It follows from (A.3.1) that

n+1

: ) - ) (-1t gy,
<f17'-->fn+1>F:(_1)EVB HH<< 117"'7 k17""fn}|—1>F’> )
k

=1 1%}

where F': XgC---C X, and F': XoC---C X,_1.

By the inductive assumption for every v and for every 1 < k£ < n + 1 we have

H < 11/1’"" ]lg/lv"'afqlﬁi-1>F/:1'

XoeX1
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Therefore, it only remains to take care of the sign. We need to show that

> Y B=o0.

XoeXT v

Indeed, fix v. In each term a;,a;,Af; of B" every monomial is divisible by exactly one
of the entries of the first column of the matrix A. But when we change the point X,
only elements of the first column of A change. Moreover, for each ¢ the sum of a;,’s
over all points X, is zero, since the sum of the orders of fi(l) (see (A.1.3)) over all

points of X" " is zero. O

Remark A.3.1. Note that for a toroidal pair (X, D) all Parshin’s reciprocity laws
(Theorem A.3.1) for ¢ > 0 follow from Proposition 2.2.1 of Section 2.2. Indeed,

consider a complete flag
F: XoC---CX;,C---CX,

of irreducible subvarieties of X. We can pass to a local model at X, and assume that
X is an affine toric variety and D = X \ T. Then for any n + 1 rational functions
fi, -+, fuy1 with divisors in D the symbol (fi,..., for1)r is trivial unless F' is a flag
of orbit closures on X. But if we fix all X;, j # 4, and vary X, there are only two
such flags F' (since for any face 7 of a polyhedral cone there are only two codimension
1 faces of 7 that contain a fixed codimension 2 face of 7), and the signs of these two

flags are opposite. Now we can apply Proposition 2.2.1.

The following theorem is the additive reciprocity for the residue.

Theorem A.3.3. Let X be a complete n-dimensional algebraic variety over an alge-

braically closed field k. Fix a partial flag of irreducible subvarieties

XoC---CX,C---CX, =X,
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where X; is omitted. Then for any rational n-form w on X

E respw = 0,

X;

where the sum is taken over all irreducible subvarieties X; that complete the flag
F: X()C"‘CXZ',lCXiCXiJrlC"'CXn:X,

and the sum s finite.

We will give a proof of this theorem in the case i = 0.

Theorem A.3.4. Let X be a complete irreducible n-dimensional algebraic variety
over an algebraically closed field k. Fix a partial flag of irreducible subvarieties
X, C---C X, =X. Then for any rational n-form w on X regular in X \ D

Z resx,cx;c-cx, w =0,

XoeX1

and the sum is finite.

Proof. The assertion of the theorem follows from the 1-dimensional residue formula.

Indeed, consider a complete flag F' of irreducible subvarieties:
XoCX1C"'CXn71CXn:X,

and the corresponding commutative diagram (A.1.2). In the definition of the residue
for each collection v = (14, ..., ,) we constructed a sequence of rational (n—1)-forms

Vi

t=1,...,n. We have

respw = g res, w = g resxgnwl,

v v

Wp—i on X

n—i)
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where resxyn Wy is the (usual) residue of the rational 1-form @; on X" at X

Therefore,

Z rest:Z Z res,w; = 0

XoeX v xey;'nfl
. — ~VYn—1
by the residue formula for @, on X" .

O]

Remark A.3.2. Similar arguments as in Remark A.3.1 show that for a toroidal pair
(X, D) all Parshin’s reciprocity laws (Theorem A.3.3) for ¢ > 0 follow from Proposi-

tion 3.2.1 of Section 3.2.
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